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Page  23d. 

5.  QUEUEING  THEORY. 

1.  Problems  of  queueing  thecry. 


During  operat  ions  research,  very  frequently  we  encounter  with 
the  analysis  of  the  operdticn  of  the  peculiar  systems,  called  the 
systems  of  mass  maintenance  (SNO) . As  examples  cf  such  systems  can 
serve:  exchanges,  repair  shop*  booking  cffices,  reference  bureaus, 
the  stcres,  barbershop  diid  the  like. 

I 

Bach  SNO  it  consists  of  some  number  of  operating  unity  which  we 
will  call  the  channels  of  xaintenance.  As  "channels"  can  figure:  the 
communication  lines,  operating  points,  instruments,  railway  lines, 
elevators,  trucks,  etc. 

The  systems  of  mass  maintenance  can  be  single-channel  or 
■ ultiahannels. 

Bach  SNO  it  is  intended  for  maintenance  (execution  of  some  flow 
of  claims  (or  " reg uirements") , that  enter  SNO  at  some,  generally 
speaking,  random  moment  of  time.  The  maintenance  of  the  acted  claim 


it  is  continued  some  (generally  speaking,  random)  time,  after  which 
channel  is  free/released  and  is  prepared/finished  tor  the  acceptance 
of  the  following  claim.  The  random  characteL  of  the  flow  of  claims 
leads  to  the  fact  that  into  some  time  intervals  at  the  entrance  of 
SHO  accumulates  the  excessively  large  number  of  claims  (they  either 
form  turn  or  they  leave  SMC  not  serviced)  ; into  other  periods  of  SHO 
it  will  work  with  underloading  or  generally  stay. 

Each  system  of  mass  maintenance,  depending  on  the  number  of 
channels  and  their  productivity,  and  also  cn  the  character  of  the 
flow  of  claims,  possesses  some  capacity,  which  allows  for  it  more  or 
less  successfully  to  manage  the  flew  of  claims,  object/subject  of 
queueing  theory  - establishment  of  the  dependence  between  the 
character  of  the  flow  of  claims,  the  number  of  channels,  their 
productivity,  the  rules  of  the  work  cf  SMO  and  the  success 
(effioiency)  of  maintenance. 

As  the  characteristics  of  the  efficiency  cf  maintenance, 
depending  on  the  conditions  cf  problem  and  target/purposes  of 
research,  can  be  applied  different  values  and  the  functions,  for 

l 

example: 

- average  quantitity  of  claims  which  can  service  SMO  per  unit 
time*  | 
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- the  average  percentage  ol  claims,  obtaining  refusal  and 
leaving  SHO  not  serviced^ 

Page  239. 


- probability  that  acted  claim  will  be  immediately  accepted  f ol 
maintenance^ 

- mean  latency  in  turn^ 

- the  law  of  time  allocation  of  expectation, 

- an  average  quantity  of  claims,  which  are  located  in  turn^ 

- the  law  of  number  distribution  of  claims  in  turn) 

half  speed,  yielded  SMC  per  unit  time,  etc. 

The  random  character  of  the  flow  of  claims,  and  in  the  general 
case  and  the  duration  of  maintenance  leads  to  the  fact  that  in  the 
system  of  mass  maintenance  will  occur  seme  randem  process.  In  order 
to  give  recommendation  regarding  the  rational  organization  of  this 
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process  and  to  present  the  reasonable  requirements  for  SMO,  it  is 
necessary  to  study  the  tandem  process,  which  takes  place  in  system, 
to  describe  it  mathematically.  By  this  is  occupied  queueing  theory. 

Let  us  note  that  in  recent  years  the  field  of  application  of 
mathematical  methods  of  queueing  theory  continuously  is  widened  and 
everything  more  exceeds  the  lixits  of  the  problems,  connected  with 
the  "operating  org anizat ions"  literally.  As  the  peculiar  systems  of 
mass  maintenance  can  be  examined:  electronic  digital  computational 
machines;  the  system  of  collection  and  information  processing;  the 
automated  production  shops,  assembly  lines;  transport  systems;  the 
air  defense  system,  etc. 

Close  to  the  problems  ot  queueing  theory  are  many  problems, 
which  appear  during  the  analysis  ot  the  reliability  of  technical 
equipment/devices. 

The  mathematical  analysis  of  the  work  of  SHO  very  is 
facilitated,  if  the  random  process,  which  takes  place  in  system,  is 
Harkov.  Then  to  it  is  possible  comparatively  simply  describe  work  SHO 
with  the  help  of  the  vehicle  ot  ordinary  differential  (in  the  extreme 
case  - linear  algebraic)  equations  and  to  express  in  an  explicit  form 
the  fundamental  characteristics  of  the  efficiency  of  maintenance 
through  the  parameters  of  SHO  and  flow  of  claims. 
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He  know  that,  so  that  the  process,  which  takas  place  in  system, 
it  would  be  Markov,  it  is  necessary  that  all  tlcws  ot  events, 
translating  system  from  state  into  state,  they  were  Poisson  (by  flows 
without  aftereffect).  For  SMO  the  flews  of  events  - these  are  the 
flews  of  claims,  the  flows  cf  the  "maintenance**  of  claims,  etc.  If 
these  flows  are  not  Poisscn,  the  mathematical  description  of  the 
processes,  which  occur  into  SMO,  it  becomes  incomparably  more  complex 
and  requires  the  bulkier  vehicle  whose  finishieg/bringing  to  the 
explicit,  analytical  formulas  is  possible  only  in  the  rare,  simplest 
cases.  However,  all  the  same  vehicle  of  "Markov"  queueing  theory  can 
prove  useful,  also,  when  the  process,  which  takes  place  into  SMO,  is 
different  from  the  Markov  - with  its  aid  of  the  caaracteristic  of  the 
efficiency  of  SMO  they  can  be  estimated  approximately.  It  must  be 
noted  that  than  it  is  more  complex  SMO,  than  more  in  it  the  channels 
cf  maintenance,  the  fact  more  precise  prove  to  be  the  approximation 
formulas,  obtained  with  the  help  of  Markov  theory. 

Page  240. 


One  should  also  note  that  in  a series  of  the  cases  for  maxing  of  the 
substantiated  decisions  by  control  of  the  work  of  SMO  completely  and 
is  not  required  precise  knowledge  of  all  its  characteristics  - often 
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sufficiently  and  appro  ximated,  tentative. 

In  present  chapter  will  be  presented  tee  cell/elements  of 
queueing  theory,  mainly  in  that  simplest  form  which  they  acquire 
withim  the  framework  of  Markov  theory.  For  more  detailed 
familiarization  with  queueing  theory  into  its  contemporary , developed 
form,  the  reader  can  be  converted  to  the  special  monographs,  for 
example,  [14],  [12],  [20], 

2.  Classification  of  the  systems  of  mass  maintenance  and  their 
fundamental  characteristics. 

The  systems  of  mass  maintenance  generally  can  be  two  types. 

1.  system  with  failures.  In  such  systems  the  claim,  which  acted 
the  tprque/monent  when  all  channels  are  occupied,  obtains  "failure”, 
it  leaves  SHO  and  in  further  process  of  maintenance  it  does  not 
participate. 

2.  Systems  with  expectation  (with  turn).  In  such  systems  the 
claim,  which  acted  the  torque/ tome nt  when  all  channels  are  occupied, 
stops  in  turn  and  expects  until  is  freed  one  of  the  channels.  As  soon 
as  will  be  freed  channel,  is  accepted  to  maintenance  one  of  the 
claims,  which  stand  in  turn. 


DOC  = 70068712 


Maintenance  in  system  with  expectation  can  be  "that  regulated" 
(claias  are  service/maintained  Ly  way  ci  admission)  and  "not  ordered" 
(claias  are  service/maintained  in  randcm  order).  Furthermore,  in  some 
SMC  is  applied  the  so-called  "maintenance  with  priority",  when  some 
claias  are  service/maintained  into  first  place,  preferably  before 
ethers. 


Systeas  with  turn  are  divided  intc  systems  with  the  unlimited 
expectation  and  systeas  with  the  limited  expectation. 


In  systeas  with  the  unlimited  expectation  each  claim,  which 
acted  the  torque/moment  when  there  are  no  free  channels,  stops  in 
turn  and  "it  pattently"  awaits  the  release  of  the  channel  which  will 
take  it  to  maintenance-  Any  claim,  which  acted  SMO,  sooner  or  later 
will  be  serviced. 


In  systems  with  the  limited  expectation  to  the  stay  of  claim  in 
turn  are  superimposed  cne  or  the  other  limitations.  These  limitations 
can  concern  the  length  of  turn  (number  of  claims,  which  are 
simultaneously  located  in  turn),  of  the  retention  time  of  claim  in 
turn  Xafter  some  period  of  the  stay  in  turn  claia  leaves  turn  and  it 
goes  away),  the  total  retention  time  of  claim  into  SMO,  ate. 
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In  dependence  from  the  type  of  SMC,  dining  tae  evaluation  of  its 
efficiency  can  be  applied  one  cr  the  other  values  (indices  of 
efficiency).  For  example,  ter  SttO  with  failures  of  one  of  the  most 
important  characteristics  of  its  productivity  is  the  so-called 
absolute  capacity,  the  mean  number  of  claims,,  which  can  be  serviced 
by  system  for  time  unit. 

Page  241. 


together  with  absolute,  frequently  is  examined  relative  capacity 
SMO  - average  port ion/f taction  of  the  acted  claims,  operated  by 
system  (ratio  of  the  average  number  of  claims,  operated  system  per 
unit  time,  to  the  average  number  of  entering  fer  this  time  claims). 

Besides  absolute  and  relative  capacities,  during  the  analysis  of 
SHO  with  failures  us  they  can,  depending  on  the  problem  of  research, 
interest  other  characteristics,  for  example: 

- average  number  of  occupied  chanrels, 

- a mean  relative  shutoff  period  of  system  as  a whole  and  of 


separate  channel,  etc 
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capacity  and  the  characteristic  of  expectation. 

For  the  analysis  of  process,  which  takes  place  into  SMO,  is 
substantial  to  know  the  basic  parameters  of  the  system:  the  number  of 
channels  n,  the  intensity  of  flow  of  claims  X,  the  productivity  of 
each  channel  (average  number  of  claims  p,  operated  channel  per  unit 
time),  of  the  condition  of  queueiny  (limitation,  if  they  there  is) - 


In  depe~'-»nce  on  these  parameters  we  will  subsequently  express 
the  characteristics  of  the  efficiency  cf  the  work  of  SMO. 


Previously  let  us  agree  (in  order  not  to  specify  this  is  every 
time  separately),  that  we  will  consider  all  flews  of  events,  which 
translate  SMO  from  state  with  state,  Pcisscn.  In  those  rare  cases 
when  we  are  examine  not-  Markov  systems  of  mass  maintenance,  we  will 
each  time  specify  this  specially. 

Recall  that  in  the  case  when  Poisscn  flow  is  stationary 
(simplest  flow),  the  interval  of  time  T between  events  in  this  flow 
there  is  random  variable,  distributed  according  to  the  exponential 

law: 

(f  >0),  (2.1) 

where  X - an  intensity  of  flow  of  events. 


1 


i 
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In  the  case  when  troi  some  state  St  system  they  der  i »o/concl  ude 
immediately  seven  1 ot  the  simplest  flews,  value  T - the  retention 
tive  of  system  (in  a row)  in  this  state  there  is  random  variable, 
distributed  according  to  the  law  (2-1),  where  X - the  total  intensity 
cf  all  flows  ot  the  events,  which  der i ve/ccnclude  system  Iron  this 
state. 

Page  24 2. 

3.  Single-channel  SMO  with  failures. 

Let  us  consider  protozcan  of  all  [tobloms  of  gueuemg  theory  - 
problem  of  the  functioning  cf  the  single-channel  ot  SMO  with 
fa ilures. 

Let  the  system  of  mass  maintenance  consist  only  of  one  channel 
(n  = 1)  and  it  enters  Pcisscn  tlow  of  claims  with  the  intensity  X, 
which  depends,  in  the  general  case,  on  the  time: 

1-MO.  (3.1) 

The  claim,  which  found  channel  that  occupied,  obtains  failure 


and  leaves  system. 
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The  maintenance  ot  claim  is  continued  uutinq  random  time 
distributed  according  to  exponential  law  with  the  parameter  p: 

/(f) -pe-*  (f  > 0).  (3.2) 

Hence  it  follows  that  the  "flow  ot  maintenance"  - simplest,  with 
intensity  m.  In  order  to  visualize  actually  this  tlow,  is  imagined 
one  continuously  occupied  channel  - it  will  issue  the  serviced  claims 
by  flow  with  intensity  p. 


Js  required  to  find: 

I 


1)  absolute  capacity  SMU  (A); 


2)  relative  capacity  SHO  (q)  . 


Let  us  consider  single  channel  ot  maintenance  as  physical  system 
S,  which  can  be  located  in  cue  of  the  two  states: 


S o — free, 

S,  - 


JJ 


occupied 
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I he  graph/count  of  the  states  of  system  is  shown  on  Fig.  5.1. 

From  state  S0  into  S,  the  system,  obviously,  translates  the  flow 
of  claims  with  intensity  X;  S,  and  S0  - the  "flew  of  maintenance" 
with  intensity  p. 

Let  us  designate  the  probabilities  of  states  p0(t)  and  pt(t).  It 
is  obvious,  for  any  moment  t 

MO+PiW-1.  (3.3) 

Let  us  comprise  differential  of  Kolmogorov's  equations  for  the 
probabilities  of  states  according  to  the  rule,  given  in  §3  chapters 
4.  Me  have: 


~ — — ^P«-h  PPi< 

— m + W 

at 


(3.4) 


I 


— 
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Fig.  5.  1. 

Of  two  equations  (3.4)  oue  it  is  excess,  since  p0  and  p,  are 
connected  by  telat ionship/ratio  (3.J).  Taxing  into  account  this,  let 
us  reject/throw  the  second  equation,  and  into  the  first  let  us 
substitute  for  pt  its  expression  (1-p0); 


it 


^ - - (p  + Mp.  -hi*- 

it 


This  equation  logical  to  solve  under  the  initial  conditions: 

Po(0)  - 1.  p,(0)  - 0 

(at  the  initial  moment  channel  is  free). 

Linear  differential  equation  (3.5)  vitn  one  unknown  function  p0 
easily  can  be  solved  not  only  for  the  simplest  flow  of  claims  (X  = 
const),  but  also  for  case,  when  the  intensity  cf  this  flow  in  the 
course  of  time  changes  (X  = X(t)).  Without  being  stopped  on  the 
last/latter  case,  let  us  give  the  solution  of  equation  (3.5)  only  for 


i 
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the  case  X = const: 

<3-6> 

the  dependence  of  value  p0  from  tine  takes  the  torn,  depicted  in 
Fig.  5.2.  In  initial  moment  (with  t = C)  channel  is  knowingly  free 
(Pa(0)  - 1)-  With  an  increase  t probability  p0  is  reduced  and  within 
liait  (with  t ->  -)  is  equal  to  ♦ Value  f|(t),  that  supplements 

Fo(t)  to  unity,  is  changed  as  shown  in  the  same  Fig.  5.2. 


It  is  not  difficult  to  ascertain  that  tor  single-channel  SMO 
with  failures  probability  p0  is  nothing  else  tut  the  relative 
capacity  q. 


It  is  real/actual,  p0  there  is  probability  that  at  torque/moment 
t the  channel  is  free,  otherwise  probability  that  the  claim,  which 
came  at  torque/moment  t,  will  be  serviced.  But  that  means  that  for 
the  given  torque/moment  of  time  t,  the  average  ratio  of  the  number  of 
serviced  claims  to  the  number  ot  those  acteu  also  is  equal  p0:  q = 


In  limit,  with  t -7  when  the  process  of  maintenance  has 
already  been  establish/inst ailed  that  the  limiting  value  of  relative 
capacity  will  be  aqual  to: 
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Knowing  the  relative  capacity  g,  it  is  easy  to  find  absolute  A. 
They  are  conuected  by  the  clvicus  rela t ionship/ratio: 


A-**. 


\ 
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Fig.  5.2. 
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In  liait,  with  t — 7 * , absolute  capacity  also  will  ue 
establish/installa d and  it  will  be  equal  tc 

A “ r~-  (3.9) 

Knowing  the  relative  capacity  of  system  g (probability  that  cob« 
at  torque/moaent  t claim  will  te  serviced) , it  is  easy  to  find 
failure  probability: 

^ (3.10) 


Failure  probability  P0 T„  is  nothing  else  tut  the  mean 

portion/fraction  of  the  unserviced  clains  among  subjects,  within 
liiit,  with  t -7  «, 


p » ] I1  _ - _*■ 

OTK  1 . \ , 

A + M 
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fxample.  Single-channel  SMO  with  failures  represents  by  itself 
one  telephone  line.  Claim  - call,  which  care  at  the  torqua/moment 
when  line  is  occupied,  obtains  failure.  Intensity  of  flow  of  calls  X 
= 0.8  (calls  per  minute).  Average  duration  of  ecu  versatioa  i.s,,„ 

All  flews  of  events  - simplest.  To  determine  the  limiting  (with  t -» 
-) , value: 


1)  the  relative  capacity  g; 


2)  the  absolute  capacity  A; 


3)  failure  probability  P0 


To  compare  actual  capacity  SBC  frci  ncuinal  which  will  be,  if 
each  conversation  lasts  in  accuracy  1.5  min,  and  conversations  follow 
one  another  without  interru)ticn. 


Solution.  We  determine  the  parameter  p of  the  flow  of  the 
■ainte  nance: 


p-l/**-  1/1.5  - 0.667. 


On  formula  (3.6)  we  obtain  relative  capacity  sno: 


0.667 

c • — - - - — m 0.455. 

V 0,8  + 0,667 
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Thus,  in  the  steady-state  conditicns/mode  system  will 
service/maintain  about  45c/o  of  enterirg  calls. 

Through  formula  (3.9)  *e  find  the  absolute  capacity: 

A-Xf-0.8.0.455  - 0,364, 

i.e.  line  capable  of  cariying  out  on  the  average  of  0.364 
conversations  per  minute. 

Failure  probability: 


P ur#(  ■ I — q «»0f  845, 

means  about  55o/o  of  acted  calls  will  oltain  failure. 

Nominal  spacing  channel  capacity: 

“•  0.6C7  (pisroabfli  • Mmtyry). 

Key:  (1).  (conversation  per  minute) 

that  almost  is  twice  as  more  than  the  actual  capacity,  ootained 
taking  into  account  the  random  chaiactei  of  the  flow  of  claims  and 
chance  of  the  time  of  servicing. 


Fage  245 
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4.  Multichannel  SHO  with  failures. 

Let  us  consider  N-channel  SMO  with  failures.  Let  us  label  the 
states  of  system  according  to  the  number  of  occupied  channels  (or, 
that  in  this  case  the  same,  according  tc  the  number  of  claims, 
connected  with  system).  States  will  be: 

S o - all  channels  are  free, 

S 2 - to  occupy  exactly  one  channel,  remaining  freedoms. 


S*  - occupied  exactly  k of  channels,  the  others  ace  free. 


S„  - occupied  all  n of  channels. 

Graph/count  of  the  states  SMO  os  represented  in  Fig.  5.3.  Let  us 
label  graph/count,  i.e.#  let  us  write  at  the  arcow/pointer s of  the 
intensity  of  the  corresponding  flows  of  events,  on  arr ow/pornters 
from  left  to  right  system  transfers  one  and  the  same  flow  - flew  of 
claims  with  intensity  x.  If  system  is  in  state  S*  (occupied  k of 


Let  us  determine  the  intensities  cf  flew  cf  tne  events,  which 
translate  system  according  tc  arrcw/pcinters  frea  right  to  left. 


Let  the  system  is  be  in  state  Sx  fis  occupied  one  channel). 

Then,  as  soon  as  is  finished  the  maintenance  of  tne  claim,  which 
occupies  this  channel,  system  will  pass  in  S0 ; that  means  the  flow  of 
events,  which  translates  system  on  arrcw/pcinter  3,  -"7  s0,  has 

i 

intensity  p.  It  is  obvious,  if  with  the  maintenance  it  is  occupied 
two  channels,  and  not  one,  flow  of  maintenance,  which  translates 
system  on  arrow/pointer  S2  ->S,,  will  be  double  more  intense  (2p);  if 
is  Occupied  k of  channels  - in  k of  times  more  intense  (kp).  Let  us 
write  the  appropriate  intensities  of  the  arrow/pointers,  which  lead 
from  right  to  left. 

Figures  5.3  shows  that  the  process,  which  takes  place  into  SMO, 
represents  by  itself  a special  case  ci  the  process  of  death  and 
multiplication,  examined  by  us  in  § 6 chapters  4. 

Using  general  rules,  it  is  possible  tc  comprise  the  equations  of 


Kolmogorov  for  the  probabilities  of  the  states: 
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*P»  + t*Pi 


4-p)p,  +*iPo  + 2|i^, 


(/.  j-  A’f i ) p„  -+-  Ap*  — i -f-  (A'  -f  I ) jip* 


Equations  (4.  1)  they  are  called  the  equations  ot  trlanq.  Natural 


initial  conditions  for  their  scluticn  they  are 


(at  the  initial  moment  system  it  is  free) 


The  integration  of  system  of  equations  (4.1)  in  analytical  form 
is  sufficiently  complicated;  in  practice  such  systems  ot  differential 
equations  are  usually  solved  numerically,  ty  AYR  or  ETsVR.  This 
solution  jives  to  us  all  j rctabilities  the  states 


as  of  function  of  time 


It  is  logical,  us  most  of  all  they  will  interest  the  maximum 


r 


1 


E 

I 
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probabilities  of  states  P#.  Pi.  •••>  P»>  ••••  P»>  which  characterize 
steady— load  condition  cf  SMC  (kith  t —t  •)•'.  For  tne  determination  of 
ta  xi iui  probabilities,  we  will  use  already  the  prepared/finished 
solution  of  problem,  obtained  for  the  circuit  of  death  and 
■ ultiplica tion  in  § 8 chapters  4.  According  to  this  solution. 


P»  = 


Po 


m 2,-  ..  *m  k 

I 


P,  = ^ Po.  (*-1.2 n); 


I -L  '•  M , 

+_rr  + -sr 


(i'M)* 


IUmF 

m 


(4.2) 


In  these  formulas  the  intensity  of  flew  of  claims  A and  the 
intensity  of  flow  of  maintenance  (for  cne  channel)  p do  not  figure 

/ 

/ 

separately,  but  they  enter  only  by  their  ratio  A/y.  Let  us  designate 


this  sense 


/ 


and  let  us  call  value  p the  "given  intensity"  cf  the  flow  of  claims. 
Its  physical  sense  is  such:  value  p represents  by  itself  t be  average 
nuaber  of  claims,  which  ccue  in  intc  SMC  fer  the  mean  servicing  time 
cf  one  claim. 


Taking  into  uccount  this  designation,  formula  (4. 2)  they  take  the 


fora: 


Pk-^j-P*.  <*-  1.  2,  n); 


(4.3) 


» / 

/ 

j 

/ 


w 


Formulas  (4.3)  are  called  hrlang's  formulas.  They  express  the 
maximum  probabilities  of  all  states  ct  system  depending  on  the 
parameters  X,  p and  n (X  - an  intensity  of  flow  of  claims,  p - 
intensity  of  maintenance,  n - a number  of  channels  SMO). 

Page  247. 

Knowing  all  probabilities  of  the  states 

p0>  Pv  •••*  Pit*  — • P»’ 

it  is  possible  to  find  the  characteristics  of  the  efficiency  of  SMO: 
th.e  relative  capacity  q,  the  absolute  capacity  A and  failure 
probability  p 

rOTH- 


It  is  real/actual,  claim  obtains  failure,  if  it  comes  at  the 
torgue/moment  when  all  n of  channels  are  occupied.  The  probability  of 
this  is  equal  to 
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Probability  that  claim  will  be  accepted  tor  maintenance  (it  the 
relative  capacity  g)  it  su  p ( leeent  s /'W)h  tc  unity: 


V-  I — P,. 


(4.5) 


Absolute  capacity: 


A -Xg  -1(1  -P„>.  <4  6) 

Cne  Of  the  important  charact erist ics  SrtO  with  failures  is  the 
avciaqe  number  ot  occupied  channels  (in  this  case  it  coincides  with 
the  average  number  of  claims,  which  are  located  in  system) . Let  us 
designate  this  average  nun  her  k. 


Value  k can  be  computed  directly  through  probabilities 
P*  Pi.  •••.  P»  according  to  the  formula: 

f-0-p*+ l-ft + p„  (4.7) 

as  aathsaatlcal  expectation  ot  discrete  random  value  which  takes 
values  of  0,  1,  ...»  n with  pr  obab  ilit  ies />„,  p)t  However,  to 

considerably  simply  express  the  average  number  of  occupied  channels 
through  the  absolute  capacity  A,  which  we  already  know,  it  is 
real/actual,  A is  nothing  else  but  the  average  number  or  cldiws, 
operated  per  unit  time;  one  occupied  channel  it  service/ma inta ins  on 
the  average  tor  the  time  unit  ^ ot  claims;  the  average  number  ot 
cccupied  channels  will  be  obtained  by  division  A on 

I 

f.  4 .Mi-Pa) 

JJ 
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or,  passing  to  des ignation  X p - p, 

A.p(l-p„).  (48) 

Example.  Are  repeated  the  conditions  or  an  example  of  the 
previous  paragraph  (X  = 0.8,  p = 0.667);  however,  instead  of  the 
single-channel  SN3  (n  = 1)  is  examined  thr  te-c  hannel  (n  * 3),  i.e.  , 
the  number  of  communication  lines  is  increased  to  three.  To  find 
probability  of  failure  and  the  average  number  of  occupied  channels. 

Solution.  Given  intensity  of  flew  of  the  claims: 

p-X/M  -0.6/6.667—  1,2. 

On  Erlang's  formulas  (4. 3)  we  obtain: 

1. 2*. 

p,~  fr  p""0>72p*1 

P* 

P,-  — P.,»  0.288  p„, 

p.n » 0,312; 

1 g-  1,2  g»  o,72  g- 0.288 

p,m  1,2.0,312  <•  0,374;  p,  m 0,72-0, 3I2*0,224| 
p.,  » 0,288.0,312  • 0,090. 
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«- |_p, -0.910;  A — Xq  — 0,8.0,910  — 0,728 


The  average  nuabec  ot  occupied  channels: 

r-p(l_p,)-  1,2.0,91  « 1.09, 

i.e.  during  steady-load  condition  ot  SMC  on  the  average  will  be 
cccupied  one  with  snail  channel  of  three  - remaining  two  will  stay. 

Ey  this  value  is  obtained  a comparatively  high  level  of  the 
efficiency  of  maintenance  - about  91c/c  of  all  acted  calls  will  be 
serviced. 

I 

5.  Single-channel  SNO  with  expectation. 

Let  us  consider  first  protozoan  ot  all  possiule  SHi)  with 
expectation  - sing le-channel  system  (n  = 1),  which  enters  the  flow  of 
clains  with  intensity  X;  the  intensity  of  maintenance  p (i.e.  on  the 
average  the  continuously  occupied  channel  will  issue  m the  serviced 
claims  in  unity  (time).  The  claim,  which  acted  the  toique/aoaent  when 

I 

i 


I 


' i mi  iwiiiwu i!  "rnmmmmmmmm* 


I 
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channel  is  occupied,  stops  into  turn  and  expects  maintenance 


Let  us  suppose  that  first  that  a quantity  of  places  in  turn  is 
limited  by  Mach  number,  i.e.,  if  claim  arrived  at  torque/m  omen t , when  f 

in  turn  already  stand  m of  claims,  it  leaves  system  not  serviced.  In 
the  future,  after  directing  m to  infinity,  we  will  obtain  the 
characteristics  of  the  single-channel  of  SMU  without  limitations 
alcng  the  length  of  turn. 


Let  us  label  the  states  of  SMO  according  to  the  nunbei  of 
claims,  which  are  located  in  system  (both  operated  and  expecting 
maintenance)  : 


S o - channel  is  free. 


S|  - a channel  is  OccuPied#  there  is  no  line. 


S 2 - channel  it  is  occupied,  one  claim  stands  in  turn. 


S„  - channel  is  occupied,  k- 1 claims  stands  in  turn. 


i JJ 


Sm+i  - channel  is  occupied,  m of  claims  stand  in  turn 
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The  graph/count  of  states  SHO  is  shown  on  Fig.  5.4.  The 
intensities  of  flow  of  the  events,  which  translate  into  system  on 
ar  row/poin  tecs  from  left  to  eight,  continually  are  equal  to  X,  and 
from  fight  to  left  - p.  It  is  real/actual,  cn  arrow/pointe rs  from 
left  to  right  the  system  translates  the  flew  of  claias  (as  soon  as  it 
will  arrive  claia,  system  it  passes  into  the  following  state),  to  the 
right  to  the  left  - the  flow  of  the  "releases"  of  the  occupied 
channel,  which  has  intensity  p (as  soon  as  it  will  be  serviced  next 
claia,  channel  either  it  will  be  freed  cr  it  decreases  the  number  of 
claias  in  turn) . 

The  depicted  in  Fig.  5.4  circuit  represents  by  itself  the 
circuit  of  death  and  multiplication.  Using  tne  general  solution, 
given  for  the  circuit  of  death  and  multiplication  in  §8  chapters  4, 
let  us  write  the  expressions  of  the  maxiauir  probabilities  of  the 

states : 


Pi  =*  (i/M)  A.. 

Pi  Po. 

••••••••»•• 

Pm  =(*/p)*Ai. 

Pm+i  - (A ■/?)”+ ’p» 


Pm' 


I + (A/h)  + (X/h)»+  ...  + 


(5.1) 
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Introducing  designaticr.  x/p  = p,  let  us  rewrite  f or«u  las  (5.1) 


in  the  form: 


Pi  “=  PPo* 
P*~P#P.. 


Pk=Pk  Po. 

Pm+\  = Pm  + 1 P„, 

P.= ! 

i+p+p*+  ...  +p*,+  l 
= |I  + p + p*+  ...  + p»>  + i)-i. 


tet  us  note  that  in  the  denominator  of  last/latter  formula  (5.2) 
stands  the  geometric  progression  with  first  term  1 and  denominator  p; 
summarizing  this  progression,  we  find: 


'(l-p",+2)/(i-p>  “ i-p"  + i 


i 

i 
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Thus,  formulas  (5.2)  finally  take  the  fern: 


Pi  = PPo. 

Ps  = P*  Po- 

Pm+I  - P'"  + fPo- 


(5.4) 


Let  us  focus  attention  on  the  fact  that  formula  (5.3)  is  valid 
only  when  p / 1 (when  p = 1 it  gives  the  inueterminancy/uncertainty 
of  form  0/0) . But  the  sum  of  geometric  progression  with  denominator  p 
3 1 to  find  it  is  still  simpler  than  cn  formula  (5.3)  : it  is  equal  m 
♦ 2,  and  in  this  case  p0  = 1/(a  ♦ 2).  let  us  note  that  the  same 
result  we  could  obtain  by  more  complex  method,  revealing 
indeterminancy/uncerta i nty  (5.3)  according  to  l'Hopital's  rule. 


Let  us  determine  the  characteristics  ot  SflO:  failure  probability 
p the  relative  capacity  g,  the  absolute  capacity  K , the  average 


leegth  of  turn  r,  the  average  number  of  claims,  connected  with  system 

It. 


Id 
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Zt'-is  obvious,  claim  obtains  failure  only  in  the  case  when 
channel  is  occupied  and  all  ro  cf  the  places  in  turn  - also: 

(5.5) 

We  find  the  relative  capacity: 


p"41  (i-p> 

i_p*+* 


(5.6) 


Absolute  capacity: 


A 


let  us  find  the  average  number  t cf  those  locating  in  turn;  let 
us  define  this  value  as  mathematical  expectation  of  discrete  random 
variable  8 - number  of  claims,  which  are  located  in  the  turn: 

'-•Miff). 


Mith  probability  p2  in  turn  stands  one  claim,  with  probability 
pj  twp  claims,  generally  with  probability  p»  in  turn  stand  k - 1 
claims  finally  with  probability  p«+  ■ in  tarn  stand  a of  claims.  The 
average  number  of  claims  in  turn  we  will  obtain,  multiplying  the 
number  of  claims  in  turn  by  the  apprcpiiate  prebanility  and 
store/adding  up  the  results: 


I 


i A 


I 


- 


> 
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lp.  + 2-P„  + ...  + (*—  l)-pJt  + ...  + m-pm+l  - 
“ i p*P0  + 2-p»p,  +■  ...  + (*_  l)  p *p,+  ...  + m p-+'p,.  (5.7) 
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Substituting  it  in  (5- 8) , «e  Mill  obtain: 

r-.p»P.|-P"(?t!-rgg}. 

(i-p)* 

Taking  into  account  expression  for  p0  iron  (5.4),  we  have: 

(I—  p)H—  p*(w4-l—  wp)l 
r“p  (i_P"+*)il-p)* 

or,  ijb  is  final, 

~ p»(l-p*<m-f  1-  mp)|  , . 

(l-p"+,)<l-p>  (5‘ n) 

Thus,  we  will  deduce  expression  fcr  the  average  number  of 
claims,  expecting  maintenance  in  turn.  Let  us  deduce  now  formula  for 
the  average  number  k of  the  claims,  connected  with  system  (both 
standing  in  the  turn  and  locating  under  maintenance) . let  us  solve 
problem  as  follows:  let  us  consider  the  total  number  of  claims  K, 
connected  with  system  as  sum  of  two  racdom  variables:  the  number  of 
claias,  which  stand  of  turn,  and  the  number  of  claims,  which  are 
located  under  the  aaintenaoce: 

K-R  + Q. 

where  R - a number  of  claims  in  turn,  Q - a number  of  claims  under 
tainte  nance. 
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According  to  the  theorem  of  the  addition  cf  the  mathematical 


f 
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expectations 

*-Af|K|-.M|/?|  + A«|ii|-  r-f-w. 
where  r - average  nuaber  of  claias  in  turn,  u 
claims  under  maintenance. 


- average  number  of 


Value  r - we  recently  will  find;  let  us  find  value  u.  Since 
channel  of  us  one,  then  random  variable  Q can  take  only  two  values:  0 
or  1-  Value  of  0 it  takes,  if  the  channel  is  free  the  probability  of 
this  is  equal  to 

p 


Po 


l-p"+2 


Value  of  1 it  takes,  if  channel  is  occupied;  the  probability  of 
this  is  equal  to 

I n ->-P"+> 

Pt  |_p»H-5"  ' 

«e  hence  find  the  mathematical  expectation  of  the  number  of  claims, 
which  are  located  under  the  maintenance: 


Thus,  the  average  number  of  claims,  connected  with  SMO,  will  be 

r - , p-p'"+J 

*"'+TZp«+»  » (5-12) 

where  value  T is  determined  from  formula  (5.11). 


Let  us  deduce  expression  for  one  more  essential  characteristic 
of  SHO  with  the  expectation:  mean  latency  cr  claim  in  turn.  Let  us 
designate  it  >om.  Let  the  claim  pass  mtc  system  at  some  moment  of 


I 


• j 


A A 
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tiie.  With  probability  p0  tie  channel  cf  Maintenance  will  not  be 


occupied,  and  by  it  it  is  net  necessary  to  stand  in  the  turn  (latency 
is  equal  to  zero).  With  probability  Pj  it  will  arrive  into  system 
during  the  maintenance  of  seme  claim,  but  before  it  there  will  not  be 
turns,  and  claim  will  await  the  beginning  cf  its  maintenance  for  a 
period  of  time  1/p  (mean  servicing  time  of  cne  claim)  . With 
probability  p2  in  the  turn  before  the  claim  in  question  will  stand 

one  additional,  and  latency  on  the  average  will  be  equal  2/p,  and  so 

* 

forth*  Generally,  with  probability  p*  the  come  claim  will  find  in 
system  k of  claims  and  it  will  await  cr  the  average  k/p  unity  of 
tiie;  here  k can  be  any  integer  tc  m. 

Page  253. 

That  concerns  k = m + 1,  i.e.,  the  cast  when  the  newly  incoming  claim 
finds  the  channel  of  maintenance  occupied  and  still  m of  claims  in 
the  torn  (probability  of  this  Pm+i),  then  latency  in  this  case  is  also 
equal  to  zero,  because  claim  does  not  get  into  line  it  is 
service/maintained).  Therefore  mean  latency  will  be: 

'o*  *“  Pi  f-  Pt  — +■  •••  + Pk (■•••  +Pm 

M M H , 

Substituting  here  expressions  for  pa , ...,  pm,  we  obtain: 

*•*  "P»P  ~ + P*  P*  + •••  + P»  P'  — + •••  + P»  P"  ~ “ 

(l  + 2p+  ...  +mp",“'). 

i* 


Equate/comparing  this  expression  with  formula  (5.11),  we  note 


that 


7 _L " 

‘<w  = pn  r 


r 


(5.14) 


i.e.  «ean  latency  is  equal  to  the  average  number  of  claims  in  turn, 
divided  into  the  intensity  of  flow  of  claims. 


Let  us  deduce  another  formula  for  the  mean  retention  time  of 
claim  in  system.  Let  us  designate  Tca„  random  variable  - retention 
time  of  claim  into  SMO.  This  random  variable  is  composed  of  two  terms 
(also  random) : 


CHCT  M •>* 


where  7 ~ latency  of  claim  in  turn,  9 - random  variable,  equal  to 
servicing  tine  T <*,.  if  claim  is  ser vice/maintained,  and  zero,  if  it  is 
not  service/maintained  (obtains  refusal). 


According  to  the  theorem  of  the  addition  of  the  mathematical 
expectations: 

f.™  - M [Tcaai\  = M |ro  J + Af  (0|, 


bu.t,  in  our  designations,  m |7;j  =7OH(,  A “<7*oa-<7/h- 


id 


Hence  let  us 


r 
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find:  *•■«,  ==  to*  + or,  taxing  into  account  formula  (5.4), 

-'■A-f  q/tt.  (5.15) 

Example  1.  Autorefueling  station  (AZS)  represents  by  itself  S.IO 
with  one  channel  of  maintenance  (one  column) . Area/site  with  station 
allow/ assumes  the  stay  in  turn  for  servicing  net  more  than  three 
machines  simultaneously  (m  = 3). 

Page  254. 

If  in  turn  already  is  located  three  machines,  the 
arrived  to  station,  in  turn  does  not  step,  but  it 
flow  of  the  machines,  which  arrive  tor  servicing, 

(machine  per  minute).  The  process  of  servicing  is 
average/mean  1.25  min.  To  determine: 

- failure  probability. 

- the  relative  and  absolute  capacity  or  SMO; 

- average  number  of  machines,  which  expect  servicing. 

- the  average  number  of  machines,  which  are  found  on  AZS 


next  machine,  which 
will  pass  by.  The 
has  intensity  X.  = 1 
continued  in 


(including  serviced). 


i 
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mean  latency  of  machine  in  turn. 


- the  mean  retention  tiire  of  machine  cn  AZS  (including 
maintenance)  . 


Solution.  Ua  find  the  given  intensity  of  flow  of  tho  claims: 
M- 1/1.25-0.5:  p — X/p-  1/0,8—  1,25. 


On  formulas  ( 5.4) : 

1-1,25 

Po  - *0.122.  p,-l,  25.0.122*  0.152. 

P,  - 1.25.0,122*0,191.  p,-  1,25.0, 122  * 0.238, 
p4  - 1.25.0,122  *0,297. 

Failure  probabilit  y ^on.  * u.297 


Relative  capacity  SMC  g = 1 - P0tk  - o.7ot 


Absolute  capacity  SM0  A = Xq  - C. 70J  (machine  in  min.). 


The  average  number  of  machines  in  turn  we  find  throjgh  formula 

C5.11)  1.36s  II  — 1.25'  M+  I—  o.75)| 

r. — — 1 » 1,56, 

(1-1,25*1(1-1,25! 

i.e.  the  average  number  of  machines,  which  expect  in  turn  tor 
servicing,  is  equal  to  1.5b. 
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Adjoining  to  this  valut  the  d vetaye  number  ot  machines,  that  are 
located  under  the  Maintenance 


we  obtain  the  average  number  oi  machines,  connected  with  AZS: 

1—7  + 5*  2,44. 


Nean  latency  ot  machine  in  turn,  cn  formula  (5.14)  is  equal 


U-y"1,56 

Adjoining  to  this  value  703/0,8  « 0,88,  »«  mill  obtain  the 

mean  time  which  the  machine  carries  cut  on  AZs: 

W-l.58  + 0.88-2.44  |Bin)- 


Until  now,  we  examine  the  work  single-channel  ot  SNO  with 

•m, 

expectation  with  the  limited  /\  number  of  the  places  in  turn. 

Let  us  now  remove/take  this  limitation,  i.e.,  let  us  direct  m to 
infinity.  In  this  case,  the  number  of  (cssible  states  of  system  will 
become  infinite,  and  the  graph/count  ot  states  will  take  the  form, 
shewn  on  Fig.  5.5. 
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Let  us  attempt  to  obtain  the  prot ati 1 ities  or  states  SMO  with 
the  unlimited  turn  by  passage  to  the  limit  (with  m — 3 -)  from 

formulas'  (5.4). 

Page  255. 


Let  us  note  that  in  this  case  the  denominator  in  last/latter 
formula  (5.2)  represents  by  itself  the  sum  ct  the  infinite  number  ot 
terms  of  geometric  progression.  This  sum  descends  only,  when 
progression  infinitely  decreasing,  i.e.,  when  p < 1.  It  is  possible 
completely  strictly  to  demonstrate  that  p < 1 there  is  the  condition, 
under  which  into  SMO  with  expectation  there  is  maximum  being  steady 
conditions/mode;  when  p 1 such  conditions/mode  does  not  exist,  and 
line  with  t — > - increases  to  infinity. 


Let  us  assume  that 

p — A/p  < 1, 

i.e.  that  the  maximum  conditions/mode  exists.  Let  us  direct  in 
formulas  (5.4)  m to  - and  will  deduce  formulas  for  the  maximum 
probabilities  ot  states  into  SMO  withoit  limitations  along  the  length 


.1 


cf  turn.  He  will  obtain: 
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p% — i — p. 

Pi  -<*U  — P). 
Pt~P’(l  - p), 


P»  » t*‘  ( l — P). 


(5.16) 


In  the  absence  of  limitations  to  tc  the  length  of  turn  each 
claim,  which  came  into  system,  will  be  serviced;  therefore  q = 1,  A 
Xq  = X.  The  average  number  of  claims  in  turn  we  will  obtain  from 
(5e11)  with  a •; 


r — ■ 


l-P 


(5.17) 


The  average  number  of  claims  in  system  cn  formula  (5.12)  with  u -a 
• will  be  equal 

i-r  + p-  _£_+p.; 


1—  P 


l — p’ 


(5.18) 


Mean  latency  we  will  also  obtain  from  formula  (5.14)  with  m 


- 


p i— p 


(519) 


or,  in  another  form: 


A(l-p) 


(5.20) 


M 
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Fig.  5. 5. 


Key:  { 1)  . There  is  no  turn. 


Page  256. 

The  mean  retention  tiae  of  claim  into  SHO  is  equal  to  mean 
latency  plus  mean  servicing  time  'io0au  * 


t 


eacT 


l_ 

I* 


_l_  l 

H I — P 


(5.21) 


Example  of  2.  To  railroad  hump  yard  arrive  the  compositions  with 
intensity  X = 2 (composition  in  hour).  The  mean  time,  during  which 
the  hill  processes  composition,  is  equal  to  0. 4 hours.  The 
compositions,  which  arrived  at  the  ter gue/mcment  when  hill  is 
occupied,  stop  in  turn  and  expect  in  the  park/fleet  of  the  arrival 
where  there  are  three  emergency  route,  for  each  of  which  can  expect 
one  composition  the  composition,  which  arrived  at  the  torque/moment 
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when  whole  three  emergency  routes  rn  the  pam/fleet  of  arrival  are 
occupied,  it  stops  in  turn  to  external  way.  All  flows  of  events  - 
simplest.  To  find: 

- the  average  number  of  ccmpositic cs,  which  expect  turn  (both  in 
the  park/fleet  of  arrival  and  cut  of  it). 


- mean  latency  of  composition  in  the  park/fleet  of  arrival  and 
on  external  ways. 

- w»ean  time  of  the  deter  winat  ion  of  composition  at  sorting  station 
(including  expectation  and  sa  i ntenaoce) . 


~ probability  that  the  arrived  composition  will  replace  on 

external  ways. 

Solution.  In  our  case  X = 2.  ^ = 1/0.  h = 2.5,  x/M  = p = 2/2.5  = 
0.8  < 1,  and  SHO  on  the  average  "manages"  the  entering  it  flow  of 

claims. 

The  average  number  of  compositions,  which  expect  turn  (as  in  the 
park/fleet  of  arrival,  sc  v cut  cf  it)  let  cs  find  from  formula 
(5.17)  ; 
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Ihe  average  nunber  of  compositions,  which  expect  turn  on 
external  ways,  let  us  count  as  follows:  with  probability  p5  cut  of 
the  park/fleet  of  arrival,  will  expect  cne  composition,  with 
probability  p*  - two  compositions  so  fccth,  with  probability 
o*(*  >5)  — (*  — 4)  Qf  composition. 


Ihe  average  number  of  compositions,  which  expect  out  of 
park/tleet,  will  be: 

r'  “ *P»  + 2p»  + ...+  (k  — 4)  p»  + ...  — 1 (1  — p)  p'  + 2 (I  — p)  p*  + ...  + 

+ ...  + (*-4Ml-P)p*  + ...-(l-p)p'll+*>  + 3p»  + . | 

formula  for  an  infinite  sum  of  brackets  we  obtain  by  passage  to 

the  limit  (with  m — i «)  fiom  formula  (S.  10)  : 

l+%»+*P,  + ...— (6.2b 


Hence 


r’-(|_p)p' 


(i-P)* 


P* 

•— P ‘ 


Substituting  here  p = 0.8,  we  will  obtain: 

P-1,64. 


Probability  that  the  arriving  ccmpositron  will  replace  on 


DOC  * 780  687 1 J 


D i ! 


external  ways*  is  determined  still  simpler:  it  is  equal  to  the 
probability  of  the  fact  that  the  length  of  turn  will  be  not  less  than 

three,  i.«.. 

Pi  + Pi  + P.  + ...  -0  — P)  p*  -Ml  — p)  p*  +(1  -P)  p*  4 ...  - 
»(■— P)  P*  (l  + p + p,  + ...)  = p*-.0.8**  0.41 


Fage  257. 


Hean  latency  in  the  park/fleet  of  arrival  we  determine, 
examining  different  hypotheses  about  the  number  of  conposi tions,  that 

are  located  in  the  systea: 

I 2 3 

— Pi  H Pi H IP, + Pi  + P,  + ..)  — 

P M P 

I 

“ ~ I*—  P<*  — P)  -r2p;(l  — P>-f  3|p’(l  — P)  + P*  (I  — p) + ...))  = 

r 

i 

IpU-P)  t 2p*  (I  — p) 4-3p’|  =- 

- — lp-p*  + 2p»-2p'  + 3p»|. ~|p  + p*  + p») . 

P P P 1— P 

For  p = 0.8,  p = 2.5,  we  obtain,  that  mean  latency  in  the 
park/fleet  of  arrival  is  equal 


0.4  °'41-  =-o  76  (hour)  » <47  (min) 

0,2 


As  far  as  latency  concerns  be  concerned  on  external  ways,  it  is 


equal  123  l 2 3 

— p + — Ps-h  — r,  « — <l-rtp*  + — (l--p)p*  + — (l— p»  p"  + ...  =. 

PPM  it  p m 

-si=aii„. . ,_ii=euei— JL_,_  ±£-. 

M p (I— p)*  M 1—  p 


..T. 
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i.e.  for  our  numerical  data. 


0.4  0.41/0, 2 = o.«  (hour)  o49  (min)  . 


The  mean  retention  time  of  compositicn  at  sorting  station 
(counting  expectation  and  maintenance)  hill  be  equal  to: 


^e«cr “*0,B2  — 0, 78  — 0,4  = 2 (hour) 


6.  Multichannel  SMO  With  expectation. 


Let  us  consid er Jt-channel  SMO  with  expectation,  which  enters  the 
flew  of  claims  with  intensity  the  intensity  cf  maintenance  (for 
cne  channel)  h;  the  number  of  places  in  turn  m. 


The  states  of  system  let  us  label  according  to  the  number  of 

claiea,  connected  with  the  system: 

„ > 

^ ( o#  — Bee  xaHUU  cboGoahw, 


= 5,— SSHflT  OJHH  K3H8.1,  OCTa.IbHblf  CBOfoAHU, 



v — UHOTbl  k Kana.IOB,  OCTa.IbHbie  CBOOOAHbl. 

I c ■■■  ■(?'> 

O S„— 3an«Tw  Bee  n Kana.ioB, 

Sn  + 1 — saHflTu  bcc  n Kana.noB;  o.iHa  aasiBK.i  ctoht  b oMepean, 

S„  + , — 3aw(?J  Bee  n k ah a.ioB,  r sbsibok  ctobt  b owepeAH, 

S„j.„  — aauHT^Psce  n KtHaJKM,  m 3jhbok  ctobt  a owepeAH. 


1 


f 
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Key:  (1).  There  is  no  turn.  (2).  all  channels  are  free.  (3).  is 
occupied  one  channel,  ethers  are  free.  (4).  are  occupied  k of 
channels,  others  are  free.  (5) . are  cccupieo  all  n of  caannels.  (6) 
cccupyiny  all  n of  channels;  one  claim  is  worth  in  turn.  (7).  Are 
busy  all  n of  channels,..,  cf  claims  stand  in  turn. 


Page  258. 


The  graph/count  of  states  is  given  to  Fig.  5.4.  At  each 
ar rew/pointer  are  written  the  corresponding  intensities  of  flow  of 
events.  It  is  real/actual,  cn  atrow/pci nte ts  ficra  left  to  right  the 
system  translates  always  one  and  the  same  flow  cf  claims  with 
intensity  X;  on  arrow/pointers  from  right  to  left  the  system 
translates  the  flow  of  maintenance  whose  intensity  is  egual  to  p, 
multiplied  by  the  number  of  occupied  channels. 


Graph/count  in  Fig.  5.6  represents  by  himself  the  circuit  of 
death  and  multiplication,  for  which  the  solution  in  general  form  is 
already  obtained.  Let  us  write  expressions  for  the  maximum 

probabilities  of  states,  immediately  designating  x/p  = p: 

Pi  = -{7  Pf  Pt  p» ft’ 

p’-'  «"+*  «"+" 

P.+ 1 - — P„  Pn  + i =>  ft-  ....  ft  + « ~ ^ ft- 

f p r P*  c"*'  p"  + * .+  .WI 

«•-  l+-F4  IT  + •••■<■  « + £w-+^r  + - + ^r 


I 
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(J  )0'4tpriu  *tm 

i — rn__ i£  >^i__i^  ^i__J5ri — n£  p.  i 

Fig.  5. 6. 


Key:  (1).  There  is  no  turn. 


Page  259. 


Thus,  all  probabilities  ot  states  are  found. 


Let  us  find  some  characteristics  cf  the  efficiency  of  servicing. 
The  acted  claim  obtains  failure,  if  ace  occupied  all  n of  channels 
and  all  m of  the  places  in  the  turn: 

p<m  - Pn~  <6-2) 


Relative  capacity,  as  ever,  supplements  failure  probability  to 


unity: 


Absolute  capacity  SHO  will  te  equal  to: 


■H'-£S4 


let  us  lind  the  .tvet.iv.jc  number  of  occupied  channels.  For  SMO 
with  failures,  it  coincides  with  the  average  number  of  claims,  which 
were  being  located  in  system,  /or  fKU  with  turn,  the  average  number 
of  occupied  channels  does  not  coincide  with  the  average  number  of 

claims,  which  are  located  in  the  system:  last/latter  value  differs 

from  the  first  to  average  number  of  claim,  in  the  queue.  We  retain 
from  the  designation  k for  the  mean  number  of  claims  connected  with 
system,  but  the  average  number  of  occupied  channels  let  us  designate 

z.  Each  occupied  channel  it  serv ice/ma  intains  cn  the  average  ^ of 

claims  per  unit  time;  entire/all  :;mo  serv  ice/m  a intains  ou  the  average 
A of  claims  per  unit  time.  Dale  one  to  another,  wo  will  obtain; 

or 


(6.4) 


The  average  number  of  claims  in  turn  can  be  computed  directly  as 
mathematical  expectation  ol  discrete  random  variable,  multiplying  any 
possible  number  of  claims  tci  probability  that  precisely  this  number 

of  claims  it  vili  be  in  turn,  and  storc/adding  up  the  results: 

. 0«+<  p«+» 

r ~ l -p„  + i + 2-P«+»  + ...  +f*-P'<+m  — 1 ,~7rP»  + 2--^T  P»+  •••  + 

« ' +3(f)*  .6  5, 

Let  us  introduce  designation  p /n~x  and  let  us  rewrite  ( t> . S)  in 
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the  foci 


,«+ 1 


«•«» 


PoM+2k  + 3x*+  ... 


(6.6) 


Page  260. 


Let  us  note  that  the  bracketed  expression  is  nothing  else  but 
already  calculated  by  us  cf  the  previous  paragraph  sun  (5. 10),  where 
instead  of  p is  placed  *•  Using  this  formula  and  substituting  result 
in  (6.6),  we  will  obtain: 

: _ p"'1'  'po  1— (m  + l)x  + mx 


tin' 


(l-x)* 


(6.7) 


Store/adding  up  the  average  number  of  claims  in  turn  r and  the 
average  number  of  occupied  channels  "z,  we  will  obtain  the  average 
number  of  claims,  connected  with  the  system: 


k*~7  + r. 


(6.8) 


Let  us  now  find  mean  latency  cf  claim  in  tha  turn:  lom.  Let  us  do 
a series  of  hypotheses  about  state  in  which  will  tind  system  the 
newly  come  claim  and  how  long  by  it  it  is  necessary  to  await 
maintenance. 


If  claim  finds  not  all  channels  occupied,  by  it  not  at  all  it  is 
necessary  to  wait  (corresponding  terms  in  mathematical  expectation 
let  us  reject/throw  how  egual  to  zero).  If  claim  arrives  at 


jJ 
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torque/ moment,  when  are  occupied  all  n cf  channels,  but  there  is  no 
turn,  by  it  it  is  necessary  to  await  cr  the  average  the  time,  equal 
to  1/np  (because  the  flow  cf  releases  r.  of  channels  has  intensity 
np)  . If  claim  finds  all  channels  occupied  and  one  claim  before  itself 
in  turn,  by  it  it  is  necessary  on  the  average  tc  await  time  2/np  (on 
in  turn  r of  claims,  by  it  it  is  necessary  to  await  on  tue  average 
time  r/np.  If  the  newly  ccme  claim  finds  in  turn  already  is  of  claims, 
then  it  will  not  at  all  await  (but  alsc  will  net  be 
service/maintained).  Mean  latency  let  us  find,  «rultipi)iug  each  of 
these  values  for  the  appropriate  probability: 


Pn  + Pn+'  + - + 


2_ 

up 


m 


n\i 


P"  20" +l  n + m-l  -l 

nJPo  + v.7T  p°  + - + >- r^r  Po] : 

p"p^  ‘ 
n - n\ n 


\+± +*+...  + •£?. 
n «•  T ^ 


Just  as  in  the  case  of  the  si ngle-cha i uel  of  SMQ  with 
expectation,  we  note  that  this  expression  differs  from  expression  tor 
the  average  length  of  turn  (6-5)  only  ir  teims  of  tactoi  1/pp  - 1/x.. 

i • €•  0 


ta*'  x ' 


(6.9) 


Substituting  here  expression  for  r,  let  us  find: 


7 _ P"P"  l-<m  + l)x’"-f  mxm'M 

•o*  , • " * — - • 


npn! 


(6.10) 
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The  mean  retention  time  ct  claim  ic  system,  just  as  toe 
single-channel  SNO,  differs  from  mean  latency  to  the  mean  servicing 
time,  multiplied  to  the  relative  capacity : 

/.«,  - All  Tom | + M |»|  -tom  + fl/p.  (6. 11) 


Example  1.  Au toser vici ng  station  |AZS)  with  tuo  columns  (n  = 2) 
is  intended  for  na intai n/ser viceing  the  machines.  The  floe  of  the 
machines,  which  arrive  on  AZS,  has  intensity  A = 2 (machine  per 
minute);  the  mean  time  of  the  tinning  ct  one  machine 


(min). 


Area/site  of  kZS  can  contain  turn  not  more  than  in  = 1 
(machines).  The  machine,  which  arrived  at  the  t or gue/momon t when  all 
the  three  places  in  turn  are  occupied,  leaves  Azs  (is  obtained 
failure).  To  find  the  characteristics  of  SPC: 


- failure  probability. 


- the  relative  and  absolute  capacity. 
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- the  average  number  of  occupied  cclunns. 

- the  average  number  of  machines  in  tutn. 

- mean  latency  and  stay  of  machine  on  A^S. 

Solution.  Me  hdve:  n = 2,  m = 3,  X = 2,  p - 1/7,*  - 0.5.  p = u, 

* mm  p/n  — 2 


Through  formulas  (6-1)  we  find: 


i 


p,- 


4 4*  4*  2 — 2*  125 

l+  1 +_2  + 2 1-2 


-7^-0.008. 


Failure  probability: 


P„rv  - P*+m  “ P*  « ^ * **' WP-  °>512 


Relative  capacity: 


^ I — Foth  ” H . 488. 


The  absolute  capacity: 


A = qA  = 0.97  6 (machine  per  minute). 


A A 


The  average  number  of  occupied  charnels  (columns): 


(lean  retention  tine  of  machine  on  AZS  (including  the  time  of 
tinning) : 

<«*,  - tom  + iU-i.M+o.m-'i.m  («in). 

TV 

Above  we  considered  A-cLannel  SMO  *ith  the  expectation  when  in 
tarn  simultaneously  can  be  located  net  more  than  in  claims. 

Just  as  in  the  previous  paragraph,  let  us  loot,  which  will  be, 
it  the  length  of  turn  is  net  limited  by  some  Mach  number,  but  there 


l 


? 
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can  be  how  convenient  large.  The  graph/count  of  states  in  this  case  - 
infinite  (see  Fig.  5.7)  . 


the  probabilities  cf  states  we  will  ottain  from  formulas  (6.1) 
by  passage  to  the  limit  (with  m — ^ -) . Let  us  note  that  the  sun  of 
the  corresponding  geometric  progression  descends  when  x «■  pfn  < j and 
it  diverges  when  * ^ 1;  respectively,  steady  mode  will  exist  when 
*<I.  and  when  x>l  turn  will  infinitely  grow.  Let  us  assume  that 
x < 1 let  us  direct  in  fornulas  (6.1)  value  m to  infinity.  We  will 
obtain  expressions  for  the  naxinun  probabilities  of  the  states: 


p.  =-j7Po. 
p’ 

p* = y p»’ 


Pn-—P* 


P«  + i Po* 

n w 


Pn  t Pot 


“ n'.nl 


5 


4 
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(s  ) Oxtftiu  -rm 


0=0=  =Q=  = =R~ 

l Jji  itjt  kji  1 \»m\  ■ — JTT  - ..  JT 


***'.'>  kji ‘ 1 I 1 np  njt\ 

Fig.  5.  7. 


Key:  (1).  There  is  no  turn. 


Page  263. 


Since  each  claim  sconer  ol  later  will  te  serviced,  then  the 
characteristics  of  the  capacity  Of  SMO  are  equal  to 


The  average  number  of  claims  in  turn  we  will  obtain  with  m 


- from  (6.  7) 


p"  * p» 

n ■ Hi  (1  — k>* 


while  mean  latency  - frcm  (6.10): 


■»  h «f(i — »*)* 


the  average  number  of  occupied  channels  z will  be  located  as 

before  through  the  absolute  capacity: 

i-  — — - -P,  (6.15) 

t*  t» 
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while  the  average  number  of  claims,  connected  witu  SMO  - as  average 
number  of  claims  in  turn  plus  the  average  number  of  claims,  which  are 
located  under  maintenance  (average  number  ct  occupied  channels): 

*-'+*•  (6.16) 

Example  2.  Autoservicing  staticn  with  two  columns  (n  = 2) 
service/maintains  the  flow  cf  machines  with  intensity  X = 0.8 
(machines  per  minute).  Mean  servicing  time  of  one  machine 

<oe--^-2  (min). 

In  this  region  no  ether  of  AZS,  sc  that  the  turn  of  the  machines 
before  AZS  can  increase  virtually  unlimitedly . To  find  the 
characteristics  of  SMO. 

Solution.  He  have:  n = 2,  X = 0.8,  M » i/T*  = o.5.  p * 1.6, 

* = p/»i  = £>.0.  Since  * < 1.  the  turn  dees  not  increase  infinite  and 
•ekes  sense  to  speak  about  maximum  steady-state  operating  conditions 
of  SMO.  On  formulas  (6.  11)  on  is  ongoing  the  probability  of  the 


states: 


I 


I 


i 
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p.-[l  + 1.6+1.28  + ^J_'  asO.IU. 

D,- l.6p,« 0,178.  p,-l.28p,  is.  0.142. 

P*“i!»,,,fis0,n4,  and  i-e- 


the  average  number  of  occupied  channels  let  us  find,  after 
dividing  absolute  capacity  SMO  A = x = G-8  into  the  intensity  of 
maintenance  p = 0.  5: 

f-0. 8/0,5-  1.6 

the  probability  of  the  absence  of  turn  of  AZS  will  be: 

P»  •fPi  + Piw 0,431. 

Page  264. 

Average  number  of  machines  in  the  turn: 


- > ,6»  0. 1 1 1 
r”  2.2.0.42* 


•o.7l. 


Average  number  of  machines  cn  AZS: 


*-'+i»0,71  •+■  1.6  = 2,31 


Mean  latency  in  the  turn: 


j 


1 
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<o*--r*o,89  (■in). 


Hean  retention  time  of  machine  cn  AZS; 


'cue, -'ow + '"00*0.89  + 2-2,89  (min) 


7.  SNO  Mith  limited  latency. 


Until  now,  we  examine  SMC  with  the  expectation,  limited  only  by 
the  length  of  turn  (by  Mach  number  of  claims,  which  were  being 
simultaneously  located  in  turn).  In  such  S MG  claim,  once  been  in 
turn,  no  longer  leaves  it  ar.d  "pattent  1 y"  it  waits  until  maintenance. 
In  practice  frequently  they  are  encountered  SMC  ot  another  type,  in 
which  the  claim,  after  waiting  certain  time,  can  go  away  from  turn 
(the  so-called  "impatient”  claims). 


Let  us  consider  similar  type  SMC,  remaining  within  the  framework 
of  Markov  circuit.  Let  us  assume  that  there  is  N-channel  S MO  with 
expectation,  in  which  the  number  of  places  in  turn  not  is  limited, 
but  the  retention  time  cf  claim  in  turn  is  limited  by  certain  random 
period  7'0,  with  average  value  7n,  thus,  to  each  claim,  which  stands 


jJ 


t 
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in  turn,  functions  as  the  "flow  of  attendance/departures"  with  the 
intensity 


If  this  flow  is  Poisscr,  then  the  process,  talcing  place  in  SMO, 


will  be  Harkov.  Let  us  find  for  it  the  probabilities  of  states. 

C*  'i'  -rBfdu 
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* I i u 1 WjA — —Hz  tZX—SZrj/i  i — n r i . 

nu  njt'i  nu'2i  Ku'r)  />.-/ 


njt  njt'i  njt'li  Hjfrt 

p.fi  /ey:  ( 3 ).  -CkiiM 


Let  us  again  label  the  states  of  system  according  to  the  number  of 
cl-aims,  connected  with  system  - both  operated  and  standing  in  the 
turn: 


t- 

% 


z 

* 


e KaHaJibi  cboGoahu, 


>~3a%f 


OAHH  K8H8.A, 


S2  — 3aHfl'?bi  jBa  kanaka, 


^ 

^ , Sn  — 3aH»Tbi  Bee  n KaHaaoB, 

\y  S„+i  — sanflTH  Bee  n KanaAOB,  OAua  3a»BKa  ctoht  b owpeAH, 


Sn  + , — 3aHBTu  Bet*  n KaHa.ioB,  r 38«ibok  ctoht  b owepeAH, 


and  so  forth. 

Key;  (1)-  there  is  no  turn.  (2).  all  channels  are  free.  (3).  is 
occupied  one  channel.  (4).  are  occupied  two  channels.  (5).  are 
occupied  all  n of  channels.  (6).  are  occupied  all  n of  cnannels,  one 
claim  stands  in  turn.  (7).  are  occupied  all  n cf  channels,  r of 
claims  stands  in  turn. 


.. 
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The  graph/count  of  the  states  of  system  is  shown  on  Fig.  to  5.8. 
Let  us  label  this  graph/ccurt,  i.e.,  let  us  write  at  arrow/pointers 
the  appropriate  intensities.  Again,  as  tefcre  at  all  rifle man/gunner, 
that  lead  from  left  to  right,  it  will  stand  the  intensity  of  flew  of 
claims  X.  For  states  without  turn  the  arrow/pointers,  which  lead  of 
them  from  right  to  left,  will  have,  as  fcefete  tc  stand  the  total 
intensity  of  flow  of  maintenance  all  occupied  of  them  will  from  right 
to  left  stand  the  total  intensity  of  flew  cr  maintenance  all  n of 
channels  np,  plus  the  corresponding  intensity  of  flow  of 
attendance/departures  from  turn,  if  in  turn  stand  r of  claims,  then 
is  the  total  intensity  cf  flow  of  attendance/departures  from  turn.  If 
in  turn  stand  r of  claims,  then  the  total  intensity  of  flow  of 
attendance /departures  will  te  egual  to  rv. 


As  can  be  seen  rrom  graph,  before  us  again  the  circuit  of  death 
and  multiplication,  applying  c emmon/ge nera 1/tctal  expressions  for  the 
maximum  probabilities  of  states  in  this  circuit,  let  us  write: 


J A 


I 
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/./|i 

P>  — jf  Pm 

<X/u>« 

Pi  ~ Po. 


p»=-r p* 

(A/p)" X 

”n  + 1 — r;  i r ”o> 

n'  (np  + v) 

(X/n)«  A« 

" + * n’  (nfi  4-  v)  («n  + 2v)  °’ 


pn  + r=^L"  *r _ 

'll  («(i  + v)  (nn  + 2v)...(«n+  rv) 1 *’ 


n f,  , x/n  - (X/(i)*  . (X/|i)»  (X/m”  f x 

111  21  ».l  a!  [n(i  +v 

X* r 

+ (nn  + v)(«ti+  2v)  + (rip  + *)(<lp + 2V)  ...(/!(* + rv)"1* 


or,  introducing  the  designations: 

p — X/H,  p = v/p. 


o-(1+f+T  + -+V^i^+ 


(n  + P)  (n  + 2P) 


H =■ + ... 

(n  + Pl(/i  + 2P)...(n  + ,P) 


Pi  =-jy  Po. 

p* 

Pt  = y Po. 


p 

P„=-^Po. 

pn  p 

Pn+1_^  m1p°’ 


Pn  + 2~ 


n!  (n  + P)(n+2p» 


n\  (n+fi)(n+2fl).  (n  + rfi) 


Pn+r 
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Let  us  note  some  special  feat ur e/pecu liar ities  by  tnat  examined 

Iof  SMO  o by  "impatient"  claims  in  comparison  with  by  that  previously 
examined  S HO  with  "patient  claims. 

If  the  length  of  turn  not  it  is  linitcu  previously  oy  any  number 
and  claims  "are  patient"  (they  do  net  gc  away  from  turn),  then  steady 
maximum  state  exists  only  in  the  case  p < n (with  p >,  n the 
corresponding  infinite  geometric  progression  diverges,  which 
physically  corresponds  tc  the  unlimited  increase  in  the  turn  in  t 

•).  On  the  contrary,  into  SMO  with  the  "impatient"  claims,  which 
ex, it  sooner  or  later  from  the  turn,  which  was  steady  the 
conditions/mode  of  maintenance  with  t ->  -is  reached  always, 
independent  of  the  given  intensity  of  flow  cf  claims  p.  This  follows 
from  the  fact  that  a series  in  the  denominator  cf  first  formula  (7.1) 
descends  at  any  positive  values  p and  p. 

For  SMO  with  "impatient"  claims,  the  concept  "failure 
probability"  does  not  have  sense  - each  claim  it  stops  in  turn,  but 
can  and  not  wait  until  itself  maintenance,  leaving  ahead  of  time. 
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The  relative  capacity  g ot  such  SKC  can  be  counted  as  follows. 
It  is  cbvious,  ara  serviced  will  bt  all  claims,  except  those  that 
will  go  away  from  turn  befcie  the  appointed  time.  Let  us  count  which 
cn  the  average  number  of  claims  it  leaves  turn  before  the  appointed 
time.  For  this,  let  us  compute  the  average  number  ot  claims  in  the 
turn: 

r-|.p„+l+2.p^l+  ...  -f  r-p„+,  + ...  . (7.2) 


Fage  ,>67. 


For  each  of  these  claims,  functions  the  "flow  of 
attendance/departures"  with  intensity  v.  That  means  that  from  the 
average  number  r of  claims  in  turn  on  the  average,  it  will  go  away, 
ahaving  waited  until  maintenance,  v7  claims  per  unit  time;  in  all 
per  unit  time  on  the  average  it  will  be  serviced 
A — X — w (7.3) 

claims.  Relative  capacity  SNO  will  be 


The  average  number  of  occupied  channels  z we  will  outain  as 
before  that  Dale  absolute  capacity  on  p: 


z «• 


A_ 

P 


X - vr 


I* 


— P — fr- 


(7.5) 


This  makes  it  possible  to  compute  the  average  number  ot  claims 


f 


in  turn  r,  without  summarizing  infinite  series  (7.2).  It  is 
real/actual,  fro*  (7.5)  we  will  obtain: 

^ r'"T-f  <7-6> 

^ the  entering  this  formula  average  numter  cf  occupied  cnann*»ls  can 
te  found  as  mathematical  expectation  of  random  variable  i,  which 


takes  values  of  0#  1,  2,  ....  n with  pr eba til  it ies  p0 , p|#  p*,  .... 

fi  — (P«  + Pi  + ...  "f  Pit-  l)ll 

J-0-P.+  1 p,  + 2.p,+  +n-ll  — (p,  + p,+  ...  + P—>))' 

-p,  +2p,+  ...  + «|1— (P.+P.+  -.  + P--  i)l- 


(7.7) 


Me  will  not  derive  formulas  for  mean  latency  in  turn,  since  for 
this  are  reguiLed  comparatively  complex  lining/calculations. 


Let  us  note  that,  unlike  formulas  <j§  5,  b,  where  the  sums  ot  the 
large  (or  infinite)  numter  of  terms  “ate  coagulated”  with  the  help  ot 
formulas  for  the  sum  of  geometric  progression,  in  formula  (7.1) 
figures  the  sum  of  the  infirite  series,  which  is  not  progression. 
However,  this  sum  is  computed  approximately,  moreover  it  is 
sufficiently  easy,  since  the  terms  of  a series  rapidly  decrease  with 
an  increase  in  their  number.  As  approximate  value  for  an  infinite 
sum,  is  taken  the  sum  of  the  finite  number  r- 1 ct  and 

residue/remainder  is  considered  as  fellows: 


I 


I J 

| 


r 


Page  268. 


It  is  possible  to  demonstrate  that  th€  infinite  sum  of  the 
brackets  is  less  than  and  expression  (7 .t);  is  less  than 

i!l  eP/». 

nf  rf 

In  conclusion  let  us  note  that  if  we  f foraulas  (7.1)  pass  to 
liait  when  v-*0  (or,  which  is  the  sate  thing,  when  d 0)  , then 

with  p < n will  be  obtained  formulas  (fc.10)of  the  previous  paragraph, 
i«e.,  "impatient"  claims  will  become  "patient." 

8.  The  closed  systems  of  mass  maintenance. 

Until  now,  we  examine  suck  systems  of  mass  maintenance,  where 
the  claims  come  from  somewhere  from  without  and  the  intensity  of  flew 
of  claims  does  not  depend  cn  the  state  cf  system  itself.  In  present 


DOC  - 78068713  PAGfc  317 

paragraph  we  will  consider  Bass  other  ether  mass  - such  systems,  in 
which  the  intensity  of  flow  of  the ’entering  claims  depends  on  the 
state  of  the  very  SflO.  Such  systems  of  mass  maintenance  are  called 
locked . 

As  an  example  locked  of  SMO,  let  us  consider  following  system.  A 
working-re  pair  man  serv ice/maintains  n cf  machine  tools.  Each  machine 
tool  can  at  any  moment  leave  the  system  and  require  servicing 
repairman's  on  the  part.  The  intensity  cf  flow  of  the  malfunctions  of 
each  machine  tool  is  equal  to  X.  The  left  the  system  machine  tool 
stops.  If  at  this  moment  worker  is  free,  he  is  taken  for  tooling;  on 
this  he  expends  the  mean  time 


where  p - an  intensity  of  flow  of  maintenance  (adjustments). 

If  at  the  moment  of  the  failure  of  machine  tool  worker  is 
occupied,  machine  tool  stops  in  turn  fer  maintenance  and  awaits  until 
worker  is  freed. 

It  is  requirad  to  find  the  procabilit  ies  of  the  states  of  this 
system  and  its  characteristic: 

- probability  that  the  worker  will  not  be  occupied. 


I 
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- the  probability  cf  the  presence  cf  turn. 

- the  average  number  of  machine  tools,  which  expect  turn  to 
repair,  etc. 

Before  us  - the  peculiar  system  of  the  mass  maintenance,  where 
the  sources  of  claims  are  the  machine  tools,  available  in  the  limited 
quantity  and  the  feeding  cr  not  feeding  claims  depending  on  its 
state:  on  leaving  of  machine  tool  frcm  system  it  ceases  to  be  the 
source  of  new  claims.  Consequently,  the  intensity  of  the 
common/general/total  flow  of  claims  with  which  it  is  necessary  to 
deal  for  worker,  depends  cn  that,  how  such  is  defective  machine 
tools,  i.e.,  how  many  claims  are  connected  with  tne  process  of  the 
maintenance  (directly  it  is  service/maintained  cr  stands  in  turn). 

Page  269. 


Characteristic  for  the  closed  system  cl  mass  maintenance  is  the 
presence  of  the  limited  number  of  sources  or  claims. 

In  essence,  any  SMC  deals  only  with  the  limited  number  of 
sources  of  claims,  but  in  a series  of  the  cases,  the  number  of  these 
sources  so  is  great,  that  may  disregard  the  effect  of  the  state  of 
the  very  of  SHO  on  the  flow  of  claims.  For  example,  the  flow  brought 


about  by  ATS  of  large  city  proceeds,  in  essence,  from  subscribers's 
limited  number,  but  this  number  so  is  yieat,  that  virtually  it  is 


possible  to  count  the  intensity  of  flow  of  the  claims  of  independent 
of  states  ATS  itself  (how  many  channels  are  occupied  at  given 
toryue/moment) . In  the  locked  system  of  mass  maintenance  the  sources 
of  claims,  together  with  the  channels  cf  maintenance,  are  considered 
as  cell/elements  of  SMC. 

Let  us  consider  the  formulated  above  problem  of  a 
working-repairman  within  the  framework  cf  the  ccamon/general/total 
circuit  of  Markov  processes. 

The  system,  which  includes  worker  and  n of  machine  tools,  has  a 
series  of  the  states  which  we  will  label  according  to  the  number  of 
defective  machine  tools  (machine  tccls,  connected  with  maintenance); 


S o - all  machine  tools  are  exact  (worker  is  free). 


- one  machine  tool  is  defective,  worker  is  occupied  with  its 


ad  justment. 


S 2 - two  machine  tools  are  defective,  one  is  put  right,  another 


expects  turn. 
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S»  - *11  n of  machine  tools  are  defective,  one  is  put  eight,  n 
- 1 stand  in  turn. 


The  graF^/count  of  states  is  given  to  Fig-  5.9.  The 
intensities  of  flow  of  the  events,  which  translate  system  from  state 
into  state,  are  written  of  arr cw/pcinters.  From  state  S0  into  S4  the 
system  translates  the  flow  cf  malfunctions  cf  all  working  machine 
tools;  its  intensity  is  equal  to  nX.  From  state  Sj  into  S2  system 
translates  the  flow  of  malfunctions  no  longer  n,  out  n-1  by  machine 
tool  in  (they  work  in  all  n-1)  and  so  forth.  As  concerns  the 
intensities  of  flow  of  events,  which  translate  system  on 
arrow/Fointers  from  right  tc  left,  then  they  continually  are 
identical  - it  works  always  they  working  with  the  intensity  of 
maintenance  p. 


Using,  as  usual,  by  the  general  solution  of  the  proDlem  of  the 
maximum  probabilities  of  states  for  the  circuit  of  death  and 
multiplication  (§8  chapters  4) , let  us  write  the  maximum 
probabilities  of  the  states: 

nk 

P'--p~ 

n(«-l)X» 

* P#1 


n (/i  — ))  (n  — 2) ...  U" 


l-t-n(X/|i)  + <i  («-l)(i/|»),+  ...  +«(•-!) 


r 

T 
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Introducing,  as  before,  designation  X/p  - p,  let  us  rewrite 


these  foraalaa  la  the  fora: 


J-f-np-f-  n(n—  l)p*  + ... 
Pi=npp0, 
pt  = n(n—  l)p‘p„ 


-t -n(rt—  I) ...  Up* 


PH~n(n — I)  1 P"Po- 


Thus,  the  probabilities  of  states  SHO  are  found. 


By  virtue  of  the  peculiarity  of  closed  SBO,  character istic  of 
it*  efficiency,  they  will  be  different  froa  those  which  we  applied 
earlier  for  SHO  with  the  unliaited  quantity  of  sources  of  clains. 


The  role  of  "absolute  capacity"  in  this  case  will  play  the  aean 
quantity  of  aalfunctions,  reaoved  by  worker  per  unit  tine.  Let  us 
coapete  this  characteristic.  Worker  is  occupied  with  tooling  with  the 


probabilit  y 


- 1-P.- 
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If  it  is  occupied,  it  ser vice/aaiatains  p the  machine  tools 
(eliminates  p naif  unctions)  per  unit  tine;  that  aeans  the  absolute 
capacity  of  the  ay  stuns 

/4«(1— p,)p.  (8.3) 

■•lati*«  capacity  for  locked  SBO  we  do  not  coapute,  since  each 
claia,  after  all,  will  be  serviced:  q = 1. 

Probability  that  that  worker  will  not  be  occupied: 

m6  “ I — (®-^) 

Let  us  coapute  the  average  auaber  of  defective  machine  tools, 
otherwise  - the  average  number  of  machine  tools,  connected  with  the 
process  of  aaintenance.  Let  us  designate  this  average  number  w. 
Generally  speaking,  value  w can  be  computed  directly  according  to  the 
formula 

£’=l.p,+2.pt+  ...  +n.pn, 

but  it  will  siaplsr  find  it  through  absolute  capacity  A. 


I 
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Ovepefu  *em\ 


"*  I \fr-VXt < In-21  K X 

q^pUc =r::.z: 

>•  * — J j*  » — 1 ^ ^ 


:=Ld 


Pig.  5.9. 


Key:  (1).  There  is  no  turn. 
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Actually,  each  working  aachine  tool  generates  the  flow  of 


aalfuactions  with  intensity  X;  in  our  SMO  on  the  average  works  n - 7 


of  aachine  tools;  the  generated  or  average/aean  flow  of  ma If unctions 


will  have  average/aean  intensity  (n  - w)X;  all  these  aalfunctions  are 


reaoved  by  the  worker,  therefore. 


(n  —w)  X = (1  — p0) ft. 


whence 


w = n ^ (I  —Pa) 


Let  us  deteraine  now  the  average  nuaber  of  aachine  tools  r. 


which  expect  adjustaent  in  turn.  Let  us  discuss  as  follows:  the  total 


nuaber  of  aachine  tools  8,  connected  with  aaintenance,  is  coaposed  of 


the  nuaber  of  aachine  tools  B,  which  stand  in  turn,  plus  the  nuaber 


of  aachine  tools  Q,  which  are  directly  located  under  the  aaintenance: 


W'-R  + C. 


I 


K*  ■ 

F « 


c 

' 

\ 

h 


i 


; 
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The  number  of  machine  tools  Q,  which  are  located  under 
aainte nance,  is  equal  to  one,  if  it  is  free,  i.g. , average  value  Q is 
equal  to  the  probability  of  the  fact  that  the  worker  is  occupied: 

« = 1 — P* 

Subtracting  this  value  froa  the  average  nuaber  V of  the  machine 
tools,  connected  with  aaintenance  (defective),  we  will  obtain  the 
average  number  of  machine  tools,  which  expect  aaintenance  in  the 
tars: 

r=n-  — £ — (1-P,)»n  — < 1 — P.)  ^ 1 + (8.6) 

Let  us  pause  to  one  additional  characteristic  of  the  efficiency 
of  SHO:  at  the  productivity  of  the  group  of  the  machine  tools, 
operated  by  worker. 


Knowing  the  average  nuaber  of  defective  machine  tools  wT  and 
productivity  i of  exact  aachine  tool  for  tiae  unit,  it  is  possible  to 
consider  the  average  loss  L of  the  productivity  of  the  group  of 
machine  tools  per  unit  tine  because  of  the  aal functions: 

L—wl. 

Example  1,  worker  service/a si at alas  group  of  three  machine 
tools’.  Each  aachine  tool  is  stopped  on  the  average  of  2 tiaes  in 
hour.  Alignment  procedure  occupies  at  worker,  on  the  average,  10 
ainutes  to  deteraine  the  characteristics  of  locked  SNO:  the 


jJ 


\ 
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probability  of  the  eaployaent  of  worker;  his  absolute  capacity  A;  an 
average  guantity  of  defective  eachine  tools;  the  average  relative 
loss  of  efficiency  of  the  group  of  aachine  tools  because  of 
aalf  unctio  ns. 


1 1 l 

Solution.  Be  have  h-3.  i-2.  i*-—  -6.  p-i/n- i/3. 

<06  ‘/6 


Page  272. 


On  f ornnlae  (8.1) 


, » 0,346. 


P®”*  1 + 31/3+  3-2- 1/3*4-  3-2. 1 • 1 /3s 

Probability  of  the  enployeeat  of  worker: 

f’m  h = I — P»  = 0,654. 

The  absolute  capacity  of  worker  (average  puaber  of  malfunctions 
which  it  eliaiuates  in  hoar): 

A =0,654-6-3,94. 

The  average  auaber  of  defective  aachtine  tools  we  find  through 
fotaula  (8.5): 

The  average  relative  loss  of  efficiency  of  the  group  of  machine 

tools  because  of  Malfunctions  w/n  = 0.347,  i.e.,  the  calculation  of 

» 

Malfunctions  the  group  of  Machine  tools  loses  about  35o/o  of 
productivity. 
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Let  us  consider  a nov  sore  coaaon/geqeral/total  exaaple  of 
locked  SHO:  brigade  froa  a workers  service/aaintains  n of  the  aachine 
tools  (a  < a).  Is  enaa arable  the  state  of  the  systea: 


l>| 

a 


f S, — Bee  ct3hkh  padoTaioT,  pa6oMHe  ne  saHBTbi  & - x 

Sj  — omh  crawoK  ocraHoBH-ncsi,  ojhh  pa6o>iHfi  saHHT,(  v 
S.  — AB3  CT3HK3  OCtaHOBH-lHCb.  AB3  pa60MHX  3aHHTbl*0 


e 'Sm—  m dan  kob  ocranoBH.iHCb,  Bee  pa6omie  3aH«Tbi,v  ^ 

Sm+, — rn  -i-  1 CT3HOK  OCTaHOBHJICB,  m H3  HHX  Ha.ia>KHBaK)TCB,  OaBH 
».jeT  owepeaH^C’l 

S„  — Bee  ri  CT3HKOB  OCTa HOBH J1HC b,  m H3  HHX  Ha.naJKHBatOTCH, 
n—m  want  oiepeAH.^) 

Key:  (1).  lo  tara.  (2).  all  sachise  tools  work,  workers  are  not 
occupied.  (3).  one  aachine  tool  stopped,  one  worker  was  occupied. 

(4).  two  aachine  tools  stopped,  two  workers  were  occupied.  (5). 
aachine  tools  they  stopped,  all  workers  were  occupied.  (6)  . aachine 
tool  stopped,  a of  thea  are  put  right,  one  awaits  turn.  (7).  all  n of 
aachine  tools  stopped,  a of  thea  are  put  right  n - ir  await  turn. 


The  graph/count  of  the  states  of  systea  is  shown  on  fig. 
(inteasities  of  flow  of  events  are  written  of  arrow/pointers). 


5.  10 


I 

i 


II 
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Fig.  5.10. 


Key:  (1).  There  is  no  turn. 
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Applying  coaaon/genera 1/total  of  the  solution  for  the  circuit  of 
death  and  aultiplication,  we  find  the  aaxiaua  probabilities  of  the 
states; 

n X 

Pi  ” ~~r  Po. 

1 M 

n (n—  1)  / X \* 

rrHv)  * 

— rn — It)  fl* 

n (n  — 1 1 (u  — 2)  . ..  (n  — m -f  I)  i X \m 

Pm  i.t.i  ....  V i.  ' 

1-2..  in -n<  \ |i  / 

n (,n  — 1 ) ...  (n  — m — 1)  t X \">+  * 

Pm  + 1 — r~, . , ( I Po* 

1-2  ..  m-iii*  \ ji  / 


n (n  — 1)  ...  1 I ^ „ 

m- l , ) A” 

fc”l,+T  7 + _~  (7)  h-  + 

i • n t'1  — [)  ("—'»)  /xv 

)•?  ..  m \ |i  J * 1-2 ...  m-m  \|il 

" I) y J _ /jLV]-1 
+ * ^ 1 2 ...  \ )>  / J 
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Designating,  as  ever,  X/y=»p  let  us  lead  formulas  to  the  form: 


<’.-[i+fp+^p,+  ...+ 

n(n-i)  ..An  - m-H)  pm  [ 
ml 


n (n  1) ...  m+ , . 2 p«l-  1 

r ml  m T X ml  m"""  1 | 1 


Pi  “ TT  PPo. 

I I 

n(n  — I)  . 
Pi°~'2|  P'Pd, 

n(n— l)(n  — 2)  , 

* = iT p 


ft  (n  — I)  ...  (n  — m+  1) 


/»'  m 

„ — 1)  ...  (n  — «n  — l>  ^ , 

Pm +2 1 . P Pov 

mi  m 


^ "("—!)  •••  I 


T^r~P"Pf 
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Through  these  probabilities  is  expressed  the  average  number  z of 
the  occupied  workers: 

?»0-p,+  ' -Pi  + 2-p.-f  ...  +m-(pm+pm  + ,+  ...  +/>„)  ~ 
p,  + 2p,+  ...  -f(m  — !)/>«_,  + m(l-p0  — p,— ...  — pm_  (8.8) 


Through  z is  expressed,  in  turn,  the  average  number  of  machine 
tools,  operated  by  the  teas  per  unit  ti me  (absolute  capacity): 


A -rp, 
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and  also  th«  mng«  nuaber  of  i«f«otl*a  acchine  tools: 

w — n — = n (8.10) 

X p 

Hence  Is  located  the  average  loss  of  efficiency  of  the  group  of 
machine  tools  per  unit  time  due  to  malfunctions:  it  is  necessary  to 
multiply  the  number  of  defective  machine  tools  w by  the  productivity 
of  one  machine  tool  per  unit  of  time. 

Exanple  2.  Two  Workers  they  servioe/aaintain  group  of  six 
■achine  tools.  Tha  cessations  of  each  (worker)  aachine  tool  occur,  on 
the  average,  through  each  of  half-hoar.  Alignaent  procedure  occupies 
at  worker  on  the  average  of  10  ninutes  to  determine  the 
characteristics  of  locked  SNO: 

- average  nuaber  of  occupied  workers, 

- an  absolute  capacity. 


»-  lp,  + 2<J  — />,)-  1.0,153  + 2.0,541  * 1.235. 


I 
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Through  foraula  (8.9)  we  find  the  absolute  capacity 

A-  1.235-6  - 7,41 

Through  foraula  (8.10)  «•  fiad  the  average  number  of  defective 
aachine  tools. 

»-6— 7,41/2-2.296 

Page  275. 

9.  Systems  of  mass  maintenance  with  "aatual  assistance"  between 
channels. 


Until  now,  we  examined  only  similar  SflQ,  in  which  each  reguest 
can  be  ser vice/aaintained  only  by  cne  channel;  the  empty  channels 
cannot  "help"  that  occupied  in  aaintenance. 

Generally,  this  not  always  is  as  follows:  are  encountered  the 
systems  of  the  mass  aaintenance  where  cue  and  the  same  claim  can  be 
service/aaintained  simultaneously  by  two  and  aore  by  channels.  For 
example,  one  and  the  saae  left  the  systea  aachine  tool  they  can 
service/aaintain  two  workers  iaaediately.  This  "mutual  assistance" 
between  channels  can  occur  both  in  open  and  in  closed  sen. 

In  the  examination  of  SHO  with  the  aatual  assistance  between 
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channels,  it  is  necessary  to  consider  t no  factors: 


1.  How  is  speeded  up  the  aaintenance  of  the  claim  when  above  it 
does  work  not  one,  iaaediately  several  channels? 

2.  Which  "discipline  of  mutual  assistance",  i.e.,  when  and  as 
several  channels  is  taken  on  itself  servicing  of  the  very  same  request? 

Let  us  first  examine  the  first  question.  If  we  assume  that  on 
servicing  the  request’  works 

not  omm  channel,  bet  several  (k)  channels,  intensity  of  flow  of 
aaintenance  will  not  decrease  with  increase  in  k,  i.e.,  it  will 
represent  by  itself  certain  nondecreasing  function  of  number  k of 
working  channels.  Let  us  designate  this  function  p(k).  The  possible 


fora  of  the  function  p (k)  is  shown  on  Fig. 


5.11. 


It  is  obvious  that  the  unliaited  increase  in  the  number 
simultaneously  of  working  channels  not  always  does  lead  to  a 
proportional  increase  in  the  speed  of  servicing;  it  is  more  natural 
to  assuae  that  at  certain  critical  value  * *=  kKp  further  increase  in 
the  nuaber  of  occupied  channels  no  longer  increases  the  intensity  of 
aaintenance. 


In  order  to  analyze  work  of  SHO  with  the  autual  assistance 
between  channels,  it  is  necessary,  first  of  all,  to  assign  the  form 
of  the  function  p(k). 
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The  siaplest  for  research  will  be  the  case  when  function  p(k) 
grows  proportionally  k when  k < and  when  *>*kP  it  reaains 
constant  apd  equal  to  (MO  Pig-  5.12).  If  in  this  case  the 

total  nuaber  of  channels  n,  which  can  help  each  other,  does  not 
exceed  *Kp-' 

^ ^ ^upt 

then  it  is  possible  to  consider  the  intensity  of  the  naintenance  of 
claia  several  channels  of  the  propcrticnal  to  the  nunber  of  channels. 


I 
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Pig.  5.11. 

Fig.  5.12. 


Page  276. 

Let  us  pause  now  at  the  second  question:  a discipline  of  mutual 
assistance.  The  sinplest  case  of  this  discipline  we  will  designate 
conditionally  "whole  as  one".  This  leans  that  during  the  appearance 
of  its  one  claii  they  begin  to  service/aaintain  all  n of  channels 
iieediately  and  reiain  occupied  until  is  finished  the  aaintenance  of 
this  claii;  then  all  channels  are  changed  over  to  the  aaintenance  of 
another  claii  (if  it  there  is)  or  they  await  its  appearance,  if  it 
does  aot  exist,  and  so  forth.  It  is  obvious,  in  this  case  all  n of 
channels  work  as  one,  SflO  becomes  single* channel,  but  with  the  higher 
intensity  of  aaintenance. 


I 


Does  arise  the  question:  to  profitably  or  disadvantageous ly 


introduce  this  nutual  assistance  between  channels?  Answer /response  to 
this  question  depends  on  which  the  intensity  of  flow  of  claias,  which 
fora  of  the  function  p(k),  which  type  of  SHO  (with  failures,  with 
turn) , which  value  is  chosen  as  the  characteristic  of  the  efficiency 
of  aaintenance. 

Example  1.  There  is  three-channel  SHO  with  failures:  the 
intensity  of  the  flow  of  claias  X = 4 (claia  per  ainute) , the  mean 
servicing  tine  of  one  claia  by  one  channel  7„0«=o,5  (ain)  , function 
p(k)  3 kp.  it  does  ask  itself,  is  profitable  free  the  point  of  the 
capacity  of  SHO  to  introduce  the  autual  assistance  between  channels 
according  to  type  "everything  as  one"?  Is  profitable  whether  this 
froa  the  point  of  the  decrease  of  average  tiae  of  the  stay  of  claim 
in  systea? 


A-X«»4. 0,79-3, 16. 
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The  lean  retantion  tiae  of  claia  in  SMO  will  be  found  as 
probability  that  the  claia  will  be  accepted  for  Maintenance, 
aultiplied  by  aeaa  servicing  tiae: 

FcaCT  — 0,79.0,5  — 0,395  (mmh).^O 

Key:  (1).  ain. 

It  is  not  necessary  to  forget,  what  this  aean  tiae  is  related  by 
KO  to  all  claias  - both  serviced  and  net  serviced  us  it  can  interest 
the  aean  tiae  which  will  stay  in  systea  the  serviced  claia.  This  tine 
is  egual  to: 

'iScr-706  = 0-I 2 * * 5 

Key:  (1).  ain. 

b)  with  the  autual  assistance 

X 2 

«*“  1.  i-«.  M*-3p«6,  p*-  — j 

I 3 2_  3 2 

P"=l  + 2/.x“  5 : P,“  3 ' 5 " 5 ’ 

2 2 .1 

^•rTK“  P I *““7“  V“  1 — ~T  — “^—0,6 
5 5 5 

/4-Xv— 4*0,6—  2,4. 
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Bean  retention  tine  of  clain  in  SIO: 


I /Op  - 2,5.6-0,0667  (min.). 


DOC  * 78068714  PAGE 

Mean  retention  tine  of  the  serviced  clain  in  SNO: 

Key:  i(1).  ain. 

Thus,  in  the  presence  of  autual  assistance  "whole  as  one" 
capacity  of  SHO  noticeably  decreased.  This  is  explained  by  an 
increase  in  the  failure  probability:  for  the  tire,  when  all  channels 
are  occupied  with  the  naintenance  of  one  clain,  can  arrive  other 
claias,  and,  it  is  logical,  to  obtain  failure.  As  concerns  the  mean 
retention  tine  of  claia  in  SHO,  then  it,  as  one  would  expect  that  it 
decreased.  If,  for  soae  reasons,  we  strive  by  KO  to  the  all  possible 
decrease  of  tine  which  the  claia  carries  out  in  sNO  (for  example,  if 
the  stay  ip  SHO  it  is  dangerous  for  a claia),  it  can  seem  that,  in 
spite  of  the  decrease  of  capacity,  all  the  sane  it  will  profitably 
join  three  channels  into  one. 

Let  us  consider  now  the  effect  of  a autual  assistance  of  the 
type  "whole  as  one”  on  work  of  SHO  with  expectation.  Let  us  take  for 
simplicity  only  case  of  the  unlimited  turq.  It  is  logical,  the 
effects  of  autual  assistance  on  capacity  of  SHO  in  this  case  will  not 
be,  since  under  any  conditions  serviced  will  be  all  the  come  claims. 
Arises  the  question  concerning  the  effect  of  autual  assistance  on  the 
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characteristics  of  the  expectation:  the  average  length  of  turn,  mean 
latency,  mean  retention  tine  in  SHO. 


By  virtue  of  of  formulas  (6.13),  (6.14)  § 6 for  aaintenance 
without  mutual  assistance  the  average  number  of  claims  in  turn  will 

he 


p 


n-nl  (I  — h)*  ’ 


average  time  of  the  expectation: 


p*Pt 


nl  (I  — h)* 


(9.1) 


(9.2) 


a mean  retention  tine  in  the  system: 


^OHCT  = ^OHI  "l* 


(9.3! 
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Po  = 


i-t  — 

II  21 


nn  + 1 


aI  hI  (a— p) 


(9.4) 


But  if  is  applied  a mutual  assists  tee  of  the  type  "whole  as 
one",  then  system  mill  work  as  single-channel  with  the  parameters 

p*  *=  1/p*  = 1/np  «=»  pin  “ k 

and  its  characteristics  will  be  detsrnit»4  by  formulas  (5.14),  (5.1b) 
95: 


DOC  * 78068714 


PAGE 


iom~  *.  I— X • 


i 


«M(1—  *) 


(9.5) 


(9.6) 

(9.7) 


Bxaaple  2.  There  is  three~channel  SHO  with  unlinitai  turn; 
intensity  of  the  Clou  of  clains  X * 4 (cl  a ins  in  ain.)  mean  servicing 
tiae  'o6“0-5  (ain).  function  n(*)  = <*Kp > 3).  It  is  profitable  whether, 

keep lag  in  Bind: 

- average  length  of  turn, 

- Bean  latency  of  aaintenance, 

- nean  retention  tine  of  claia  in  SHO 

does  introduce  the  autual  assistance  between  channels  of  the  type 
"everything  as  one"? 

Solution,  a)  without  actual  assistance. 

n 'I  i "i,  -"'4,  fi  - 1/0.5  - 2.  p - - 2.  x - p/«  - 2/3. 


On  foraolas  (9.1) -(9. 4)  we  have 
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, -L  2L  IL  y 

"r  II  + 21  + 3(  ^ 31  (3—2) 
2*. 1/9  8 „ 

'“s-ITW^T-0*8891 


“ 9 * 


<e»ei  — <o*  + <06-2/9+1/2  - 0,722. 

b)  with  the  autual  assistance 

«•—  1,  — 4,  n*  = 3ji  — 6,  p*  — X/(i*  — K — 2/3. 

Through  foraolas  (9.5) -(9.7)  we  fiad: 


- (2/3)*  4 

wT-T-1-"6 

I 2/3  1 

<0*“  6 1/3“  3 ” 0,3331 
7chct  = fo*  + <06  = 1 /3  + 1 /6  = 0 , 500 . 


Thus,  the  average  length  of  turn  and  aean  latency  in  turn  in  the 
case  of  autual  assistance,  are  lore,  but  the  aean  retention  time  of 
claia  in  systea  - is  less. 

Proa  the  exaained  examples  it  is  evident  that  the  mutual 
assistance  between  channels  of  the  type  "whole  as  one",  us  a rule, 
does  not  contribute  to  the  increase  of  the  efficiency  of  the 
aaintenance:  the  retention  tine  of  claia  in  SHO  is  reduced,  but 
deteriorate  other  characteristics  of  aaintenance. 
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Therefore  it  is  desirable  to  change  the  discipline  of  servicing  so 
that  the  autual  assistance  between  channels  would  not  interfere  to 
accept  to  saintenance  new  claims*  if  they  appear  for  .iae,  when  all 
channels  are  occupied. 

Let  us  naae  conditionally  "unifora  autual  assistance"  the 
following  type  of  autual  assistance.  If  claim  ccaes  at  the 
torgue/Boaent  when  all  channels  are  free*  then  whole  n of  channels 
they  are  accepted  for  its  servicing;  if*  at  the  moment  of 
aaintain/serviceing  the  claia*  cones  one  additional*  the  part  of  the 
channels  is  changed  over  to  its  aaintenaqce;  if  for  the  moment  are 
service/aaintained  these  two  clains*  coses  one  additional*  the  part 
of  the  channels  is  changed  over  to  its  maintenance  and  so  forth, 
until  render/show  occupied  all  n of  channels;  if  this  then,  the  newly 
coae  claia  obtains  failure  (in  SRO  with  failures)  or  it  stops  in  turn 
(in  SHO  with  expectation). 

With  this  discipline  of  mutual  assistance*  the  claim  obtains 
failure  or  it  stops  in  turn  only  if  there  is  no  its  possibility  to 
service.  As  concerns  "idle  tine"  of  channels*  then  it  under  these 
conditions  is  ainiaal:  if  in  systea  is  at  least  one  claim*  all 


channels  work. 
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Above  we  Motioned  that  daring  the  appearance  of  a new  claim  the 


part  of  the  occupied  channels  is  free/released  and  is  changed  over  to 


the  aaintepance  of  the  newly  arrived  claim,  what  part?  This  depends 


on  the  fora  of  the  function  p(k).  If  it  takes  the  fora  of  linear 


dependence,  as  shown  in  Fig.  5.12,  and  kKt>  > n,  then  it  does  not 


aatter  what  p&rt  of  the  channels  to  isolate  iato  the  aaintenance  of 


the  newly  acted  claia,  provided  all  channels  were  occupied  (then  the 


total  intensity  of  aaintenance  during  any  distribution  of  channels 


according  to  clains  will  be  egual  to  np).  It  is  possible  to 


denonstrate  that  if  the  curve  p(k)  is  convex  upwards,  as  shown  in 


Fig.  5.11,  then  it  is  necessary  to  distribute  channels  on  claims 


as  possible  nore  evenly. 


Let  us  consider  the  work  of  n-channel  SNO  with  the  "uniform" 


autual  assistance  between  channels. 


1.  SNO  with  failures. 


Let  us  label  the  states  of  SNO  according  to  the  number  of 


claims,  which  are  found  in  the  state  of  servicing: 


I 

I 


1 
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SQ  - SMO  is  free. 


St  - one  dale  is  service/aaintained  by  all  n by  channels. 

St  - two  claias  ace  service/aaintaiaed  by  all  n by  channels, 

*«***•••••••••••• 

* * •*••••••••• 

V“*  tk®y  ar®  vice/aai atal ned  by  all  n by  channels. 

S„— n claims  they  are  service/maintained  by  all  n by  channels. 


r 


I 
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Pig.  5.13. 


Page  280. 


i 


i 


1 


He  see  that  the  graph/count  of  the  states  (see  Pig.  5.13)  here 
the  saae  as  for  single>channel  SHO  with  productivity  p*  = np  and  the 
liaited  turn,  which  has  n - 1 places,  therefore  for  deteraining  of 
the  ifitM  characteristics,  we  can  use  for  aulas  § 5,  substituting  in 
thfs  * = X/n*  - X//JM  for  p * X/p: 


Xn  (I  — X) 

I — x"+  1 ’ 


</■ 


I —X* 

I — X*'  ' 


(9.8) 

(9.9) 
(9.10) 


■xanple  3.  Under  conditions  of  exaaple  1 to  coapare  the  relative 
and  absolute  capacity  of  SNO,  and  also  the  average  nuaber  of  occupied 
channels: 


a)  in  the  absence  of  autual  assistaqce. 


in  the  presence  of  the  unifora  autual  assistance  between 


channels 
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Solution  a)  without  autual  assistance. 

Proa  ezaaple  1,  we  have  g * 0.79,  i ■ 3.16.  Average  nuaber  of 
occupied  channels  z.  3 A/p  3 1.58. 

b)  with  unifora  autaal  assistance. 

k — i/jui  — 4/2-3— 2/3. 

On  for  aula  (9.9) 

I — (2/3)* 

’“uw*"’8®71  <4-4fl«3,5l;  r- 3.61/2  as  1 .76. 

fhas  because  of  the  application/ase  of  the  reasonably  organized 
autual  assistance  between  channels,  the  capacity  of  SHO  soaewhat 
increased.  Bith  respect  was  increased  the  average  eaployaent  of 
channels. 

2.  SNO  with  turn. 

Let  us  consider  SRO  with  turn  and  the  naxiaua  nuaber  of  claias 
in  turn  a.  Let  us  assuae  that  between  channels  is  a "unifora"  autual 
assistance  and  p(k)  3 It p.  The  states  of  systen  again  let  us  label 
according  to  the  nuaber  of  claias,  located  in  SHO: 
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SQ  - system  is  free, 

S | - one  dale  is  service/aaintained  by  all  n by  channels. 


S*  - two  clains  ace  service/naintaiaed  by  all  n by  channels. 


S„—k  clains  they  ace  secvice/aaintained  by  all  n by  channels, 
ten  >t  be  re  ace  ao. 


Sn—n  clains  they  ace  secvice/aaint ained  by  all  n by  channels, 

ticp  there  ace  no, 

S.+  i — n clainn  ace  secvice/aaintaiped  by  all  n by  channels,  one 

data  staain  in  tarn. 


5n+m—n  clainn  they  ace  secvice/aaint ained  by  all  n by  channels, 

in  tarn  stands  n of  clains. 

Page  281. 

The  gcaph/connt  of  states  of  SMO  is  given  to  Pig.  5.  14. 

Ve  again  obtained  the  gcaph/count  of  the  sane  fora,  as  in  Fig. 
5.13,  bat  with  thn  increased  by  a nuabec  of  states.  That  aeans  that 
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we  should  uso  foraulas  $ 5 for  single-channel  SNO  with  productivity 
p*  * op  and  tha  nusbsr  of  placos  in  turn  n ♦ a - 1.  lie  will  obtain: 


•w  “ I _ K«  + «+t* 
I — 

q ~ 1 5 

, I-K-+- 


A •=  A*?  — X 


} yii  +m+1  • 


Example  4.  On  dor  conditions  of  exaaple  1 to  coapare  absolute  and 
relative  capacities  for  tha  case  of  tha  absanca  of  autual  assistance 
and  prasenca  of  aaifora  autual  assistance#  if  in  turn  is  two  places 
(a  -2).. 


Solution  a)  without  autual  assistance.  Proa  axaaple  1 , we  have  q 
» 0.79;  k *3. 16. 


b)  with  unifora  autual  assistance. 


On  foraulas  (9.11)- (9. 13)  for  «-3,  p-2.  p-2.  x-p/n-2/3 

V 


we  have: 


V 1— (1/3)*  «5 


ia  let  tha  reader  independently  count  the  average  nuaber  of 
claias  in  turn#  aeaa  latency  and  aeaa  retention  tine  ia  turn,  mean 
latency  and  aean  retention  tiae  in  the  systea  for  both  versions  of 
exaaple  of  4 and  to  ascertain  that  in  the  presence  of  the  unifora 
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nutual  assistance  bttvun  chaaula  all  the  characteristics  of  sho 
vary  only  is  desirable  for  us  direction. 

One  aught  not,  however,  to  forget  that  organization  of  this 
autual  assistance  between  channels  by  nc  aeans  for  all  sno  it  is 
realisable. 


I ' 
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Pig.  5.14. 

Page  282. 

10^  Systea  of  ease  servicing  with  errors. 

Soeetiees  in  practice  it  feels  it  is  necessary  to  Beet  such 
cases  when  the  claia,  accepted  for  aaintenance  in  SHO,  is 
service/aaintained  not  with  f u 11/total/co a pie te  authenticity,  but 
with  certain  probability  p f 1;  in  other  words,  they  can  occur  of  the 
errors  in  aaintenance,  result  of  which  is  the  fact  that  soae  claias, 
passed  SHO  and  allegedly  "serviced",  renain  in  actuality  not  serviced 
dae  te  "reject"  in  the  work  of  SHO. 

Era spies  of  SHO  with  errors  can  be:  by  reference  bureaus, 
soeetiaes  salient  incorrect  references  and  indications:  corrector, 
capable  of  passing  error  or  it  is  erroneous  it  to  correct;  exchange, 
which  soaetiaes  coabines  subscriber  not  with  that  nuaber;  the  air 

\fPV0J/ 

defense  sy stea^?or  which  "aaintenance"  is  the  boabardaent  of 
tar get /pur pose,  as  is  known,  not  always  ending  with  its 
da  sage /defeat,  etc. 
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In  that  extended  SRO  with  errors  the  appearance  of  in  error  in 
aaintenance  does  not  virtually  affect  the  flow  of  the  claias:  the 
nuaber  of  sources  of  claias  so  greatly  that  intensity  of  flow  as  a 
result  of  error  does  not  virtually  vary.  Therefore  for  the  extended 
systeas  of  aass  aaintenance*  the  account  of  the  errors  in  naintenance 
is  reduced  only  to  the  fact  that  the  relative  capacity  of  systea  is 
reduced:  it  is  aultiplied  by  p < 1,  where  p - probability  of 
error-free  aaintenance.  Respectively*  is  aultiplied  by  p absolute 
capacity,  is  concerns  reaaining  characteristics  of  SRO*  such*  for 
exaaple*  as  latency*  the  nuaber  of  claias  in  turn  and  so  forth*  on 
then  the  errors  in  naintenance  do  not  aanifest  thenselves.  Another 
natter  - for  the  closed  systea  of  the  aass  aaintenance  when  the 
clain*  serviced  with  error*  again  be  cones  in  turn  for  aaintenance* 
an>d  therefore  increases  loading  of  SHO. 


is  an  exanple  of  closed  SHO  with  errors*  let  us  consider  one 
working*  operating  n of  aachine  tools.  The  intensity  of  flow  of  the 
aalfnactions  of  one  working  nachine  tod  is  equal  to  k*  the  nean 
servicing  tine  (aljustaent)  of  aachine  tool  — 1/p;  with  probability 
p <of  servicing  is  finished  successfully*  end  anchine  tool  begins 
again  to  work;  with  probability  1 - p aaintenance  proves  to  be 
unaoccessf ul*  and  nachine  tool  again  bacon es  in  turn  for  aaintenance. 


i 


r 
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It  is  required  to  deteraine  the  aaxiaua  probabilities  of  states. 

L«t  as  label  the  states  of  SHO  according  to  the  aasber  of 
defective  aachines: 

S 0 - all  aachiae  tools  are  exact, 

3 | - one  machine  tool  is  defective,  is  put  rip;ht,  awaits  turn, 

- Tujo  aachiae  tool?  are  defective,  one  is  put  right,  another 
awaits  in  turn. 


Sk  — k aachiae  tools  are  defective,  one  is  put  right,  k - 1 

await  term, 

S»  aachine  tools  are  defective  ose  it  is  put  right,  n - 1 

a wait  term. 


CstptSu  Mtm'y  ' 


Pi-9.  5.15. 

Key:  (1).  Thera  is  no  turn. 

Page  2 83. 

The  graph/coant  of  the  states  of  systen  is  shown  on  Pig. 

5.15.  The  presence  of  the  errors  in  saintenance  Manifests  itself  in 
the  fact  that  of  a rrow/poiaters,  that  goes  fros  right  to  left,  stands 
not  the  intensity  of  servicing  p,  but  the  intensity  of  "successful 
saintenance"  pp,  share  p - probability  that  servicing  will  be  carried 
oat  aa eras of ally.  Actually,  let,  for  exaaple,  system  be  located  in 
state  S»  (oaa  Machine  tool  it  is  put  right  k - 1 they  await  turn). 
Probability  that  for  time  At  will  be  finished  servicing,  is  equal  to 
pAt;  but  this  sain tana  nee  only  sith  probability  p will  be  successful 
and  transfer  the  systea  fros  state  S»  in  S*_i.  with  probability  1 - p 
it  nill  be  unsuccessful  and  clain  again  eill  return  ia  turn, 
therefore,  systea  again  will  reaain  in  abate  S*.  That  aaans  that  the 
intensity  of  flow  of  successful  saintenance  will  be  efaal  to  pp,  that 
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also  is  noted  in  Pig.  5.  IS.  The  obtained  graph/count  in  no  way 
differs  froa  that  which  is  given  to  Pig.  5.9  with  that  difference, 
which  instead  of  p on  it  stands  p*  « pp.  That  neans  that  the 
characteristics  of  SNO  with  errors  can  be  calculated  according  to 
fornulas  § 8,  with  replacewent  p by  pp. 

Bxaaple  1.  Worker  service/naintains  group  of  three  nachine 
tools.  The  cessations  of  working  nachine  tool  occur  on  the  average 
two  tines  in  hour.  Alignaent  procedure  takes  away  fron  worker  on  the 
average  of  10  ainutes,  noreover  naif unction  is  reaoved  with 
probability  by  2/3  (and  renains  unreaoved  with  probability  1/3).  To 
deteraine  the  characteristics  of  this  closed  SHO;  the  probability  of 
the  eaployaent  of  worker,  absolute  capacity;  an  average  quantity  of 
defective  aachine  tools. 


Solution.  Pot  >-2,  i/t^-6,  p-2/3,  P- - _ i /•;  through 

fornulas  ft.  1)  we  find 


- ar  0,211. 


hour) 


I +3*  1/2  4- 1-2*  1/8* + 3-2*  I*  1/2* 

Probability  of  tbs  eaployaent  of  werber: 

I —p„»  0,789. 

Absoluts  capacity  (nunfcer  of  aalfuaotioas,  reaoved  worker  in 

4-0,789-4  * 3, 16. 


The  average  nuaber  of  defective  aachine  tools  we  find  through  fornula 
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(8-5): 


If 


0.7BV 

1/2 


1.42. 


The  original  case  of  SHO  with  errors  represents  such  system  of 
•ass  aaintenance,  in  which  the  character  of  servicing  depends  on  the 
length  of  the  tarn:  with  an  increase  by  this  is  reduced  the  servicing 
tiie,  but  increases  the  probability  of  error.  It  goes  without  saying 
that  this  situation  is  created  only  where  the  "channel  of  servicing" 
is  living  person. 


Page  284. 


Let  us  consider  the  example  of  siailar  SHO.  Let  us  take  locked 
siqgle~channel  SHO  with  n sources  of  clailas  (working,  servicing  n 
■a chine  tools).  Let  in  the  absence  of  turn  (under  noraal  conditions) 
the  lean  tiae  of  servicing  be  egual  to  ~(|A,  aad  it  aeaas  the 
intensity  of  flow  of  aaintenance  it  is  egual  to  p(0)  = when,  in 

the  turn,  expecting  are  present,  tooling,  the  worker  begins  to  hurry, 
and  the  intensity  of  flow  of  servicings  increases.  Let  us  designate 
the  intensity  of  flow  of  aaintenance  when,  in  turn,  r the  aachine 
tools  are  present,  through  p(r).  Simultaneously  with  an  increase  in 
the  rate  of  servicing  (in  connection  with  an  increase  of  the  nuaber 
of  aachine  tools,  which  expect  in  turn)  increases  the  probability  of 
error;  in  the  absence  of  turn  (under  noraal  conditions)  it  is  equal 
p(0) , and  when,  in  turn,  r aachine  tools  are  present,  - p(r). 


L 


DOC  - 78068714 


PAGE 


Obviously  it  is  necessary  to  Multiply  for  each  r the  intensity  of 
servicing  and  the  probability  of  of  error  and  introducing  one  "given* 
intensity  of  servicing: 

£H*(r)»n(r).p(r)  (r-0,  ....  n—  1). 

> graph/coen t of  states  of  SBO  is  reptsseated  ia  Pig.  5.16 
(numbering  of  states  - the  sane  as  it  is  above) i Applying 
coaaon/general/total  fornulas  for  naxiaua  probabilities  in  the 
circuit  of  destruction  and  aultiplicatioa,  ve  Mill  obtain: 


Pi- 

P» 

Pi- 


nk 


Pd- 


M*(0) 

n(n  — 1)X* 


Pd. 


n (n  — 1)  (n  —2)  X* 
M*  <0J  jt*  (I)  |i*  (2) 


Po* 


_ _ w(n  — ))...  (n—  » + l)  X* 

k m* <°> M* <D  P°' 


P»  = 


n(n  — 1)  ...  I X" 


H*  (0)  ji*  (1)  ...  n*  (n  — I) 


Po. 


„ lii  flX  | n (n  — I)  X* 
l n*  (0)  n*  (0)  n*  (l| 

. n(n  — I)  ...  (n  —X  f I)  X* 

1 H*  <0)  ,,*(l)  m*  <*r  — 1)  + 

i »(>»— I) ...  I X"  1-1 

H*  (0)  h*  (I)  M*(«  — l>  I 


+ 


(10.1) 
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_J 
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So 

s, 

St 

d' 

^ J 

s„ 

> *tC! 

v; 

/ •/  . # 

Pig.  5.16. 

Kef:  (1).  Thee*  is  no  turn. 

Page  285. 

11.  Systess  of  Bass  servicing  with  non-Poisson  flows  of  events. 

611  the  exaained,  until  now,  probleas  of  queueing  theory  were 
related  only  to  the  case,  when  the  process,  taking  place  in  sno, 
represents  continuous  Harkov  circuit  (Harkov  process  with  discrete 
states  and  the  continuous  tine),  in  other  words,  when  all  flows  of 
events,  which  translate  systea  froa  state  into  state  (flows  of 
clains,  aainteaanse,  attendance/depart ures,  etc.)  are  Poisson.  For 
obtaining  the  aaxinun  systen  characteristics  in  steady-state  steady 
state,  it  was  required  so  that  these  flows  would  be  not  only  Poisson, 
but  also  sinplest  (with  constant  intensities)  . 


In  practice  it  very  frequently  proves  to  be  that  the  flows  of 
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events,  which  function  in  the  systen  of  nass  servicing,  noticeably 
differ  froe  protozoa.  Especially  this  is  related  to  the  flow  of 
servicings.  It  is  real/actual,  we  know  that  in  the  siaplest  flow  the 
tine  interval  between  two  adjacent  events  is  distributed  according  to 
the  exponential  las 

/(/)-pe-^  (*>0). 

(see  Pig.  5.17).  It  is  obvioes  that  tine  T<*>  of  servicing  of  claim 
coapletely  conpnlsorily  is  not  distributed  according  to  this  law;  on 
the  contrary,  such  nore  typical  is  the  case  when  the  law  of  tine 
allocation  of  servicing  f (t)  is  different  fros  the  exponantial,  and 
its  sost  probable  value  not  is  equal  to  zero  (see  Pig.  5.18). 

In  the  case  when  the  law  of  tine  allocation  of  naintenance  is 
different  froa  the  exponential,  increasingly  previously  axanined 
net hods  of  describing  the  processes,  which  take  place  in  SNO,  they 
step,  strictly  speaking,  unsuitable.  In  particular,  it  is  not 
possible  to  register  linear  differential  equations  for  the 
probabilities  of  states,  by  it  linear  algebraic  equations  for  naxiaua 
probabilities.  The  aatheaatical  apparatus  of  experinent  becoaas  such 
nore  coaplex;  analytical  fornulas  for  characteristics  of  s No  can  be 
obtained  only  for  the  siaplest  cases. 

Let  us  give  (without  proof)  sone  of  the  obtained  in  this  region 


results 
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Pig.  5.  17 


Pag*  286. 


1 

I j 


1.  SHO  vita  failures. 

TV 

Let  to  the^-channel  syst*a  of  aass  servicing  vith  failures 
•nt*r  the  sinplest  flov  of  daias  with  intensity  X,  and  the  tine  of 
servicing  has  arbitrary  distribution  vith  th*  aatheaatical 

expectation 

j -r-J  (,u> 


proved  (see  [ 16])  m that  in  this  case  Erlang*s  forsulas  for  the 
pDobabilities  of  states  resain  valid,  sanely 


fib 

Pk~~P»-  (4-0 n). 


1!  21 


(11.2) 


1 
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where 


2-  single- channel  SNO  with  expectation. 


Let  there  be  the  single-channel  systea  of  mss  aaintenance  with 
the  unlinited  turn  (n  * 1,  a * •)  ; its  entrance  enters  the  sinplest 
flow  of  claiBS  with  intensity  X;  the  law  of  tiae  allocation  of 
servicing  f (t)  - arbitrary,  with  aatheaatical  expectation  t*  - 1/p 
and  root-aean-sguare  deviation  o, 


Tales 


is  called  the  coefficient  of  a variation  in  the  servicing  tine  (this 
coefficient  is  shown,  is  how  great  tine  jitter  of  servicing  relative 
to  its  aean  value)  . 


Proved  (see  for  exanple,  [20]),  that  for  single-channel  sno  with 
the  siaplest  flow  of  claias  and  the  arbitrarily  distributed  servicing 
tiae  the  average  auaber  of  claias,  which  are  located  in  turn,  is 
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etpwMd  by  the  foreula: 


p P1  <»+*») 
2(1  — P>  ’ 


(11.3) 


vh«N  p ■ A/p,  t * coefficient  of  a variation  in  tha  tine  of 
servicing.  As  concerns  aean  latency  in  turn,  then  it  is  expressed  by 
the  foraula: 


pMI  + q*) 


^(l-P) 


Page  287. 


Foraulas  (11.3),  (11.4)  are  usually  called  pol4ceka-K hinchin' s 
foraulas  [ 20  ]. 


Let  us  note  that  for  the  exponential  distribution 

/U)-pe-**'  ((>0) 

the  coefficient  of  the  variation 


n-U-14-l. 

<06  l(M 


In  this  case  fornulas  (11.3)  and  (11*4)  are  converted  into 
previously  breaght  out  by  us  fornulas  (S.  17)  and  (5.20)  (see  § 5) 


} p!_.  7 - 

l-p’  °*  A(l-p) 


PL 


(11.4) 


Let  us  consider  Uniting  case  shea  the  tine  oi  servicing  not  at 
all  is  not  randoa  and  it  is  egual  to  its  aatheaatical  expectation: 

(.#-  1/p- 

Thou  o^-O,  0—0,  and  foraulas  (11.3),  (11.4)  give 


7 £— 

2(1 -P) 


(11. ft) 


' 1 
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M 


and 


e! 

»<i-p>* 


(11.6) 


i. •.  both  am>9«  swaber  of  claias  in  torn  and  aean  latency  with  the 
strictly  tine  constant  of  servicing  half  than  with  the  randon 
servicing  tine,  distributed  according  to  exponential  law. 


Bxaaple  1.  Plow  of  the  trains,  which  enter  the  shunting  station 
| for  treataent/working,  the  siaplest  flow  with  intensity  X = 2 

(coaposition  in  hour).  The  aean  tiae,  spent  on  treataent/working  of 
one  coaposition,  is  equal  to  <«-2o  (aim  : its  root-aean- square 
deviation  nlofl  = t*  (ala).  To  deteraiae  tbs  average  nuabec  of 
conposit io as,  which  expect  treataent/wocking  and  aean  latency  of 
treataent/ working  in  turn,  and  also  the  average  nunber  of 
coapositions,  connected  with  aaintenance  at  sorting  station. 


Solution.  Passing  to  one  and  the  saae  the  unit  of  the 

aeasureaent  of  tine  (hour)  we  have: 

t i , , 

m— — “rr**3  (coct»m  ■ bbc; 

1/3 

Key:  (1).  coaposition  ia  hoar. 

Load  factor  |gim  intensity  of  flow  claias  station! 

p — i 41  — 2/3. 

Coefficient  of  a variation  in  the  servicing  tine: 


p — o (#6  /<o8  >-  8/20  • 0 ,4 . 
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Through  foraulas  (11.3)  and  (11.4)  we  find  the  average  number  of 

compositions,  which  expect  the  treataent/working 

- (2/3)«(l+0.4»)  n- 
“ 2(1— 2/3)  ~ ’ 

and  Bean  latency  of  the  treataeat/workiag: 

<o*  — 7 /i  *0,385  (**c)./'A 

Key:  (1).  hour# 

The  average  nuaber  of  coapositions,  connected  with  shunting 
station,  is  equal  to  the  average  nuaber  of  coapositions  in  turn  r 
plas  the  average  nuaber  of  coapositions  uqder  servicing;  the  latter 
is  equal  to  the  probability  of  the  eaploynent  of  SHO,  l.e. , to  the 
ratio  of  the  average  nuaber  of  coapositions,  entering  per  unit  tine 
to  the  average  nuaber  of  coapositions,  operated  by  channel  per  unit 
tine.  The  hence  average  nuaber  of  coapositions  (clains)  in  systen  is 
equal  to: 

*»r'+p-0,77  + 2/3»  1,437. 

The  given  analytical  foraalas  are  related  as  was  already  said 
that  to  the  siaplast  non- Poisson  SHO.  In  the  case  of  aore  couple*  SNO 
(aultichannel,  with  the  special  feature/peculiarities  of  servicing, 
et c. ) , of  siaple  analytical  foraulas  it  is  iapossible  to  obtain.  In 
certain  cases  research  of  SHO  with  non-Poisson  flows  of  events  can  be 

produced  with  the  help  of  the  aethod  of  pseudostates,  described  in  &10 

Chapter  4. 


DOC  * 78068714 


PAGE  (pH 3^ 


As  an  exaaple  let  us  consider  single-channel  s NO  with  turn 
(without  liaitations) . The  entrance  of  systea,  eaters  the  siaplest 
flow  of  claias  with  intensity  X;  the  tine  of  serwiciag  To6  is 
distributed  according  to  the  law  of  Erlang  of  2nd  order  with 
aatheantical  expectation  1/p,  i. e. , it  represents  by  itself  the  sun 
of  two  independent  randoa  quantities  with  identical  exponential 
distribution.  Let  us  designate  the  paraaeters  of  these  exponential jj' 
distributions  p*.  According  to  the  theorea  of  the  addition  of 
aatheantical  expectations,  we  have: 

1/p' + 1/p'  -2/p'  -1/p. 

whence  p*  * 2p. 

Thus,  the  serwiciag  tiae  T^,  distributed  according  to  the  law 
of  Erlang  of  2nd  order  with  aatheantical  expectation  1/p,  can  be 
represented  as  sua  of  two  independent  randoa  walues  7*’  and  7^«, 
which  hawe  each  exponential  distribution  with  the  paraaeter  2 p.  These 
of  two  tiaes  7*'  and  KV  can  be  presented  as  two  consecutive 
"phases'*  of  the  process  of  servicing. 

Let  us  consider  different  states  of  SHO,  labeling  than  according 
to  the  nuaber  claias  in  systea  and  phase  of  servicing: 


r 
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90  - there  are  no  claias  in  systea  (aaintenaace  does  not  occur); 

i ~ one  claia  is  located  in  SHO,  aainteaance  ia  the  first 
Fhaaer  there  is  no  tarn; 

9i,«  ~ one  claia  is  located  ia  SHO,  aainteaance  daring  the 
second  phase,  turn  no; 

St|I  - two  claias  are  located  in  SBO,  the  first  it  is 
service/aaintained  (first  phase),  the  second  stands  ia  turn; 

S*( t - claia  are  located  in  SHO;  the  first  is  serwice/aai ntained 
(second  phase)  , the  second  stands  in  turq; 


Sk.\  ~ k claias  are  located  in  SHO,  one  under  servicing 

(fleet  phase),  the  ethers  - in  turn; 

5».a  - k claias  are  found  in  SHO,  by  cae  under  naiatanance 

(second  phase)  the  ethers  - in  turn. 

Page  289. 

The  labeled  graph/count  of  the  states  of  systea  is  given  to  Pig. 
5.19.  Real/tctually  froa  state  S0  into  S(  t systea  translates  the 
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flee  of  dalM  with  intensity  X.  Proa  state  l,  ( iato  *,  * the  systea 
traaalatoa  flow  with  intensity  2m  (flow  of  the  terainations  of  the 
first  phase  of  aaiatenaace) . Proa  state  st  , in  S0  - the  sane  flow. 
Proa  state  St  » into  s*  * the  systea  translates  the  flow  of  claias, 
etc. 


Using  the  labeled  graph/count  of  states,  let  us  register  linear 

algebraic  equations  for  the  probabilities  of  tbs  states: 


= 2HP,  » 

» 

(1-r 

2m)P,., 

= Xp0 

i-2^/*.  2, 

(X  t 

2(0  P,  >2 

= 2(*p 

1.1* 

(1-f 

2p)p,  , 

> 

1 

l+2P/>J.2. 

(1-r 

2(0  p}  , 

t + 2W»*.i. 

2^)  P*.  ! 

-i.i  + 2W>* 

(X  4- 

2 

= ip*. 

or  introducing  designation  Vm  • P. 

Po^e  .25?  C. 


PP0  ~ 2Pi . >. 

(p  f 2)p,  , - 

PPo  + 2ptl> 

(P  + 2)p,  f = 

2p,., 

» 

(P  + 2) p, 

PP... 

+ 2Ps.». 

(P  + 2)  pt  , = 

PP*- 

• • • 

■wi+2P* 

(P  + 2)P». »“ 

PP*_ 

i.»  + 2P*, 

DOC  » 77231210 


PAGE 


This  - the  systea  of  the  infinite  nenbec  of  equations  with  the 
infinite  nuaber  of  unknowns  p0#  pt|t*  P«i*  P«,t*  P*,t#  ...There  are 
aethods,  which  sake  it  possible  to  solve  also  systens  literally,  but 
they  are  coaparati vely  coaplex,  and  we  will  not  be  on  than  stopped, 
te  will  be  bounded  to  indication  of  that«  as  it  can  be  solved  (11.8) 
at  the  concrete/epecif ic/actual  values  of  the  paraaeters  x aad  m« 
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First  of  all  is  considered  the  naxinun  virtually  possible  number 
of  claies  in  turn  - this  can  be  done  roughly,  after  taking  the  law  of 
tine  allocation  of  aaintenance  exponential,  (then  this  is  done,  it  is 
possible  to  reject/throw  sone  (latter,  beginning  with  some  number) 
froa  eguations,  after  which  systen  (11.8)  it  is  converted  into  the 
systee  of  the  finite  nuaber  of  eguations  with  the  finite  number  of 
unknowns,  which  is  solved  by  the  usual  methods  of  the  computational 
algebra  (see,  for  example  [21]).  With  the  large  number  of  equations, 
conveniently  it  is  to  use  the  method  of  iterations  (successive 
approximations)  , moreover  as  the  first  approximation  it  is  possible 
to  take  the  values  of  the  probabilities  of  states,  obtained  during 
exponential  time  allocation  of  aaintenance  after  dividing 
probabilities  equally  between  two  phases  of  aaintenance. 


Applying  the  method  of  pseudo-states,  it  is  possible,  in 
principle,  to  approximately  reduce  any  no>n-Harkov  process  of  mass 
aaintenance  to  Barkov;  however  with  the  large  nuaber  of  pseudostates 
the  solution  of  the  system  of  linear  eguations  mot  only  in  literal, 
but  also  in  numerical  fora  it  becomes  hampered,  in  such  cases  for 
research  of  process,  which  takes  place  in  SNO,  it  is  possible  to  use 
the  universal  method  of  the  simulation  of  random  processes  - by  the 
so-celled  method  of  statistical  testings  (Hontc  Carlo)  which  will  be 
examined  in  Chapter  8. 


i 


DOC  = 78068715 


PAGE  ^1/rj 


Page  291. 

6.  METHOD  OF  DYNAMICS  OF  THE  AVERAGES. 

1.  Idea  of  method,  field  of  applicability. 

In  Chapters  4 and  5 we  were  introduced  to  the  methods  of 
describing  the  random  processes,  taking  place  in  different  physical 
systems,  with  the  help  cf  special  math ematical  apparatus  - theory  of 
continuous  Markov  chains.  This  apparatus  maxes  it  possible  to 
comprise  linear  differential  eguations  for  the  probabilities  of 
states,  and  also  linear  algebraic  equations  for  maximum  probability 
of  the  states,  which  reflect  the  relative  retention  time  of  system  in 
each  of  these  states  for  the  maximum,  steady-state  conditions/mode. 

These  methods  represent  by  themselves  convenient  mathematical 
apparatus  only  in  this  case,  when  the  rumbet  of  possible  states  of 
system  S is  comparatively  small,  ir.  the  case  when  the  number  of 
possible  states  of  system  is  great  (order  of  several  ten,  and  that 
also  hundred),  thase  methods  cease  to  be  convenient.  First,  the  joint 
solution  of  large  number  not  cnly  differential,  out  also  algebraic 
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equations  it  is  difficult  even  in  the  presence  of  eTsVN  [ 3UBW. 
diyital  computer).  Furt hermcre,  even  if  to  us  it  were  possible  to 
solve  those  equations  and  tc  find  the  p robabil i ties  of  all  states  ot 
systems,  obtained  results  th^y  will  be  difficultly  foreseeable.  In 
crdor  to  comprehend  them,  for  us  nevertheless  it  is  necessary  tc  use 
some  generalized  c haracter ist ics  of  process,  seme  average  values  (by 
such,  for  exara{le,  as  "average  number  ot  occupied  channels"  or  the 
"average  number  of  claims  in  the  turns",  which  we  used  in  queueing 
theory).  Until  now,  wo  such  average  characteristics  computed  through 
the  probabilities  of  states.  However,  in  the  case  when  states  too 
much,  this  method  becomes  unacceutable. 

4 

Coes  arise  the  question:  a it  cannot  be  whether  comprised  and  solved 
equations  directly  tor  us  the  average  character ist ics  interesting, 
passing  the  probabilities  ol  states?  It  turns  our  that  it  is  possible 
- sometimes  accurately,  sometimes  - approximately,  with  certain 
error.  By  such  tasks  is  occupied  the  sc-called  "method  ot  the 
dynamics  of  average".  It  places  to  itself  with  tar  get /pur  pose  the 
direct  study  of  the  average  char acter i Stic s ol  the  random  processes, 
which  take  place  in  complex  systems  with  the  largj  (virtually 
boundless)  number  of  states. 

Page  2 92. 
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It  is  interesting  that  the  basic  applicability  of  the  method  of 
the  dynamics  of  average  is  precisely  the  fact  that  impedes  the  study 
cf  phenomena  by  the  more  detailed  methcu^:  the  complexity  of  the 
studied  processes  and  the  large  number  cf  participating  in  them 
cell/ elements.  As  everywhere,  where  are  applied  tne  methods  of  the 
probability  theory,  the  mass  character  of  tne  studied  phenomena  makes 
it  possible  to  establish/install  in  them  comparatively  simple  laws. 


We  will  demonstrate  the  idea  ct  the  method  of  the  dynamics  of 
average  based  on  following  simplest  example. 


Let  there  be  the  complex  physical  system  s,  which  consists  of 
the  large  number  N of  uniform  cell/elements  (ot  the  "units"),  each  of 
which  can  randomly  pass  from  state  into  state.  Let  us  assume  that  all 
flows  of  events,  which  translate  system  S (and  each  cell/element) 
from  state  into  state  - Pcissor  (although  in  the  general  case  and  not 
simplest,  but  with  intensities,  arbitrary  form  depending  on  time). 
Ihen  the  process,  which  takes  place  in  system,  is  Markov. 


Let  us  assume  that  each  cell/clem€rt  can  be  in  any  of  n of  the 


possible  states: 


r 


and  the  state  of  system  S at  each  tor g ue/mome n t is  characterized  by 


I 
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the  number  or  cell/eleaent s,  which  are  £ouna  in  each  of  the  states. 

To  us  it  is  required  to  trace  the  random  process,  which  takes  place 
in  system  S. 

In  principle,  it  would  be  possible  to  use  T.J  the  met  hodoloqy 
which  we  already  applied  eatliei  durinq  the  study  of  similar 
processes,  namely,  to  consider  all  the  possible  states  of  system  S: 

5\.o.  v — all  cell/elements  are  located  in  state  jr„  in 
ether  states  there  is  not  one  cell/element; 

Sa'-i.i.o..  .u~  one  cel l/ol euien t is  locate!  in  state  all 

ethers  - in  state  and  so  forth  and  to  find  the  probabi lities  of 

these  states,  Howaver,  with  the  larqe  number  ol  cell/elements  N,  even 
the  enumeration  of  the  possible  states  cf  system  :i  is  difficult,  not 
that  that,  composition  and  the  solution  of  equations  for  the 
probabilities  of  states. 

It  is  obvious,  we  should  qo  oy  another  way.  We  will  be 
distracted  from  the  possible  states  of  systti  as  a whole  and  will 
concentrate  our  attention  in  separate  cell/element  f (since  all 
cell/elements  are  uniform,  nevertheless,  which  this  *ill  be 
cell/e  leme  nt ) and  let  us  consider  lor  it  tin.  qiaph/count  of  states 
(Fiq.  6.  1)  . 
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Lot  us  introduce  into  examination  random  variable  Xk(l)  — 
number  ot  units,  which  are  found  at  tor gue/woment  t in  state  Let 
us  it  call  briefly  the  number  of  state  tk  at  torgue/moraen t t.  it  is 
obvious,  for  any  moment  t,  the  sum  of  the  numbers  of  all  states  is 
eyual  to  the  total  number  of  cell/elements: 

(0  + ^t(0+  •••  + (0 -N, 

cr,  it  is  shorter: 

S Xh(l)-N.  (1.1) 

t 

The  examined  by  us  value  *»(/)  for  any  t represents  by  itself 
random  variable,  and  generally,  with  varying  t - the  random  function 
of  time. 

i Page  293. 

I 

Let  us  assign  to  itself  the  mission:  to  find  for  any  t the 

i 

fundamental  characteristics  ot  random  variable  Xk(0  — its 
mathematical  expectation 

**</)!  (1.2) 


« 

m. 
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and  the  dispersion: 

Dt(fl-D|Xk(f)|.  0.3) 

In  ether  words,  far  each  tor gue/moment  of  time  t.  *e  wish  to  know  the 
average  v<*lue  of  the  number  of  each  state,  and  also  tne  spread  of 
actual  number  about  average. 

In  order  to  find  these  characteristics,  it  is  necessary  tc  know 
the  intensities  of  all  flews  of  the  events,  which  translate  the 
ce  11/eleme nt  (not  system,  namely  element!)  rrom  state  into  state. 

4 

Let  us  assume  that  those  intensities  to  us  arc  known  and  written  on 
the  graph/count  of  the  states  (see  Fig.  b.  1)  . Then  the  number  of  each 
state  **(0  can  be  presented  as  suit  cf  random  variables  each  of 
which  is  connected  with  separate  ( i—  in)  ce  1 1/elemont , namely:  is  equal 
to  one,  if  this  cell/element  at  the  moment  of  tine  t is  located  in 
state  gki  and  is  equal  to  zero,  if  it  is  net  located: 

I,  eCJIH  I- A JJKMeHT  B MOMCR-  t HBXOAHTCB  • COCTOH- 

**’(*)-  hhh#*;C*7  (1.4) 

0,  earn  He  hbxoahtc*.  ^ 

Key:  (1).  if  the  i cell/elenent  at  t or  q ue/mc  me  n t t is  located  in 
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It  is  obvious  , for  any  Docent  t#  the  total  number  of  state 
is  equal  to  the  sua  of  randca  variables  (l.e): 

x>  (o  - *!"</) + x*t"  (') + - + K*'  m. 


cr  it  is  shorter 


(1.5) 


If  the  intensities  \tJ  of  the  floi»s  of  the  events,  which 

translate  each  cell/eleaent  froa  state  into  state,  to  us  are  known 
flM-i 

that  means  not  random)  , thei.  values 


<’(/).  x‘*‘(0 xr<*> 


for  separate  cell/elements  were  independent  from  each  other. 
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Fig-  6.1. 

Page  294. 

According  to  the  theorem  of  the  addition  of  mathematical  expectations 
(tor  which,  by  the  way,  independence  it  is  not  required)  and  the 
theorem  of  the  addition  of  the  dispersions: 

m„  </>-  jS  A*fX*°(0]. 

Dk(*)~  2 D[X'"(t)}. 

Let  us  find  numerical  characteristics 


(1.6) 


aatnematical  expectation 


and  dispersion  - random  variable  X^O.  ^Y  9iV€»  one  by  expression 
(1.4).  This  value  has  two  possible  values:  0 and  1.  The  probability 
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of  the  first  of  them  is  equal  to  P*(0  — probability  of  tae  fact  that 
the  cell/element  is  located  in  state  (Since  cell/eleuie  nts  are 

uniform,  then  for  all  them  this  probability  one  and  the  sane).  A 
series  of  the  distribution  of  each  of  random  variables  X*’(0  one 
and  the  same  takes  the  form: 

° i— L_  . (1.7) 

where  in  upper  row  are  shewn  the  possible  values  of  randoa  variable, 
and  in  lower  - their  probability. 


The  mathematical  expectation  of  random  variable,  assigned  series 
of  distribution  (1.7),  is  equal  to: 

M [Xlo<0]  -0  (l-P»(0)  + l p4(0-P*W. 


where  p„(t)  — probability  that  the  separate  celi/eleiuent  at 
torque/aoaent  t will  be  located  able  fh.  The  dispersion  of  random 
variable  with  a series  of  distributions  (1.7)  is  equal  to: 


D [*i°  (Ol  “ (o— P*  (0)*  (l  — P»  (0)  + 

+ ( 1 - P*  (0)*  Pk  (0  - Ph  (0  ( 1 -P»  (0)  • 


Substituting  these  expressions  in  formulas  (1.6),  let  us  find 
nathrmat ical  expectation  and  the  dispersion  of  the  number  of  k state; 
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mk(t)-Npk{l).  (1.8) 

Dk(t)-KpkV)[\-ph(t)).  (1.9) 

Thus,  we  succeeded  in  for  any  t finding  matnomatieai  expectation 
and  dispersion  of  the  number  of  any  state  $k:  they  ate  expressed  by 
formulas  (l.tf)  and  (1-9)  through  the  number  of  cell/elemants  N and 
the  probability  of  the  k state  of  any  ctl  1/t  leirent. 

Knowing  dispersion  (Or  it  is  possible  to  liud  tae 
root -mean- s<j uare  deviation  cf  the  number  ot  state  f*: 

ok(t)-V  Npk(t){l-Pk(0)'  <ll0> 

and,  which  means,  that  for  any  moment  ct  time  t to  indicate 

tentatively  the  range  of  the  virtually  possible  values  of  the  number: 

mk  (/)  ± 3oh  (/).  (1.11) 


Page  2 9r». 


Thus,  without  determining  the  probabilities  ot  the  states  of 
system  :j  as  a whole,  but  being  concerned  only  witn  probabilities  of 
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the  states  of  its  separate  ce  1 1/ele  me  rt  s,  it  is  possible  to 
determine,  to  what  is  equal  for  any  moment  t the  average  number  of 
each  state  and  within  which  limits  is  located  actual  num&er.  If  we 
knew  the  probabilities  all  states  of  one  cell/ele me nt 

P\t  Pit  «•••  P* 


as  of  function  of  time,  then  to  us  are  known  the  average  numbers  of 
states: 

^i.  ....  in. 


and  their  dispersion; 


P,.  Pj»  ••••  P* 


and  the  ro ot-mean- squa re  deviation: 

®li  — ■»  ®ir 


I 

f 


I 

Thus,  stated  problem  is  reduced  tc  the  determination  of  the 
probabilities  of  the  states  of  one  separate  ce  1 1/eloaent. 

i 

These  probabilities,  as  is  knewn,  can  be  found  as  solutions  of 
the  differential  equations  of  Kolmcgorcv  fci  the  probabilities  of 
states;  the  rules  of  their  composition  are  given  in  ,§6  tfnapter  4.  Por 


this,  it  is  necessary  to  only  know  (accurately  or  approximate! y ) the 
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intensities  of  flow  o£  the  events,  which  translate  each  cell/eleae  nt 
from  state  into  state.  Thus  tar  we  will  assume  that  t nesa  intensities 
to  us  are  known  and  random.  About  from  whim  considerations  it  is 
possible  to  determine  t uese  intensities,  wc  will  speak  somewhat  later 
(see  §2)  . 

Let  us  note  that  instead  ot  the  differential  equations  for  the 
probabilities  of  states  it  is  possible  (it  is  sometimes  more 
conveniently)  to  write  equations  it  is  direct  for  the  average  numbers 
of  states.  It  is  real/actuai,  as  can  be  seen  from  formula  (1.8),  the 
average  number  of  each  state  is  prcpcrtionul  to  tne  probability  of 
this  state  (it  differs  from  it  in  terms  of  tactcr  N) , and,  obviously, 
satisfies  the  same  differential  equations,  only  integrated  them  must 
te  under  other  initial  conditions,  which  correspond  initial  by  the 
numbers  of  states. 

Example  1.  System  S consists  of  N of  uniform  cell/elements;  the 
graph/count  of  the  states  ot  each  cell/element  is  represented  in  Fig. 

6.2.  at  the  initial  moment  (with  t = 0)  all  cell/elem ants  are 
located  in  state  t,. 
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Fig.  6.2. 


Fage  296. 

To  write  the  system  of  differential  equations,  by  which  they  must 
satisfy  the  average  numbers  of  states  a,,  n3,  in*,  and  to  indicate 

that  under  its  which  initial  conditions  it  is  necessary  to  solve. 
Considering  equations  sclved,  to  write  expressions  for  tae 
dispersions  of  the  numbers  of  states. 

Solution.  Directly  on  graph  (Fig.  fc. 2)  we  compile  an  equation  of 
Kolmogcrov  for  the  probabilities  of  the  states: 


DOC  = 78068715 


PAGE 


™ — ^1*  Pi  + Ptt 

=»  (Xjj  -f-  k^J  pt  -f-  A.,,  p„ 

*JJjT  ” ^S1  P»  + ^t»  P*  + ^ttPit 

~7T  ~ ^4*  Pi  + ^-*4  P+ 


(1.12) 


We  know  that  one  of  these  equations  (any)  it  can  be 
reject/thrown,  but  we  thus  far  will  preserve  their  everything. 


Let  us  fflultip  lyv  the  left  arul  right  side  of  each  of  equations 
(1.12)  by  the  number  of  cell/elements  N and  will  introduce  in  the 
left  sides  of  N under  the  sign  of  derivative;  we  will  obtain; 

rf(Vp.) 


it 


—Ki*Pi  + )-nNp» 


('*ia  "h  ^*4)  h Pi  + ^11  h’Pu 


it 

d (Ap,  I 

a 

d(Np,) 


A/p,  -J- A^,  A/p,  -f- A.,,  N p„ 
— ^4»  ^ Pt  + ^*4  ^ Pi- 


(1.13) 


t 

Let  us  now  recall  that 


A/p,  — m„  A/p,  =» mt,  Npl=*mt,  A/p,  = m„ 
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(argument  t of  these  functions  for  brevity  is  r e ject/thrown)  and  let 
us  rewrite  equations  (1.13)  in  the  fcra: 

-=  — ^i*  mi  + ^*i  m»i 
dt 

~~~  — (^13  + mt  + ^lt  ml> 

dt  (1.14) 

— — — = ^S1  m3  "H  ^23  mt  + ^43  m*> 

dt 

mi  + ^*4  mi' 
dt 


Page  2 97. 

In  equations  (1.14)  unknown  functions  are  directly  the  average 

4 

rumberr  of  states.  As  is  evident,  these  equations  are  comprised 
completely  according  to  the  same  rule,  as  equation  for  the 
probabilities  of  states;  therefore  it  was  possible  to  comprise  them 
immediately,  passing  intermediate  stages  (1.12)  and  (1.13).  So  we 
will  enter  subsequently. 

It  is  obvious,  for  each  t the  average  numbers  of  states  satisfy 
the  condition; 

m,  + mt  + + ^4  “ 
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and  therefore  one  (any)  ot  equations  it  is  possible  to 

reject/throw.  Let  us  reject/throw,  for  example,  the  third  equation 
(it  is  west  compli  cate  <J)  and  into  remaining  equations  instead  of  m3 
let  us  substitute  the  expression: 

"i»  * A’ -K  + m. + /»«). 

Mill  be  obtained  finally  the  system  of  three  differential  equations: 


dm. 

At 

Am, 

At 


— X»t  mi  + W — (m\  + mt  + 

— (X*»  + ^m)  mt  4*  ^i»  mu 

I,,  ffi,  L,  fft,. 


(1.15) 


Tins  system  must  be  solved  under  the  initial  conditions: 

t -0,  m, -A,  (1.16) 

The  integration  of  this  system  cf  differential  equations  for  the 
concrete/specif ic/ actual  values  of  the  entering  it  parameters  (N, 
Xt  \3i,  X 3 4 , X,  j)  is  simplest  tc  cany  cut  in  machine  or  by 

hand,  by  numerical  integration. 

Lt-t  us  assutna  that  this  is  realized  and  ycu  obtained  four 
functions,  which  express  the  average  numbers  of  states: 


»M0.  ««(/),  >M/),  *«(0. 
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Let  us  find  the  dispersions  of  the  numbers  or  states: 


0,(0.  0,(0.  0,(0.  O4(0. 

Earlier  Me  showed  that 

D,  (0  - NPk  (0  0 —P*  (0)- 


(1.17) 


Hence,  considering  dependence  mk(t)  = Npk(t),  will  obtain: 

*-1,2.3, 4-  11131 


Page  298. 

Thus  if  the  intensities  of  flew  of  the  events,  which  translate 
celi/eleraent  from  state  into  state,  dc  not  uepemi  on  the  numbers  of 
states,  then,  after  computing  the  average  numters  of  states  ••••  ««(0. 

it  is  possible  to  immediately  find  the  uispersions  of  the  nuebers 
cf  states  from  the  formulas: 
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O,  (/)-«,(/)(! --S^L)- 
O,  (/)-«,  (0(1--=^). 


(1.19) 


and  to  their  middle  standard  deviations: 


°x(t)~Y1W)\  ot(/)-YTO); ...;  o„ (/)  — VTJTcT).  n.20) 


Let  us  note  that  knowing  mat:  )i  eaat  ica  1 expectations  and  the 
root-mean- square  deviation  oi  the  numbers  oi  states,  we  obtain 
possibility  to  consider  also  the  prota  1 il  ities  oi  different  states  ot 
system  as  a whole,  i.e.,  for  example,  the  probability  ot  the  fact 
that  the  number  of  some  state  there  will  be  included  within  certain 
limits.  It  is  real/actual,  let  us  suppose  that  the  number  of 
cell/elements  N in  system  is  great.  Then  the  number  of  some  (the 
k-th)  state  can  be  approximately  considered  distributed  according  to 
normal  law.  But  if  this  then,  then  is  ftobaoility  that  random 
variable  X„  (number  of  k state)  will  be  included  in  some  boundaries 
from  a and  to  p,  it  will  be  expressed  by  the  formula: 


J 
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where  m»,  o*  — a mathematical  expectation  and  the  average  quadratic 
disconnection/cutoff  of  the  number  of  k state,  *(<)  - a function  of 

Laplace  (see  appendix.  Table  1). 

Let  us  return  to  equations  foL  the  average  numbers  of  states  and 
will  formulate  the  rule  of  their  ccmiosit icn.  It  consists  of 
f ollowiny. 

If  of  systea  S,  which  consists  of  n of  uniform  cell/elements  of 

i 

the  type  9,  it  occurs  the  Markovian  piccess,  moreover  is  known  the 
qrapn/count  of  the  states  of  eacn  cell/elomer. t and  are  shown  the 
intensity  i of  all  flows  of  the  events,  wnich  translate 
ce  11/elenie nt  g froa  state  into  state  (not  depending  on  the  numbers 
of  states) , then  for  the  average  numbers  of  states  it  is  possible  to 
comprise  differential  equations,  usinq  the  rollcwinq  mnemonic  rule; 

the  derivative  of  the  average  number  ci  state  is  equal  to  the 
sum  so  many  canoes,  how  many  arrow/pointers  connected  with  this 
state;  if  arrow/pointer  is  directed  frcn  state,  term  has  a sign 


d 
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"minus",  if  into  state  - positive  sign,  eacn  term  is  equal  to  the 
l-rctmet  of  the  intensity  of  flow  of  events,  which  translates 
ce  11/eleiue  nt  on  this  ar  row/pointer , to  the  average  number  of  that 
state  irom  which  proceeds  the  ar rcw/pc i rte r . 

Faqe  29-7. 

The  comprised  for  this  rule  differential  equations,  in  which 
unknown  functions  are  the  average  numbers  or  states,  we  will  call  the 
equations  of  the  dynamics  of  average. 

Example  2.  The  physical  system  S consists  cf  N = 200  uniform 

cell/elements  - instruments  $ Each  of  the  instruments  can  be 
located  in  one  of  the  two  states: 

V,  — is  exact, 

is  defect  ive. 

The  transition  of  cell/eleaent  frcm  state  yt  into  state  *t 
occurs  on  by  the  action  of  the  flew  cf  malfunctions  with  intensity  A 
- 2;  the  mean  tiaa  of  the  repair  (restcrat icn/reduction)  of 
instrument  is  equal  to  7P  — l/p  — 1/3.  lo  comprise  the  equations  of 

the  dynamics  of  civerage  and  to  solve  them  w»ien  at  the  initial  moment 
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all  instruments  are  exact.  To  depict  dependences  m,(n  and  m,<n 
on  graph.  To  find  and  construct  on  plotted  runction  °i(0.  «»(0  — 
root-mean- square  deviation  of  the  numbers  or  states. 

Solution.  The  grapn/count  of  the  states  ot  cell/element  takes 
the  form,  shown  on  Fig.  6.3.  Ue  designate: 


*[  - average  number  of  exact  cell/elements  at  torgue/mome nt  t. 


m 2 - an  average  number  of  defective  cell/eleaen ts  at  the  same 
torgue/momen t. 


Equations  for  the  average  numbers  of  states  will  be: 


Mli 

— - — 2m1+3m„ 


it 


— 3mt  + 2mi. 


(1.22) 


Instead  of  two  equations  it  is  possible  to  limited  to  on**#  it 
one  considers  that  for  any  t 


m,  — N—m%. 


(1  23) 
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Substituting  (1.23)  in  first  equation  (1.22),  wo  will  obtain: 


dm | 
di 


-5m,  + 3W. 


tl  .24) 


Integrating  this  equation  under  the  initial  condition 

1-0: 


we  will  obtain; 

.,<0-"(x+T*-*')'  "'a 


From  (1.23)  we  have: 

m,  to -/v  (-g- +T  *"*')■  T W 0 


>1 


(126, 


- 


L 
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Fig.  6.3. 


Faye  3 00. 

Let  as  construct  on  plotted  function  (1.2  5)  and  (1.26)  (Fig. 

6.  U)  . From  curve/graph  it  is  evident  that  mth  t — * - the  average 
numbers  of  states  approach  the  Halting  values: 

tnt  -+  3/SJV|  ffl|  -*  2/SA  . 

Let  us  determine  the  dispersions  cf  the  numoers  ot  states: 

mo— o-27) 

It  is  envious,  the  dispersion  of  the  number  of  second  state  will  be 
the  same: 

O,(0-D,(/) 


d 

! ! 

Th*3  r oot-raean-square  deviation  of  the  numbers  of  states  are 

u 

equal  to: 


Plotted  function  „,(/)  is  shown  on  Fig.  to  6-5. 

2.  Account  to  the  dependence  of  the  intensities  of  flow  of  events  on 
the  numbers  of  states.  Principle  cf  qua  si- req  u lari  t y. 

Until  now,  applyinq  the  method  of  the  dynamics  of  average*  we 
considered  that  the  intensities  of  flow  of  the  events,  translating 
cell/element  from  state  into  state,  to  us  are  previously  known  and 
random.  Thereby  it  was  assumed  that  they  do  not  depend  on  the  numbers 
of  states  which,  as  is  known,  die  random,  however,  in  practice  very 
frequently  this  is  not  thus.  The  processes  which  take  place  in  the 
system  of  cel  1/ela  ment.  s , most  frequently  store/add  up  so  that  the 

intensities  of  flow  of  the  events,  which  translate  cell/element  from 
state  into  state,  depend  on  that,  how  many  cel 1/eleaents  in  this 

state  (yes  even  in  other  states)  are  in  system. 


4 
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Fig.  6.4. 


?| 42  4*  0,6  t 

Fig.  6.5. 


Fage  301. 


For  example,  in  an  example  of  2 previous  parjgruphs  ne  assumed 
that  the  mean  time  of  the  repair  of  cel  1/e  demo  nt  (value,  inversely 
proportional  the  intensity  cf  flow  of  repairs)  does  not  depend  on 
that,  how  many  col 1/ele men t £ simultaneously  arc  located  in  repair. 


This  is  real/actual  so,  if  cell/elements  sc  rarely  go  out  of  order 
that  virtually  cannot  be  created  the  "block"  during  their 
restoration/reduction.  If  this  not  then,  it  is  necessary  to  consider 
the  fact  that  the  time,  required  to  the  refair  or  cell/element, 
depends  on  a quantity  of  defective  cel 1/el ements,  availaule  in  the 
pr esence. 

It  is  real/actual,  let  us  consider  system  S,  which  consists  of  N 
cf  uniform  cell/el ement s - instruments  which  can  at  random 
torque /moments  qo  out  of  order  and  be  directed  for  repair,  let  us 
assume  that  the  repair  is  realized  d y cne  brigade,  who  has  the 
completely  specific  capacity  (average  quantity  of  repairs  per  unit 
time).  Then  the  time  which  each  separate  detective  cell/element  will 
stay  in  repair,  depends  on  the  total  numbei  of  overhauled  at  given 
torque/moment  cell/elements:  than  this  quantity  it  is  more,  the 
greater,  on  the  average,  will  stay  in  repair  eacn  separate 
cell/element,  and  the  fact,  therefore,  will  less  bo  the  intensity  of 
flew  of  events,  which  translates  each  separate  cell/element  from 
state  "it  is  detective"  intc  state  "it  is  exact".  Thus,  the  intensity 
of  flow  of  events,  which  translates  cell/element  from  tna  second 
state  into  the  first,  depends  on  the  number  of  first  state.  This 
number  is  random  - it  means  the  intensity  cl  the  translating  flow. 


strictly  speaking,  it  will  be  random 
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By  friend  *>n  example.  Let  system  s consist  of  the  large  number  N 
cf  the  trucKS  each  of  which  can  being  atie  "exact"  or  "defective". 

The  park/fleet  of  trucks  performs  the  completely  specific  circle  of 
wotics,  so  that  with  a large  quantify  of  detective  machines  the  load, 
which  lies  clown  on  exact,  increases,  and,  this  means,  increases  the 
intensity  of  flow  of  the  events,  which  translate  into  tiieio  state  "is 
defective".  Again  the  intensity  of  riow  of  events  depends  on  number 
cf  state. 

In  the  general  case  (below  we  will  see  a series  of  such 
examples)  the  intensities  cf  t lay  cf  the  events,  which  translate 
cell/element  from  state  into  state,  can  depend  cn  the  number  not  of 
one  state,  but  immediately  several.  In  the  case  when  the  intensities 
of  flow  of  events  depend  on  the  number  states  (that  means  that  are 
random),  we  no  longer  can  hew  this  was  earlier,  write  the  equations 
cf  the  dynamics  of  average,  since  we  dc  not  know  the  numbers  of 
states,  determining  intensity,  however,  this  difficulty  can  be  gone 
arcund,  if  one  assumes  that  the  intensity  cf  flew  of  the  events, 
which  translate  cell/element  from  state  into  state  tney  depend  not  on 
very  numbers  of  states,  but  on  their  average  values  (mathematical 
expectations)  m,,  m2,  ...»  m„- 

This  assumption,  which  we,  following  I.  Ya.  Diner  [Id],  let  us 
call  "Principle  of  quasi-reyularity",  it  will  make  it  possible  to 
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write  the  equations  of  the  dynamics  of  average  ani  to  solve  the  task 
(true,  not  it  is  accurate,  tut  approximately,  Lecause  same  this 
assumption  - not  precise,  but  approximated). 

Fage  302. 


Let  us  note  that  the  assumption,  under  discussion,  leads  to  the 
significant  errors  only  when  the  total  nurater  cf  cell/elements  N in 
system  S comparatively  little  - then  the  actual  numners  of  states 
they  can  strongly  differ  frcm  its  mathematical  expectations.  But  if 
the  total  number  of  cell/elements  N is  great,  the  deviation  of  the 
number  of  each  state  from  average  value  is  relatively  small,  and  the 
method  of  the  dynamics  cf  average  gives  comparatively  small  errors. 

Is  essential  also  the  form  of  dependence,  which  connects  the 
intensities  of  flow  of  events  with  numters  of  states.  The  nearer  this 
dependence  to  by  the  linear  (in  the  range  or  the  virtually  possible 
values  of  arguments),  the  lesser  the  error  gives  the  replacement  of 
random  numbers  by  their  average  values. 

Let  us  explain  the  methodology  of  the  use  cf  the  principle  of 
quasi- regularity  based  on  examples. 


Example  1.  System  S consists  of  the  large  number  N of  uniform 


T 
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technical  eguipmont /dev ices  each  of  which  can  fce  ru  one  of  the  two 
states : 


exact,  it  works. 


Ft  — defective,  it  is  overhauled. 


Or  each  cell/element  functions  the  flow  of  mul funct ions  with  the 
intensity  \,  which  does  not  depend  on  the  numbers  ot  states.  The 
repair  of  cell/elements  occupied  the  group  of  the  working  in 
composition  of  k persons  (k  <<  \)  . Each  defective  cell/element  is 
overhauled  by  one  worker  (there  is  no  mutual  assistance  between 
them);  each  worker  it  can  overhaul  cn  the  average  of  cell/elements 
per  unit  time.  At  the  initial  moment  (t  = G)  all  cell/elements  are 
correct.  All  flows  of  events  - Poisson  (it  can  to,  with 
alter natiiuj/variable  intensity).  To  write  the  equations  ot  the 
dynamics  of  average  for  average  numbers  states. 


Solution.  The  graph/count  of  the  states  ot  coll/element  (one 

technical  eg  ui  pmen  t/<le  vice)  takes  the  form,  presented  in  Kig.  6.6, 

• 

where  yi  - the  intensity  ot  flow  of  repairs,  wnich  is  necessary  to  one 
overhauled  cell/element. 


Let  us  find  the  dependence  7*  on  number  X?  or  ce  Ll/oie  ment  s. 
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wh  ii'li  an'  tound  at  qiven  torque/moment  in  tin*  state  of  repair.  Let  us 
beqin  tioii  the  fact  that  let  us  determine,  w 1 t li  tue  datum  X^,  the 
total  intensity  Mi  ot  the  r low  ot  impairs,  which  is  necessary  to  all 
cell/eleinents  which  are  located  in  state  |ft.  This  total  intensity 
thou  is  a t unction  ot  the  nun  lor  ot  ce  11/elemr  nr  >,  whicu  are  tound 
in  the  state  ot  the  Lepair: 

Mx~f  (A*). 


- Since  workers  work  without  mutual  assistance  and  number  their  is 
equal  to  k,  then  the  total  intensity  ot  flow  01  repairs  with  the 
increase  ot  the  number  ot  overhauled  ce  ll/eie  wants  increases 
accordin>j  to  linear  law  (ot  ptopor  t ionully  t lie  number  overhauled 
ce  ll/elements)  until  their  number  is  achieved  k;  alter  this  all 
workers  will  be  occupied,  intensity  Mz  will  c*  is  s to  increase  and 
will  remain  equal  to  yk: 


Alx  — f (A«) 


| pA,  npu  A,  ^ *. 
ip*  ttprt  A, >*. 


(2  1 1 


Ke  y : ( 1 ) . with 
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Let  us  construct  plotted  function  *(X2)  (see  tig.  r>.7).  It  is 
assigned  only  at  integral  feints;  Put  during  the  composition  of  the 
equations  of  the  iynainics  ot  average  with  tne  use  of  principle  of 
quasi-regularity  for  us  it  rs  necessary  to  replace  random  number  X* 
of  ce  11/*  lenient s in  the  state  or  repair  to  its  mat hoiunt rca  l 
expectation  iu2,  bqt  it  can  te  whole.  Therefore  we  should  determine 
function  * , also,  for  the  ncnono-piece/ent  ire  values  or  argument.  For 
this,  we  will  use  linear  interpolation  and  w r 1 1 connect  points  on  the 
graph  of  Fiq.  6.7  by  line  segments. 

Let  us  count  now,  which  will  be  the  average  intensity  of  flow  of 

repairs,  which  is  necessary  to  one  overhauled  celi/elemont ; 

Mr 


I 

k t 


V 


I 

I I 
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Further  (2.1)  from  x*,  we  will  obtain: 


|i  =«p,  (Xf). 


|i  np^  X,  < k, 
SlJ>H  Xt>k. 


(2.2) 


Key:  (1)*  with.  Plotted  function  «,(X2)  is  represented  in  Fig. 

b.8.  This  curve,  as  v>(X2),  consists  of  two  sections.  On  the  first 
(from  0 to  k)  it  is  parallel  to  the  axis  of  abscissas,  on  the  second 
- decreases  according  to  hyperbolic  law. 

New  to  us  is  known  the  intensity  of  flow  cf  events  x„ -<  p, 
translating  one  cell/element  ot  state  gt  in  f it  depends  on  the 
actual  (random)  number  X?  of  cell/elements,  which  are  found  in  state 
J»-  According  to  the  principle  of  guas  i-regu  la  r it  y , let  us  replace 
this  random  number  with  its  mathematical  expectation  m*.  Then,  with 
the  basis  of  the  graph/count  ot  states  (Fig-  <>.i>),  the  differential 
equations  of  the  dynamics  of  average  are  registered  in  tue  form: 


imt 

it 

jlm, 

it 


— Am,  +<p,  (m,)  m„ 
— <f>,  (m,)  m,-f  Am,, 


(2.3) 

(2A) 


where  n , , ma  - average  numbers  of  states 
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From  these  tao  equations  we  can  select  one  - tor  example,  the 
second,  first  reject/throw  and  in  the  second  substitute  expression  ni, 
of  the  condition: 

m,  + m,  — A’;  m,=\ — m,. 

We  will  obtain  instead  of  (2.5)  one  the  di  t ret  cut  ia  1 equation: 

(.t,  , + >. (A' _ mt). 

at 

This  - equation  from  separating  alternating/ vatiaole: 

^ dt. 

1 (N  — mt)  — f <m») 


Integrating  right  side  from  0 to  t 
(initial  value  of  m2  is  equal  to  zero). 


r 


k(N— «»)  — f (mt) 


-f. 


anu  a left  - 

we  have 

(2.6) 


from  0 to  m2 
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whence 


By  formula  [2.7)  value  m2  will  be  expressed  with 


i + M AA'  — (A  + |i)  ft 


while  by  formula  (2.8)  - at  the  high  values  of  t. 


Example  2.  The  conditions  the  same  as  in  example  1,  with  that 
difference  that  k vorkers,  vhicti  overhaul  the  lcrt  the  system 
cell/eleraents,  help  each  other,  so  that  k workers  realize  a repair  of 
cue  cell/element  on  the  average  in  k of  times  sconer  than  one  worker. 


It  is  required  to  construct  for  these  conditions  function  Mt « 
*<*«)  (total  intensity  of  flew  of  repairs),  function  M - ?■(*»)  (intensity 


cf  flow  of  repairs,  which  is  necessary  to  cne  overhauled 


cell/element)  and  to  comprise  differential  equations  for  the  average 


numbers  of  states  (equation  of  the  dynamics  of  average)  . 


j 
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Solution.  The  y raph/di agram  of  the  dependence  on  the  number  of 

overhauled  cell/el ement s x2  is  represented  in  Fig.  6.9.  It  is 
real/actual,  with  any  positive  integer  number  cf  cell/eleaents,  which 
are  found  in  state  t\  (X*  = 1,  2,  3,...),  all  workers,  working 
simultaneously  above  the  repair  of  these  cell/eleaents,  they  generate 
cne  flew  of  repairs  with  an  intensity  cf  k».;  they  as  ate  equivalent 
to  one  "super-worker"  with  productivity,  in  k of  times  larger  (see  9 
Chapter  5).  In  such  a way  as  to  solve  statea  problem,  it  suffices 

| 

l 


I 

| 


I 
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under  conditions  of  example  1 to  place  k = 1f  and  instead  of  p - to 
substitute  kp. 

I 

Under  actual  conditions  the  dependence  of  the  total  intensity  of 
flow  cf  repairs  ^j,on  the  number  of  overhauled  cell/elements  can  be 
and  r.ot  such  an  idle  time,  as  in  the  examined  two  examples  - it  can 
depend  on  the  special  f ea ture/pecu liar iti es  of  tae  organization  of 
repairs  in  brigade,  on  the  order  of  the  maintenance  of  cel 1/elemen ts 
cn  the  capacitance/capacity  of  repair  shops,  and  so  forth.  It  can 
turn  out  that  for  the  establishment  cf  the  forir  of  functions  Ai i = *>(*») 
it  is  necessary  to  make  the  special  researen,  for  txampl®, 
considering  repair  team  as  system  of  mass  maintenance  and  system  for 
it  mathematical  model. 

Example  3.  Is  examined  the  system,  which  consists  of  N = 100 

identical  instruments;  each  instrument  consists  of  two  identical 
assemblies;  one  basic,  the  second  spare-  In  the  case  of  oreakdown  of 
basic  assembly  in  work,  is  included  spare.  During  the  malfunction  of 
both  assemblies,  goes  out  cf  order  and  coasts  tc  work  entire 
instrument.  The  flow  of  ma 1 f unct i ors,  which  functions  on  working 
assembly,  has  intensity  Xt;  to  that  not  wor*  (exact)  - Kt. 

Malfunctioning  assemblies  are  overhauled  by  working  team.  The  total 
intensity  of  flow  of  brigade's  repairs,  depending  on  the  total  number 
of  overhauled  assemblies  y,  is  assigned  by  the  function 
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The  form  of  the  function  v>(y)  is  represented  in  Fiq.  to  6.10. 


Separate  instrument  (cell/ele me nt ) can  be  located  in  the 


following  states: 


exact  both  assembly,  the  first  works,  tne  second  in 


re  erve. 


It — the  first  assembly  is  defective,  is  overhauled,  the  second 


assembly  works;  instrument  works. 


jgt  — both  assembly  are  defective,  they  are  overhauled; 


instrument  does  not  work. 


The  left  the  system  units  are  overhauled  regardless  of  the  fact. 


is  unit  basic  or  spare  (repairs  are  distributed  on  units  evenly). 


After  the  correction  of  the  left  the  system  unit,  it  becomes  spare  if 


another  did  not  leave  the  system,  and  by  basic  - if  left. 


To  write  the  equations  of  the  dyramics  of  averaqe 
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Gelation.  The  jraph/count  of  the  states  or  c a 1 1/eleme  nt 

>hoi 


(instrument)  takes  the  form,  shown  on  fiy.  o.  1 I. 

* 


c, 


Faye  307. 


Fi<v  L-\\ 


1 


Let  us  determine  the  intensity  cf  the  ilows  or 
translate  cell/element  from  state  into  statt-  First 


the  events, 
of  an. 


which 


^i»  — "F  X*. 


It  is  real/actual,  thus  tar  instrument  works  normally,  on  both 
unit,  function  the  flows  of  the  malfunctions:  tc  worner  - with 
intensity  to  that  not  work  - with  intensity  X,,.  To  instrument  as 

a whole,  functions  the  flow  with  total  intensity  ♦ x2. 

R 


Further,  from  state  into  instrument  passes  under  the 

action  of  the  flow  of  malf unct ions,  which  is  necessary  on  the  only 
working  unit: 

: I 

Conversely,  from  state  «,  into  jr,  instrument  is  translated  the 

; 

I ' 

u 


I 
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flow  of  repairs,  which  is  necessary  to  cne  overhauled  unit.  The  total 

number  of  units,  that  is  located  in  repair,  is  equal 

v — Xt  + 2Aj. 


It  is  real/actual,  to  each  instrument,  which  is  found  in  state  &t. 
with  is  gone  one  defective  unit;  to  each  instrument  in  state  t* 
two  defective  units. 

The  total  intensity  of  flov  of  repairs  will  oe: 

Afr*=<Mv)=<P(*.  + 2A,). 


This  intensity  is  divided  equally  between  ala  overhauled  units, 
so  that  to  one  unit  comes  the  intensity  of  rlow  of  repairs,  equal  to 


9(X,  + 2X,) 
X,  -f  2X, 


Consequently,  the  true  intensity  cf  flew  c£  repairs,  which  is 

necessary  t.o  one  cell/element  in  state  is  equal  to; 

^ ,*<*..* 

X.  + 2X, 

Analogously  let  us  determine  x32.  in  state  gt  the  instrument 
has  two  defective  units;  for  each  of  them,  comes  the  flow  of  repairs 


II 
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with  the  intensity 


f (X,  + 2X,) 
X.  + 2X, 


and  to  both  - flow  with  intensity,  double  larger: 

2g>tX.  + 2X») 

X«+2X, 


According  to  the  principle  of  quasi-regularity,  w<_>  replace  the 
random  er-jutuents  X2  and  X3  with  the  mat  hem  at  ic  a 1 expectations  m2  and 


it 3 ; we  will  obtain 


, V (m,  -f  2m,)  . i . . 2<f  (m,q-2m,) 

*“*«,  + **.  ’ **  «.  + *". 


Page  108. 


Thus,  it  is  possible  to  write  on  the  graph/count  of  states  all 
the  intensities  and,  according  to  general  rule,  to  register  the 
equations  of  the  dynamics  of  average.  Of  three  equations  (for  m,,  ms 
and  mj)  we  write  the  first  and  the  latter  - the  second  we 


re  ject/throw: 


dm,  . , . <f  tm,  4-  2m i)  m, 

dml  ^ _ 2y  (m--f-2m»l  ^ ^ 

dt  W|  2#Fij 
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From  the  conditiou 

mi  + mi  + m*  “ N 


wo  oxpross  through  a,  and  t»  3 : 

m,  =*  N — rtt,  — mt 

i 


we  substitute  in  first  and  second  equations  (2.5): 


am± 

dt 


(X,  + Xt)ff!i  -I- 


<t  ( V — m,  -r  m,t  (A1  — mt  — mt) 
.V  — m,  + mf 


.aft=gL.ta»3l 

/V  — Iflj  fflj 


(2.10) 


The  obtained  system  of  two  nonlinear  differential  eiuations  with 
the  unknown  functions  m t , m3  can  be  solved  in  machine  or  by  hand  (it 
is  numerical) . 

Thus,  using  the  principle  of  quasi-r ogular lty , it  is  possible  to 
write  the  equations  of  the  dynamics  of  the  average,  on  which  unknown 
functions  are  the  average  numbers  cf  state;  these  equations 
ap proximatel y describe  a change  of  the  average  numbers  of  states  even 
in  the  case  when  the  intensity  of  flew  cf  the  events,  which  translate 
cell/element  from  state  into  state,  they  depend  on  the  numbers  of 
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states  ami,  which  means,  that,  they  ^L'e  random.  The  error  from  which 
the  equations  of  the  dyiamics  ol  average  describe  process,  the  lesser 
than  nore  it  is  numerous  the  group  of  cel 1 /elements  and  than  nearer 
to  linear  the  functions,  which  excess  the  intensity  of  flow  of 
events  depending  an  the  numbers  of  states. 

Does  arise  the  question:  a it  is  cannot  whether,  using  the  same 
method,  that  in$1,  to  approximately  determine  not  only  mathematical 
expectations,  but  also  the  dispersions  cf  tne  average  numbers  of 
states?  We  saw  that  in  the  case  when  separate  cell/olemeuts  passed 
from  state  into  state  independent  from  eacn  other  (j.e.  the 
intensities  of  flow  of  the  everts,  translating  cell/elements  from  the 
state  in  the  state  completely  did  not  depend  on  tne  numbers  of 
states)  the  dispersions  of  the  numbers  of  states  were  located  simply 
through  the  formula: 

(2.11) 


Page  1 . 

Research  shows  that  in  the  case  when  the  intensities  of  flow  of 
events  depend  on  the  numbers  of  states,  this  lcrmula,  generally 
speaking,  carnot  be  used.  It  proves  to  be  suitable  only  in  cases  when 
dependence  the  intensity  of  flow  of  everts  cn  numbers  very  weak 
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(almost  negligible),  even  then  on  compa  ta  tive  1 y low  sections  of  time, 
when  did  net  accumulate  error.  But  if  the  dependence  of  intensities 
on  numbers  is  essentidl,  formula  (2.11)  gives  error,  if  the 
functions,  which  express  total  intensities  of  flow  (as,  for  instance, 
function  * in  example  1)  are  convex  upward#  then  formula  (2.11)  gives 
decreased  value  for  the  dispersion:  the  dispersion,  computed  on  this 
formula,  can  be  let  us  say,  that  half  true  (but  sometimes  - and  more 
than  double)  . 


To  approximately  find  the  dispersions  of  the  numbers  of  states 
is  possiole  by  writing  out  and  Ly  solving  special  diffarantial 
equations  no  longer  for  mathematical  expectations,  but  for 
dispersions  D\(l)  and  covariances  /(„,(/),  the  cha tac teri zing 
coirmunication/connection  between  numbers  states  £*,  Tnese 

equations  in  some  sense  are  analogous  to  the  equations  of  the 
dynamics  of  average,  comprised  on  the  basis  of  tne  principle  of 
quasi- regularity,  but  much  more  complex  them  and  they  do  not  possess 
the  same  clarity.  The  number  of  equations  and  the  number  ot  unknowns 
in  these  equations  is  equal  to  the  number  cr  dispersions  plus  the 

number  of  pairwise  correlations  between  numLers  X,,  x2,  ...»  i-e- 

n (n  — I)  n («  8*  M 

n + j j 

Besides  dispersions  Dk(0  and  the  correlation  torgue/aoments 


L 


-r-yjm 
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Kw(/),into  aquations  for  them  enter  even  n of  functions  mt(£),  m2lt), 
...»  mB(()  - averajs  numuers  of  states  which  are  assumed  to  te  already 
determined  froa  the  equations  of  the  dynamics  of  ivecage.  equations 
tor  dispersions  Dk(t)  and  covariances  kkl(t)  .prove  to  ue  relative  to  quite 
these  variables  linear,  althouqh  the  aathematical  expectations  of 
numbers  mk(t)  enter  in  then  ncnlinear- 


In  view  of  a comparative  complexity  of  a question,  we  do  not 
examine  the  methodoloqy  of  the  construction  of  system  of  equations 
for  dispersions  and  covariances  (fcr  a special  case  of  equation  are 
described  in  article  [22]). 


3.  Account  of  the  addition/completion  of  the  numbers  of  states. 


Until  now,  we  applied  the  method  ct  the  dynamics  of  average  to 
the  decision  only  of  such  tasks  where  the  system  was  locxed,  i.e.,  a 
quantity  of  cell/elements  N,  participating  in  process,  remained 
constant/invariable.  In  practice  frequently  are  encountered  the  tasks 
where  in  the  course  of  the  process  of  the  number  of  celi/elements, 
which  are  found  in  some  states,  they  are  filled  from  without.  This 
addit  icn/completion  it  is  very  easy  to  take  intc  account  into  the 
equations  of  the  dynamics  of  average. 


Let  us  consider  as  an  example  system  S,  whicu  consists  of  N of 


sn 


i 


i I 


i 
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uniform  cell/elenents.  The  graph/count  cf  the  states  of  ce  1 1/e  le  ne  nt 
is  shown  in  Fig.  6.12. 

Fage  310. 

Intensities  £lt  in  the  general  case  depend  on  the  numbers  of  states 
Xx,  x2»  xj»  X*  (during  the  com  [ osi  t ic  n cf  differential  ejuations 
these  numbers  are  substituted  by  the  average  numuers  m,f  m3,  m«). 

4 

If  the  addition/completion  of  the  composition  ot  tae  numbers  of 
states  in  the  course  of  process  does  net  occur,  t non  the  eguations  of 
the  dynamics  of  average  will  be: 


“ — (A„  + Aj»)  mi  + AtJ  mt, 

~r~~  “ (A*i  + Ats  -f-  XJ4)  mt  -}-  X,,  m,, 

1 ’ P-l) 

= ^ u m\  + A»*  + t'u  m*> 

moreover  any  of  these  eguations  of  them  can  be  re  ject/t  hrown,  and  the 
corresponding  variable  it  is  expressed  from  the  condition: 

m,  + m$  + m»  + m*  * N.  (3.2) 


Now  let  us  assume  that  the  contingent  cf  the  cell/elements. 


S 
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located  in  one  of  the  states  (for  example,  ft)  is  suppleae  nted  from 
without,  moreover  the  intensity  of  addit ion/co mplet ion,  i.e.,  the 
number  of  cell/elements,  introduced  pet  unit  tirj  into  state  is 

equal  to  6 (if  tor  time  unit  it  is  introduced  the  random  nuiber  of 
units,  the  intensity  of  addit.  ion/completion  it  will  be  ctlled  the 
average  number  of  units,  introduced  from  without,  tor  the  unit  cf 
time*)-  Value  6 can  be  both  the  constant  and  variaule  both  depending 
and  not  depending  on  the  average  numbers  of  states. 

In  the  presence  of  addition/completion,  the  first  equation  of 
system  (J.  1)  will  be  changed;  in  the  right  tdtt  of  it  will  appear  a 
term  equal  to  addi tion/completion  6: 

-~  = — (Au -f- XIS)  m|  + m, 6,  (3-3) 

and  remaining  equations  will  remain  similar,  as  they  were. 
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Fig.  6.12. 


F.  a . </ . i 3 . 


Page  311. 

Let  us  note  that  condition  (3.2)  also  will  oe  changed.  Earlier 
of  the  any  moment  of  time  the  sum  of  all  average  numbers  was  equal 
cne  and  the  same  to  value  N;  now  it  will  be  equal  to  the  changing  in 
the  course  of  time  number 

i 


where  No  “ initial  value  of  the  number  cf  cel 1/elouents 


A. 

..  , - ■ — * - J.— - .- 


DOC  = 76068715 


#7 


Thus,  the  account  of  filling  of  the  numbers  of  states  is  reduced 
to  the  fact  that  to  the  right  side  cf  the  corresponding  differential 
equation  is  added  component,  it  is  equal  to  the  intensity  of 
addit  icn/corapletion  - to  the  mean  number  of  ce ll/elements,  introduced 
into  this  state  for  time  unit. 


Example  1.  Is  considered  a system,  which  consists  (at  the 
initial  moment)  of  N0  of  uniform  technical  equipm ent/de vices 
(instruments),  each  of  which  can  be  in  cue  of  the  following  states: 


g,  — correct ; 


— defective,  it  will  be  scanned; 


— considered  unfit,  it  is  copied; 


gt  — repair  o d« 


Corresponding  average  numbers  we  win  designate  mlf  m2,  m 3,  m «. 
The  graph/count  of  the  states  of  cell/elemcnt  is  shown  on  Fig. 

6.  13. 


The  intensity  of  flow  of  the  malfunctions  cr  working  instrument 
is  equal  to  X.  Ths  mean  time  ot  inspection  uoes  not  depend  on  the 
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number  of  scanned  instruments  and  is  equal  to  Defective 

instrument  proves  to  be  unfit  and  is  copied  with  probability  p,  but 
with  probability  1 - p,  it  is  directed  for  repair.  The  mean  ti»e 
which  instrument  is  carried  out  in  the  state  of  repair,  7 there  is 
certain  function  from  number  x cf  the  instruments,  simultaneously 
located  in  the  repair: 

fpe- =/(*)• 

In  order  to  compensate  for  the  loss/depreciation  of  instruments 
as  a result  of  writing  off,  is  produced  the  addition/completion  of 
the  number  of  instruments  from  without  (by  corrective  instruments), 
moreover  for  the  time  unit  into  system  it  is  introduced  on  the 
average  6 = 6 ( t ) of  exact  instruments. 

It  is  required: 

- to  write  the  equations  of  the  dynamics  cf  average  taking  into 
account  addition/completion, 

- to  determine,  what  must  be  function  o(t)  for,  the  writing  off 
of  instruments  on  the  average  would  be  bein^  compensated  for, 

- to  write  formula  for  the  total  number  of  cell/eleme r.ts  N (t)  , 


j. 


that  are  located  in  all  states  up  to  tcrgue/raoment  t. 

Solution.  On  the  graph/count  of  Fig.  6.1J,  wo  enter/write  the 
intensities  of  flow  of  events,  intensity  X41  we  approximately  take 
inversely  proportional  to  the  moan  tine  of  repair  (strictly  speaking, 
this  correctly  only  for  a stationary  Poisson  flew)  : 
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Substituting  the  true  number  of  overhauled  instruments  X*  by  its 
mathematical  expectation  m4,  we  will  obtain: 


/•tl 


I (mj 


The  system  of  the  differential  equations  cf  the  dynamics  of 
average  will  be: 

di  1 U".)^  ' 

dm 


urnt  , 1_. 

~rr  — — = hWi, 

d>  (ecu 


d^s 

dt 


pm  2 

(ecu 


= _ mt  (1  — p)  m, 

dl  f ("I.)  7crK 


Let  us  note  that  in  this  case  we  not  can  sc  simple  to 
reject/throw  any  of  the  equations  as  in  the  case  without 
addition/completion,  since  condition  (3.2)  is  modified;  the  total 
number  of  cell/elements  in  system  depends  on  time  and  it  is  equal  to: 

* $6  (/)<#.  (3.5) 

o 

In  order  on  the  average  to  compensate  tor  the  copied 
instruments,  the  intensity  cf  addit icn/compieticn  must  oe  equal  to 
the  average  number  of  instruments,  copied  for  tine  unit.  In  all  per 
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unit  tine  it  is  copied  (it  {asses  from  state  in  £,)  on  the 

average 


m. 


instruments;  that  means  we  gust  assume: 

6 = ^ 


m,. 


At  this  intensity  of  addition/completicn,  the  system  of 
equations  of  the  dynamics  of  average  will  take  the  form: 


dm  i 
dt 

dm . 
dt 
dm a 
dt 
dm, 
dt 


— + 77-7  mt  + -7—  hi* 

f (m«)  ^OCM 


«s  + wn„ 


m. 


1 ,1  — p 

in,  -f  — — - m*. 


f ( m 4) 


(3.6) 


Page  313. 


From  the  number  of  equations  (3.6)  it  is  possible  to  painless 
exclude  the  third,  since  value  m3  enters  net  in  one  right  side.  Value 
n3  under  conditions  of  this  example  can  be  computed  very  simply:  for 
each  torgue/aoaent  t,  it  is  equal  to  the  tctal  number  of  newly  acted 
instruments  (since  everything  copied  on  the  average  are  compensated 
for)  and,  which  means,  that 


m,- 


<OOM  J 

0 


f m,  (/)  dt. 


\ 

3 
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In  this  example  1 addition/completion  was  introduced  only  into 
one  state;  generally,  this  can  be  and  ret  so  (fer  example,  it  is 
possible  to  introduce  addition/completion  ty  the  defective 
instruments  which  must  be  overhauled  by  local  resources)  . Let  us  note 
that  besides  the  fact  that  the  functions  of  addition/completion  can 
have  both  positive  and  negative  values  (loss/depreciation  of 
cell/elements)  . 

The  addition/completion,  introduced  into  states,  sometimes  it  is 
convenient  to  represent  visually,  on  the  graph/count  of  states  (Fig. 
6.14).  Let  us  agree  to  represent  them  as  " half-arrows”  which  do  not 
go  either  from  which  state,  and  in  the  case  of  "loss/depreciation”  - 
those  directed  or  to  which  state  (for  the  clarity  of  half-arrows, 
unlike  ar rew/pointers,  let  us  make  double)  . Labeling  graph/count  with 
the  intensities  of  flow  of  events,  against  half-arrows  let  us  write 
not  tie  intensity,  which  is  necessary  tc  one  cell/element,  but 
intensity  being  necessary  tc  system  as  a whole  (this  is  made  in  order 
tc  avoid  unnecessary  division  and  multiplication  by  one  and  the  same 
number) . 

Example  of  2.  under  conditiors  of  an  example  1 
addit  icn/completion  of  numbers  is  related  tc  twe  states:  ff,  (exact 
instruments)  and  #4  (overhauled  instruments)  , moreover  the  certain 
fraction  a of  the  newly  supplied  instruments  is  given  exact,  and 
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fraction  ( 1 - o)  - defective;  the  lattec  immediately  bejin  to  be 
overhauled.  As  in  the  previous  example,  total  add it  ion/co up let  ion  per 
unit  time  is  eyual  to  J—  mt. 

locu  i 

I •: 


i 
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To  construct  the  graph/count  of  states,  after  reflecting 
addit icn/corapletio n,  tc  write  the  equations  of  the  dynamics  of 


average,  to  define  grand  average  quantity  of  cell/elements  in  system 


Solution.  The 


addit icn/completio n.  The  equations  of  the  dynamics  of  average  take 


* 

ci 

c S 
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From  them  is  most  convenient  as  before  to  exclude  the  third 


equation  and  to  express  a3  as 


’»«-=£-  | '»*  di. 

•nfika  . 1 


The  total  total  number  of  cell/elements  in  system  varies  in  time 


according  to  the  formula: 


N (0  -y~ ■ f m^dt 

‘OCH  J 


4.  Method  of  the  dynamics  of  average  for  the  system,  which  consists 
cf  heterogeneous  cell/elements. 


Until  now,  we  applied  the  method  of  the  dynamics  of  average  to 
the  systems,  consisting  of  uniform  cell/elements.  However,  without 
fundamental  changes,  it  can  be  used  also  to  the  systems,  which 
consist  of  the  heterogeneous  cell/element'  of  different  categories  - 
a difference  will  be  only  in  the  fact  that  the  number  of  differential 
equations  will  be  increased.  If  the  number  of  categories  and  states 
not  is  too  great,  the  solution  of  problem  difficulties  is  not  caused. 


Example.  In  motor  transport  establishment  is  Nr  cargo  and  N • 
passenger  trucks.  Each  cargo  machine  can  be  in  one  of  the  following 
states:  f,  - expects  call  cn  basis,  1%—  accomplishes  empty  voyage 


I 


1 
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to  the  place  loads  r,  — accomplishes  voyage  with  load,  Tt — 
accomplishes  empty  voyage  back  to  base,  T» — conduct  the  preventive 
inspection,  T,  — is  overhauled. 

Page  J15. 

Each  passenger  machine  can  be  in  cne  ci  from  the  following 
states:  Jll — expects  call  cn  basis,  Jl» — accomplishes  voyage,  .H, — 
it  passes  the  preventive  inspection,  Jl,  — is  overhauled. 

The  basis  enter  the  Poisson  flows  of  claiss  for  the  cargo  and 
passenger  machines  whose  intensities  Xr  and  X*  do  not  depend  on  the 
number  of  free  machines  on  basis.  The  ccme  claims  are  distributed 
evenly  between  all  machines  of  this  category,  which  expect  call.  If 
on  basis  there  is  not  cne  free  machine  cf  this  category,  claim 
obtains  the  failure  (it  will  be  re-addressed  tc  another  basis)  . 

To  the  preventive  inspection  are  taken  only  the  machines,  which 
are  found  in  states  I\,  JIj.  The  average  intensity  of  flow  of  the 
preventive  inspections  cf  cargc  machine  is  egual  to  X||pol)>i  pa  ssen  ger  XJpo4,. 

Inspections  are  carried  out  by  the  specialized  brigade;  the  total 
flow  of  inspections  has  the  intensity 

<4z-a(l  — e-*),  (4.1) 


where  y - a number  of  machines  (cargo  ard  fassenger  together),  that 

I 

pass  inspection. 

The  average  duration  of  the  preventive  inspection  of  cargo  and 
passenger  machine  is  identical  and  egual  to  The  average  duration 

cf  empty  voyage  (to  the  loading  site  or  to  motor  depot)  is  egual  to 
^nop-  The  average  duration  of  loaded  voyage  is  egual  to  ftp  The  average 
duration  of  the  voyage  cf  passenger  machine  is  egual  to  t*. 

I 

From  the  preventive  inspection  cargo  machine  with  probability 

r 

pr  goes  into  repair,  and  with  probability  1 - pr  - back  into  state 
T,.  Analogous  probabilities  for  passenger  machines  are  egual  to  p* 

and  1 - Pn- 

The  repair  both  of  cargo  and  passenger  machines  is  produced  by 
maintenance  crew;  the  total  flow  of  repairs,  produced  by  brigade,  has 
the  intensity 

Bz  = b(l  — e-*),  (4.2) 

where  x - a number  of  machines  (cargo  and  passenger  together), 
simultaneously  locating  in  repair. 

i 

I 

I 

' 

i 

L 


Besides  the  state  of  the  preventive  inspection,  machine,  they 
can  enter  repair  directly  from  voyage.  The  intensity  of  flow  of  the 
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Malfunctions  of  one  cargo  machine  in  the  state  of  empty  voyage  is 
egual  to  v£op>  in  the  state  of  leaded  voyage,  - v£p  The  intensity  of 
flow  of  the  malfunctions  of  passenger  machine,  which  is  located  in 
voyage,  is  egual  to  v\ 

It  is  required:  - to  comprise  the  graph/ccunt  of  the  states  of 
the  elements  of  system,  to  write  differential  equations  for  the 
average  numbers  of  states. 

Page  316. 

Solution,  it  is  introduced  the  designation: 

m,r  — average  number  of  cargo  machines,  which  expect  call  at 

torgue/moment  t; 

m%r  — average  number  of  cargo  machines,  which  accomplish  empty 
voyage  to  the  loading  site; 

accomplish  loaded 

are  returned  with 


w*'  — average  number  of  carge  machines,  which 
voyage; 


m4r  — average  number  of  cargo  machines,  which 
empty  car  to  basis;  w? 
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m<>r  average  number  of  cargo  machines,  which  pass  the 
preventive  inspection; 


m/—  average  number  of  overhauled  cargo  machines; 


m\*  — average  number  of  passenger  machines,  which  expect  call; 


if  — average  number  of  passenger  machines,  which  accomplish 


voyage; 


m*1'  average  number  of  passenger  ma'Chmes,  which  pass  the 
preventive  inspection; 


n**  average  number  of  overhauled  passenger  machines. 


The  graph/count  of  the  states  of  system,  who  falls  into  two 
subgraph  - r and  Jl,  is  shewn  on  Fig.  o.  16. 

Let  us  determine  now  intensities  *//,*?,  the  flows  of  the 
events,  which  translate  cell/e lement.s  (cargo  and  passenger  machines) 
from  state  into  state.  Some  of  these  intensities  depend  on  the 
numbers  of  states,  others  dc  not  depend.  For  the  first  we,  during  the 
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composition  of  differential  equations,  according  to  the  principle  of 
guasi-regular ity,  will  replace  for  the  number  of  states  on  which  they 
depend,  by  average  numbers. 

Let  us  find  - intensity  of  flew  of  events,  which  translates 
the  cargo  machine,  which  expects  call,  in  state  T,  - voyage  to  the 
loading  site.  The  calls  of  cargo  machines,  according  to  the 
conditions  of  problem,  form  flew  with  intensity  >.r;  but  call  is 
received  only  if  in  state  f,  there  is  at  least  one  machine. 


Fig.  6.  16. 


Page  317. 

Therefore  intensity  of  the  flow  of  received  calls  ?.„p  (but  only  such 
calls  they  can  translate  cargo  machine  fron  state  T,  in  Tj  depends 
on  the  number  X',  of  machines  in  state  T,  as  follows: 

\ 

j Xr  with  X,r  > 1,  (4.3) 

nr“jo  n^X,r-0. 

This  function  of  the  same  form,  as  to  us  it  was  encountered 
already  earlier,  in  exaaple  2 §2,  and  will  be  net  still  repeatedly  in 
following  examples.  Therefore  we  will  now  introduce  two  functions 
which  subseguently  will  be  designated  always  equally:  R (x)  and  p (x) 
(them  we  will  use  in  many  specific  problems  of  the  dynamics  of 


average) 
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Let  us  determine  function  R ( x ) as  follows: 


x with*<  1; 

I ppw  x>  I. 


Ihe  graph  of  this  function  is  represented  in  Fig.  to  6.17 


Function  p (x)  let  us  determine  formula: 

1 ijpw  x<  1, 

P (*)  =*  — “ i " , (4.5) 

X — ppw  x>  l. 

7^<Z-  o-f  o*\  Vtih  On  P' 

With  the  help  of  function  R(x)  the  intensity  l£p  of  the  flow  of 
the  calls  of  cargo  machines  accepted  is  reccrd/written  as  follows: 


K,=y.rR(x\) 


Let  us  now  compute  the  intensity  1|2  of  the  flow  of  the  events, 
which  translate  separate  cargo  machine  from  state  J~,  in  r,  (see 


Fig.  i.  16)  : 


let  us  further  find  other  intensities.  We  have: 


X.JJ  " 1 / /nop!  “ l^rpl  ^41  ” l/<nopI  ^15  =*  ^npo*" 


* 
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Fig-  6.17. 


Fig.  6.18. 


Page  318. 


Let  us  now  determine  the  intensity  Am  of  the  flow  of  events, 
which  translates  cell/element  (cargo  machine)  , which  is  found  in 
state  r,  (the  preventive  inspection),  into  state  T,.  This  intensity 
let  as  compute  as  follows.  The  total  intensity  cf  flow  of  inspections 
which  produces  the  brigade,  according  tc  formula  (4.1),  is  equal  to: 


Ax  — a 1 — e—  <x»r+**J)]. 


(4.9) 


This  intensity  must  be  equally  divided  between  all  machines, 
which  are  found  in  states  ft  and  /!*;  it  will  be  obtained 


a 1 _ +*/>l  . 

"7—-— (inspect  icns  per  unit  time).  (4.10) 


■■■ 


But  this  still  not  all:  indeed  into  state  T,  passes  each 
machine,  passed  inspection,  but  only  seme  part  of  them.  In  order  to 


r **  • 


where  X,r,  X/  - Dumber  of  overhauled  in  this  time  cargo 
machines. 

From  states  rt,  I",,  r4  into  state  T,  (.repair)  the  cell/element  is 
translated  by  the  flows  of  events  with  the  intensities,  respectively 
equal  to: 


“ VnopI  ^S#  — 'Vp!  ^4*  = '’nop* 


(4.14) 


Analogously  we  determine  the  intensity  of  flow  of  events  for  the 
second  subgraph  (passenger  nachines) : 

X\,-X>(V).  (4.15) 


*«-+• 

1|  J “ lf)po$» 


(4.16) 

(4.17) 


1/ 
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-p-1,  [l  _«-<*/+*/>] 

(4-18) 

X6r  + AV 

A*  “P'1 

(l  _e-(*.f  + X,J)j 

(4.19) 

34  — 

X,f  + AV 

•V 

> 

ii 

2 

* 

«< 

(4.20) 

>.*4,  = aJi 

_ e-  (x.r+*/)j 

(4.21) 

A«r  + A'.-" 

Page  319. 

Thus,  all  the  intensities  of  flow  cf  events  tor  bota  tjub-graphs 
cf  Pig.  6. 16  are  found. 

Substituting  in  them  for  the  number  of  states  by  average 
numbers,  let  us  write  the  system  of  the  differential  equations  of  the 
dynamics  of  average  in  the  form: 
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j!al  _ _ >m  (m't)  + _L  + 

at  *r 

nop 


+ a (I  — pr)  fl—  e<m<r  + ,"-;l)]  m,r  + b [l  — e~  <m-r  + m/1)]  m,' 
-f  m,-’  msr  + in,* 


1 Vnor  + ~~  \ «S  + VR  (m\)\ 

\ ^ nop  / 

dm9T  __  fm% i , \ \ , 1 .Mr. 

—  ( Vp  + -TT"  ) m2,  + — M 2» 

dt  \ /•  / /r 

\ rp/  ‘nop 

<frn4r  /r  . 1 \ r , 1 r. 

— = - ( Vnop  + ~ j + — /n„ 

V ‘nop/  1 rp 


dm,' 

dt 


V?p  /7l3r; 


dmtr  _ _ ft  [|  _e~  m«r 

dt  m,‘  + m,* 

= - A' I?  (m?)  - Co*  m?  + 4-  m?  + 

0/  f* 

, u(l-^)  [l-e-<m-r  + ‘"-r)1  m/  f b [l-e-(m-r  + m‘i,Vl  m/. 
mj  + m*  m,r4-m/ 

-^2 ll  = _ (4- + v«)m/ + >//?«); 

dm,’  0|l-e-^‘r+m’J)]m,’  , 

— r ^npod)  ' ' ‘ 1 1 

dt  m%*  + m+ 

+ 


dm / _ _ [l—  e~  ('"■r  + ,n«'1)]  m4^ 

dt  m,r  + mtA 

gp’  (|  — 1~  <".r  + '”■*>] 

fH§r 


+ v,mt  + 


(4.22) 


Fage  320. 


Recall  that  in  these  equations  R(x)  - the  function. 


deter  mined 


by  formula  (4.4) 


1 
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Thus,  you  wrote  ten  differential  equations  for  the  average 
numbers  of  states  (6  * 4 = 10).  However,  actually  to  solve  is 
necessary  not  so  much:  any  cf  six  first  equations  and  any  of  four 
latter  can  be  reject/thrown  corresponding  function  it  is  expressed 
from  the  condition: 

mx  + mt  + m*  + m*  + m%  +■ m*  “ Nr,  mf  mtl  -f  mtM  -f  m/  = NM. 

Thus,  the  total  number  of  differential  equations,  which  it  is 
nexressary  to  solve,  is  equal  to  eight  (5  «•  3 = £)  . 

The  initial  conditions  under  which  we  will  solve  this  system,  I 

depend  on  which  question  we  wish  tc  explain.  If,  for  example,  us 
interests  chiefly  the  initial  operating  cycle  of  basis,  soon  after 
its  organization,  it  is  logical  to  assume  that  at  the  initial  moment 
all  machines  are  located  in  states  rt  and  JIj;  then  initial 
conditions  will  be: 

t = 0;  m,r  = )Vr;  m/  = m,r  = m4r  = m,r  = mtr  =.  0; 
m,*  = NM;  m/  =»  m,J  =»  mt‘  = 0. 

But  if  us  interests  ancther,  for  example,  how  rapidly  system  can 
manage  the  "block.",  caused  by  the  large  number  of  malfunctions,  it  is 
possible  to  assume  that  at  the  initial  moment  the  already  large 
number  of  machines  is  located  in  repair  (state  r,  and  JI«)- 

Let  us  focus  attention  on  the  fact  that  the  obtained  by  us 
system  of  differential  equations  for  the  average  numbers  of  states  is 

j 

I ' 3 

I I 


70C  = 7806671b 


PAGfc 


nonlinear.  This  is  very  typical  for  the  method  cf  the  dynamics  cf 
average  under  conditions  when  the  intensities  c£  flow  of  events 
depend  on  the  numbers  of  states.  Nevertheless  the  solution  of  this 
system  differential  eguatiens  by  EtsVM  cr  even  ty  hand  (it  is 
numerical)  difficulties  does  not  represent.  For  tuis,  it  is  only 
necessary  to  assign  the  numerical  values  of  all  parameters,  which 
figure  in  problem. 

5.  The  asysptotic  behavior  of  the  average  numbers  of  states. 

In  the  previous  paragraphs  we  considered  the  methodology  of  the 
description  of  the  process,  taking  place  in  the  complex  (multiunit) 
system  S with  the  help  cf  the  equations  of  the  dynamics  of  the 
average,  on  which  unknown  functions  are  the  average  numbers  of 
sf  at es  : , m2,  . . » , /nn . 

It  is  logical,  does  arise  the  question:  to  which  limiting  values 
they  do  strive  (if  do  strive)  these  average  nuiters  with  t -*■  oo?  There 
does  exist,  and  if  there  does  exist,  then  which  steady-state 
conditions/mode? 

In  the  case  when  we  examined  equations  for  the  probabilities  of 
states,  a question  on  maximum  cond itic rs/mede  was  solved  sufficiently 


simply 
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Page  321. 

If  from  any  state  system  could  pass  into  any  another*  and  the  number 

i 

of  states  mas  certain*  then  there  tas  aaximum  steady-state 
condit  ions/mode,  not  depending  on  initial  conditions.  In  order  to 
find  the  probabilities  of  states  in  this  ccnditions/aode*  it  suffices 
it  was  to  place  the  left  sides  of  the  differential  equations  equal  to 
zero  and  to  solve  the  obtained  system  cf  linear  algebraic  equations. 

For  the  method  of  the  dynamics  cf  average,  the  matter  is 
someMhat  more  complex.  Recall  that  the  equations  or  the  dynamics  of 
average  in  the  general  case  are  nonlinear;  so  are  nonlinear  the 
algebraic  equations*  obtained  of  them,  if  left  sides  are  assumed 
equal  to  zero.  It  can  seem  that  the  solution  of  tuis  system  of 
equations  not  is  singular*  then  it  is  necessary  to  consider  the  set 
of  solutions  and  to  re  ]ect/thr cm  those  cf  them,  that  do  not  ansMer 
the  physical  conditions  of  problem.  Even  if  solution  singularly,  it 
is  necessary  all  the  same  tc  trace  the  behavior  of  the  solution  of 
the  system  of  differential  equations  Mith 


Let  us  demonstrate  the  special  featur e/peculiarity  of  research 
of  the  asymptotic  behavior  cf  the  average  numbers  of  states  based  on 
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th*  example  cf  the  problem,  undertaken,  for  diversity,  trom  the  field 
of  biology-  Let  in  certain  locality  dwell  animals  of  two  forms  A and 
B,  moreover  animals  ot  the  first  form  (A)  - predatory,  and  they  are 

fed  by  animals  of  the  second  form  (13),  which  <ue  satisfied  by 
vegetable  food. 


Let  us  characterize  the  state  of  each  animal  maximally  roughly, 
taking  into  account  only,  lively  it  still  cr  it  perished.  The 
construction  of  the  graph/ccunt  of  the  states  of  the  elements  ot 
system  is  caused  no  difficulties:  this  graph/count  will  ue  decomposed 
into  two  subgraph,  that  correspond  tc  fcrms  A and  a (Fig.  6.19).  Here 
the  ar row/pointers , which  lead  troir  A,  in  A^  and  from  B,  and  B*, 
consider  the  mortality  of  animals,  moreover  for  form  B - mortality  of 
two  kinds:  and  those  cases  when  individual  perishes  by  natural  death, 
and  those,  when  it  eats  up  anixal  cf  fctm  A.  Double  halt-arrows, 
which  lead  into  states  A,,  £,,  correspond  to  the  addit ioa/coapleticn 
cf  numbers  because  of  birth  rate. 

Let  us  designate  the  numbers  of  cell/elements  (animals)  in 
states  A,,  Ai#  B,,  B*  respectively  thrcugh  A',*,  X/,  X,®.  X,*,  and  their 
mathematical  expectations  through  mtA,  mtA,  m,®,  mt*.  He  wish  to  comprise 
differential  eguat  ions  for  /n,-4,  m,»  (average  nutters  m,A,  mtB  the 
previous  generations  as  finally  leaving  from  "active"  cell/ele uents 
systems,  will  not  enter  in  these  equations,  and  we  can  by  them  be 


A 
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interested  in  no  way). 


In  order  to  comprise  differential  equations,  it  is  necessary  to 
assign  the  fern  of  the  deperdence  cf  intensities  of  flow  A?t,  if,,  6* 
cn  A,4.  X,*. 


Fig.  *-19. 


Page  322. 

Let  us  begin  from  herbivorous  aniaals  of  torn  B.  Let  us  assume 
that  the  supplies  of  the  food,  available  to  them,  depend  on  the 
number  of  animals  not  of  fntm  A,  of  form  D , and  which  the  food 
suffices  on  all.  Then  it  is  logical  to  assume  that  the  average  birth 
rate  per  unit  time  (in  recalculation  tc  one  living  individual  of  form 
E)  remains  constant.  Let  us  designate  this  the  constant  c;  then 
growth  of  the  number  of  state  l,  because  of  the  generation  of  new 

animals  it  will  be  expressed  by  the  formula:. 

6®  — cA',fl.  (5-H 

As  concerns  mortality  A®,  then  we  already  said  that  it  is 
composed  of  two  terms.  The  first  - this  is  natural  mortality;  we  will 
consider  it  constant  (on  the  same  reasons,  cn  which  they  considered 
constant  birth  rate).  Let  us  designate  this  constant  (average  number 
of  natural  deaths  in  recalculation  to  cne  living  individual  of  form 


I 
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B)  through  k;  value  k can  be  interpreted  as  portion/fraction  of 
animals  of  fora  B,  which  perish  per  unit  time  by  natural  death. 

Second  term  in  composition  if,  - this  per ticn/f taction  of  animals  of 
form  B,  eaten  up  per  unit  time  by  the  plunderers  of  form  A.  It  is 
logical  to  assume  that  the  number  of  meetings  (per  unit  time)  cf  the 
animal  forms  A and  B,  which  end  with  the  fact  that  A eats  up  B, 
directly  proportional  to  the  number  X,'*  of  animals  of  fora  A (living) 
and  to  the  number  X,e  of  the  available  animals  of  form  B,  i.e.,  that 
this  number  is  expressed  by  the  formula 

lXt*  X,«,  (5.2) 


where  /—  a constant,  in  reealeu latic n for  one  living  individual  of 
form  A the  number  of  such  deaths  "devourings")  per  unit  time  will  be 
equal  to  IX/,  so  that  the  intensity  of  flow  cf  deaths,  which  is 
necessary  to  one  individual  of  form  B in  state  Blr  will  be  expressed 
as  follows:. 


(5.3) 


Me  will  be  now  occupied  by  animals  of  torn  A.  We  assumed  that 
their  only  food  comprises  ferm  B;  therefore  it  is  logical  that  both 
the  birth  rate  and  the  mortality  ol  form  A they  will  depend  on  the 
number  of  those  eaten  up  per  unit  time  cf  animals,  that  are  necessary 
to  one  predator.  The  number  of  eaten  up  animals  is  assigned  by 
formula  (5.2),  and  to  their  cne  plunderer  it  comes  on  the  average 
/X,0.  Thus,  the  mortality  of  plunderers  will  be  some  tunction  from 

/X,®  or,  since  / — a constant,  by  sone  functicn  from  X,0: 

!■»=/(*?)•  (5.4) 


1 
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It  is  obvious , function  f will  te  decreasing  function  fro*  X® 
(i.e.  from  a quantity  of  feed).  It  is  teal/actual,  aniaais  will  that 
lesser  die,  than  nore  they  will  have  feed.  Ihe  possible  form  of  the 
function  f is  represented  in  Fiy.  to  6.20. 

It  is  analogous,  birth  rate  will  fce  some  ether  function  from  the 
nuBbec  of  animals  of  form  and  the  average  increase  of  the 

population  of  plunderers  because  of  birth  rate  (per  unit  time)  will 


te  registered  as  follows: 


h^A'.VV). 


Function  g,  it  is  logical,  increasing  function  from  A, B (Fig. 


6.21). 


Fage  32 3. 


Let  us  write  out  new  differential  equations  for  the  average 


nuabers  of  states: 


*=  — i*  -ph'*, 


Using  the  principle  ot  guasi-r egu  lar ity  and  substituting  for 
nuaber  X,A,  X,'  on  which  they  depend  intensity  (5.1),  (5.3),  (5.4), 
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(5.5)  # by  their  average  values  m*,  m ,*  we  mil  obtain: 


at 

Mm  ^ 

— — = —(k  + lmlA)nilB  + cmlli. 


Me  see  that  in  the  first  equation  actually  enters  only  a 

difference  in  functions  g and  of  f,  which  characterizes 

f ull/t otal/conplet e average  increase.  Let  us  designate  this 

difference  through  h: 

h(x)  = g(x)—  f(x).  (5.7) 


This  a difference  in  increasing  and  decreasing  function,  and 
that  aeans  that  function  itself  h - increasing  (see  Fig.  6.22). 

Unlike  the  positive  functions  f and  g,  this  function  can  reverse  the 
sign.  Let  us  assume  that  it  reverses  the  sign  at  some  point  *oB  (Fig. 
6.22).,  Value  i0B  makes  sense  of  that  number  of  animals  of  fori  B, 
with  which  the  birth  rate  and  the  mortality  of  plunderers  on  the 
average  are  balanced.  At  the  high  values  of  the  number  of  form  B,  the 
nuiber  of  fora  A on  the  average  grcws,  with  smaller  - on  the  average 
it  decreases.  Let  us  name  *oB  the  critical  numter  of  form  B. 


In  exactly  the  same  way  it  is  possible  to  introduce  the  critical 


nuiber  xaA  of  plunderers,  sc  cn  of  which  the  number  of  herbivorous 
aniials  on  the  average  remains  constant/in var iafcle. 


Pig.  6.20.  Fiq.  &..5U 


Page  324. 


Prom  second  equation  (5.6)  it  is  evident  that 


Bhen  the  number  of  plunderers  is  greater  than  v4.  then  the 
nuaber  of  form  B decreases,  but  with  their  smaller  number  - grows. 

Using  new  designations,  the  equations  of  the  dynamics  of  average 
(5.6)  can  be  rewritten  in  the  form: 

~rr~ 

am  - (5-9) 

^2 «V -«/)«,». 

In  this  fora  we  will  aralyze  equations  for  tue  average  numbers 
cf  states  of  system. 

Let  us  loot  how  with  change  t will  move  the  point  on  plane, 
which  represents  solution  m,A,  system  (5.9)  (see  Pig.  6.23). 
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Hhen  »ii*<V.  i.e.,  it  is  lower  than  the  straight  line  m,®  — jk.'®, 

dm* 

according  to  first  equation  (5.9),  < 0;  this  indicates  that  point 

■oves  to  the  left  (it  is  simultaneous  with  this  perhaps  upward  or 
downward),  dither  than  this  direct/straight  point  moves  to  the  right. 
In  exactly  the  sane  manner  from  second  equation  (5.9)  we  obtain,  that 
is  more  left  than  the  straight  line  m,A  — x„A  the  motion  of  point 
directed  upward,  and  more  to  the  right  by  this  straight  line  - 
downward.  In  the  torque/moments  of  the  passage  of  straight  line  m,® = 
*oB  point  moves  strictly  vertically:  downward,  if  it  is  locates  more 
to  the  right  x*A  and  upward  - if  more  left;  at  the  moment  of  the 
passage  of  straight  line  mxA  — V*  it  moves  strictly  horizontally. 

Thus,  the  point,  which  represents  the  solution  of  system  (5.9), 
revolves  around  point  (*•*.  clockwise,  moreover  it  revolves, 

generally  speaking,  not  in  circle  - it  can  ue,  approaching  a point 
(XpV  *»*).  but  it  can  be  receding  from  it.  1*cint  (v\  *»B)  - position  of 
equilibrium:  if  we  as  initial  conditions  for  the  solution  of  system 
(5.9)  take  x9A,  then  number  m/,  m,®  they  will  not  be  changed,  and 

the  solution  of  system  (5.9)  does  not. depend  on  the  time: 

m,A  (/)  m,®(f)«»V. 

This  position  of  equilibrium  can  be  stable,  if  the  solutions  of 
system,  which  begin  frcs  the  pcints,  close  to  (x,A,  x,a),  in  the  course 
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of  tiae  unlimitedly  approach  this  foint;  anu  unstaole  - if  they 


recede 
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Fig.  6.22.  F ' 3' 

Page  325. 


Figures  6.23  depicts  the  case  when  the  solution,  which  begins  on 
straight  line  mxB  = x0B  through  cne  "revolution"  proves  to  be  nearer  to 
point  (x0A,  Xt,B),  than  in  the  beginning.  It  is  obvious,  are  possible  an 
additional  two  cases: 

- after  one  "revolution"  point  will  render/show  further  from 
(x0A,  *.*).  than  in  the  beginning; 

- after  one  "revolution"  point  in  accuracy  win  return  to  its 
imitial  position. 

In  the  latter  case  all  the  subsequent  "revolutions"  of  point 
m,A,  m,B  around  position  of  equilibrium  they  will  be  accomplished  on 
th«  one  and  the  same  locked  way.  Such  the  locked  way  in  the  theory  of 


I 


h 


h j 


[i 
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differential  equations  is  called  cycle;  tc  it  corresponds  periodic 
solution  the  number  of  plunderers  grows;  therefore  the 

number  of  herbivorous  begins  to  decrease,  it  udcues  *0";  then  begins 
to  decrease  the  number  of  plunderers,  and,  when  it  passes  critical 
value  iu4.  the  number  of  herbivorous  begins  to  grow;  finally,  the 
numbers  of  each  animals  reach  their  previous  values  and  process 
begins  anew.  Just  as  position  cf  equilibrium,  cycle  can  ue  stable 
(when  the  solutions,  which  begin  near  blisses,  unlimitedly  approach  a 
cycle)  and  unstable  (when  they  recede). 


Let  us  return  to  the  case,  depicted  in  Fig.  o.2J.  Tne  following 
revolution  of  point  m}h)  aiound  position  of  equilibrium  is  still 
more  it  approaches  ^o  pcint  (v\  *«B).  and  with  each  following 
revolution  point  (mxA,  m,°)  will  all  more  approach  a point  (a,'4,  ^B).  Here 
furthermore  there  can  be  two  cases;  ct  point  will  unlimitedly 
approach  a position  of  equilibrium  - then  obviously,  this  position  of 
equilibrium  will  be  stable;  or  it  will  with  each  revolution  approach, 
but  not  it  is  unlimited.  In  this  case  pcint  (m,A,  mtB)  will  unlimitedly 
approach  outside  some  cycle  which,  of  course,  will  be  stable. 

The  same  reasonings  can  be  used,  also,  in  the  case  when  after 
one  revolution  point  (fn,A.  m,*)  recedes  trern  position  of  equilibrium:  or 
in  the  course  of  time  it  will  unlimitedly  recede  from  point  (V\  *,*), 
and  also,  therefore,  ftem  the  origin  of  coordinates;  or  it  will 


approach  some  stable  cycle  (this  time  from  within). 


All  these  characters  of  the  behavior  of  the  solutions  ot  system 
(5.9)  can  differently  be  combined  with  each  other,  forming  sometimes 
sufficiently  complex  picture.  For  example,  is  represented  on  Fig. 

6.24  case  when  position  of  equilibrium  is  stable,  and  there  are  no 
cycles  (periodic  solutions).  There  will  here  be  only  maximum 
conditions/mode  (V,  x0B),  and  to  it  will  strive  all  the  solutions, 
whateverwere  initial  conditions.  Figure*  6.25  depicts  another  case 
when  position  of  equilibrium  is  unstable,  and  cycles,  as  in  the 
preceding  case,  no.  In  this  case  of  no  maximum  conditions/mode 
exists:  the  number  of  each  form  first  decreases  almost  to  zero,  then 
strongly  it  grows,  moreover  with  each  "revolution"  these  vibrations 
become  all  more,  after  growing  unlimitedly.  It  goes  without  saying 
that  in  accuracy  this  character  of  the  asymptotic  behavior  of  the 
numbers  of  forms  virtually  cannot  te  met. 

/ 

Page  326. 

Here  will  begin  to  manifest  itself  the  not  taken  into  consideration 
during  formalization  problems  the  factcrs:  for  example,  the 
limitedness  of  the  supplies  ot  food  of  the  herbivorous  or  error, 
connected  with  the  appl icat ion/use  of  principle  of  the 
quasi-regularity  (which  will  be  considerable  at  low  values  m,*). 
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One  Additional  Example  of  the  possible  character  of  the 
asymptotic  behavior  of  the  solutions:  position  cf  equilibrium  is 
unstable,  there  is  one  stable  cycle  C (see  Eiq.  6.26).  There  will 
here  be  again  only  maximum  condit ions/mcde  - periodic  increase  and 
decrease  of  numbers,  which  corresponds  to  limiting  cycle  C.  To  this 
conditions/mode  approach  average  numbers  m}A(l),  m,B(/)  under  any 
initial  conditions. 

Figures  6.27  depicts  the  even  more  complex  case:  stable  position 
cf  equilibrium,  around  it  the  unstable  cycle  C,,  and  around  it  - one 
additional,  but  the  stable  cycle  C2.  Maximum  ccnditions/modes  here 
two:  position  of  equilibrium  (x0A,  x^8)  and  the  periodic  benavior,  which 
corresponds  to  cycle  C2.  To  the  first  maximum  ccnditions/m ode  of 

number  m,A,  m,B  approach,  if  initial  conditions  are  located  within 

X 

cycle  C4  (shaded  region  in  Fig.  6.27);  ^o  the  second  - if  at  first 
point  (m}A,  m,fl)  it  was  located  out  of  cycle  C4. 

It  is  certain,  it  can  seem  that  seme  of  the  enumerated  cases, 
during  the  specific  limitations  to  the  form  of  the  function  h(x)  (for 
example,  for  bounded  function  h ( x ) ) are  impossible.  But,  in  any  case, 
the  picture  of  the  asymptotic  behavior  cf  solutions  will  be  not 
always  one  and  the  same,  and  for  the  determination  of  maximum 


conditions/modes  is  necessary  the  study  of  system  (5.9)  with  the 


concrete/specific/actual  values  of  the  entering  it  numerical 
parameters  and  the  concrete/specific/actual  foci  of  the  function 

h(x)  . 


\ 
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Example.  Under  conditions  of  the  examined  above  problem  function 
h(x),  assigning  is  the  relative  increase  of  the  number  of  plunderers 


per  unit  time  depending  cn  the  nuaber  of  herbivorous,  has  the  form: 

3 


h (x)  = I — 


2000  + « 

constants  / and  x0A  are  equal  to  with  respect  0.001  and  1000.  In 
this  Case,  the  equations  of  the  dynamics  of  average  (5„9)  take  the 


following  fora: 


ii_[l 1 

*•  [ aooo+m,flJ 


mtA, 


15.10' 


i 
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Let  us  note  that  Xo*  (the  "critical"  number  of  animals  of  form 
B,  with  which  animals  of  form  A in  aver age/mean  not  multiply  and  they 
do  not  die  out)  , in  this  case  also  equal  tc  100C. 

Solving  numerically  system  (5.10)  under  different  initial 
conditions,  we  are  convinced  that  here  cccurs  the  case,  depicted  in 
Fig.  6.26;  there  is  an  unstable  positicQ  of  equilibrium  (1000,  1000) 
and  one  cycle,  moreover  stable.  This  cycle  will  play  the  role  of 
maximum  conditions/node,  fcr  any  initial  conditions.  As  show 
calculations,  the  period  of  this  maximum  it  is  solved  it  will  be 
approximately  equal  to  10.8  time  units;  a change  of  the  average 
numbers  of  forms  A and  B during  this  tine  is  represented  in  Table 
5.1,  and  graphically  - in  Fig.  6.28  and  6 -.28.  As  the  zero  tine 
reference,  is  undertaken  the  tor que/moccn t of  the  smallest  number  of 
herbivorous  animals. 

Figure#  6.28  depicts  the  dependence  of  the  average  numbers  of 
plunderers  (mtA)  and  herbivorcus  («■*)  on  time  t;  Fig.  6.29  shows  stable 
limiting  cycle.  Cycle  is  labeled  on  time;  divisions  correspond  t = 1 , 

2,  ...,  10.  With  t = 10.8  (period  of  cycle)  mtA  and  m,”  they  are 

returned  to  initial  values. 
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Page  328. 

Analyzing  data  given  in  "fable  5.  1 # we  see  tnat  at  first,  when 
the  number  of  herbivorous  is  small  (into  average/mean  450), 
plunderers  starve,  their  number  decreases  and  therefore  the  number  of 
herbivorous  begins  to  increase.  At  that  toigue/moment  when  the  number 
cf  herbivorous  reaches  1000  (this  occurs  somewhat  more  than  through  3 
time  units  from  the  beginning  of  cycle),  the  average  number  of 
plunderers  it  reaches  its  minimum  (abort  620).  After  herbivorous  it 
becomes  more  than  1000,  the  number  of  plunderers  again  begins  to 
increase  and  again  reach  1000  somewhat  later  than  t = 6.  The  number 
of  herbivorous  at  this  time  it  reaches  the  maximum  (2170  or  somewhat 
more) , and  then  again  it  begins  to  decrease,  because  the  number  of  , 
plunderers  is  more  critical  1000.  Then  (with  t between  8 and  9)  the 
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Table  5.  1. 


Ill 


BpCMS  ( 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

10.8 

CpeiNHH  MMC.16M- 

NOCTb  XIUUHHKOB 

"7 

ItXXl 

790 

670 

620 

650 

750 

960 

1270 

1540 

1490 

1210 

KX10 

CpeiHxq  mic.nfii 

HOCTb  TpinORa 

nwx  m® 

450 

500 

650 

9Jp 

1310 

1810 

2170 

1950 

1200 

670 

480 

450 

Key:  ( 1)  . Tine  t.  (2).  Average  nuBter  cf  plunderers.  (3). 
nuaber  of  herbivorous. 


Average 


PLg.  4.28* 
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On  the  last/latter  section  of  cycle  (t c torque/ moment  t * 10.8) 
decreases  the  number  of  herbivcicus  (because  the  number  of  plunderers 
exceeds  1000),  and  the  nuiber  of  plunderers  (because  herbivorous  less 
than  1000).  At  the  end  cf  the  period,  v it  h t = 10.8,  the  number  of 
plunderers  again  reaches  critical  value  lOQo,  and  the  nuaber  of 
herbivorous  is  returned  to  its  smallest  value  with  480. 


Zt  is  interesting  that  in  nature  real/actually  are  encountered 
such  alternations  in  the  numbers  in  connected  with  each  other  forms. 


6.  Equations  of  coabat  dynamics  (model  a\ 


The  method  of  the  dynamics  of  avecaqe  can  to  successfully  used 
for  the  approximate  description  of  the  processes  of  the  combat 
operations  in  which  participate  the  numerous  groups  of  one  or  the 
other  cell/elements  (tanks,  ships,  aircraft,  etc.).  Moreover, 
precisely  the  description  of  the  processes  of  ccabat  operations 
("combat  dynamics")  - one  of  the  first  on  time  appl ication /uses  of  a 
method  of  the  dynamics  of  average.  The  differential  equations,  which 
describe  a change  of  the  cumbers  of  fighting  groups  in  the  process  of 
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breakage,  by  the  name  ot  the  "equations  of  lancbester",  appeared  even 
in  the  times  of  the  first  wcrld  war.  True,  the  field  of  their 
app lication/use  then  is  very  narrow  (a  total  of  two-three  of 

model)  , but  connun icaticn/connection  of  method  witn  the  ttarkovian 
processes  not  established.  At  present  the  method  of  the  dynamics  of 
average  received  wide  development  and  represents  by  itself  the 
detailed  and  very  flexible  vehicle,  which  makes  it  possible  to 
describe  the  most  diverse  combat  situations  (see  tor  example  [1,  11, 
13,  23]). 

Here  we  will  consider  cnly  a little  from  the  tasks  ot  combat 
dynamics,  predominantl y at  systematic  visual  angle,  without  dwelling 
in  detail  on  the  quantitative  side  ot  dependences. 

He  will  examine  the  coibdt  situations,  in  which  clash  the 
groupings,  which  consist  of  a large  quantity  of  cell/eleaents  which 
we  will  call  "combat  units"  (aircraft,  tanks,  ships,  rociet 
installations,  etc.)  besides  combat  units,  m seme  models  will 
F&rticipate  “auxiliary  unit"  (radar  stations,  prospectors,  confusing 
reflectors,  etc.) whose  difference  troa  the  combat  units  - in  the  fact 
that  they  not  can  news  themselves  lire/ light  on  the  objects  of  the 
enemy,  accomplishi ng  different  ensuring  tasks. 

Systems  mathematical  model,  we  will  examine  the  described 
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phenomena  within  the  fraaework  ot  Markov  random  cnains  (with  the 
escape/ensuing  ot  them  aethod  ot  the  dynamics  of  average).  Therefore 
we  always  will  assune  that  each  combat  unit  produces  the  Poisson  flow 
of  shots  with  certain  intensity  X,  whicc  can  fce  both  the  constant  and 
variable,  depending  on  time.  During  the  calculation  of  this 
intensity,  it  is  necessary  to  take  intc  attention  not  siaply  the 
"rate  of  fire"  of  coabat  unit,  but  its  actual  average  rate  of  fire, 
taking  into  account  the  time,  required  for  the  calculation  of 
sighting  data,  aiaing,  recharging  it  is  other. 

Page  330. 

If  the  shooting  of  combat  unit  is  conducted  on  the  uniform 
target/purposes  each  of  which  as  a result  cr  shot  on  it  can  be  only 
"struck"  or  "struck"  ( "caaage/def eat " indicates  breakdown) , then  it 
is  convenient  instead  of  the  rate  cf  fire  X to  use  the  efficient  rate 

of  fire 

X*  « Xp. 

where  p - kill  probability  of  unit  by  the  directed  along  it  shot. 
Value  X represents  by  itself  nothing  else  tut  the  intensity  of  flow 
"successful"  (damaging)  of  shots,  (reduced  uy  one  coabat  unit. 


Calculations  show  that  in  the  examination  of  the  dynamics  of 
coabat  of  numerous  groups  the  assumption  about  the  Poisson  character 
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of  the  flow  of  shots  (or  successful  shots)  does  not  distort  any 
seriously  the  picture  of  phenomenon.  Furthermore,  one  must  take  into 
account  that  the  t ask  of  the  method  of  the  dynamics  of  average  - the 
creation  not  of  the  detailed  and  precise,  tut  roughly  approximate 
■odel  of  breakage. 

Let  us  examine  the  first  following  simplest  model  of  breakage  - 
let  us  name  it  "model  A".  In  breakage  take  part  two  groupings:  K (ate 
redder)  and  C (blue)  (Fig.  6.30).  Let  us  note  the  parameters,  which 
relate  to  redder  and  blue  by  the  superscripts  cf  "K"  and  «C». . in  the 
composition  of  grouping  K is  N*  uniform  ccmfcat  units  (aircraft, 
tanks#  ships),  in  the  composition  cf  grouping  C—  A'c  the  combat 
units#  uniform  between  themselves,  but  are  not  compulsory  uniform 
with  combat  units  redder.  Ihe  efficient  rate  of  fire  of  one  combat 
unit  redder  is  equal  to  X",  blue  - Xc. 

Relative  to  the  organization  of  breakage  we  take  following 
assumptions. 

1.  Each  combat  unit  redder  can  conduct  fire/light  on  each  combat 
unit  of  blue,  and  vice  versa. 

2.  Fire/light  is  sighting,  i. e. , it  is  directed  on  completely 


specific  combat  unit;  by  ore  shot  cannct  be  struck  more  than  one 

unit . 
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3.  Bombardment  undergoes  with  identical  probability  any  of  still 
not  affected  units;  after  damage  of  unit,  frre/light  on  it  ceases  and 
immediately  it  is  transferred  to  other,  still  that  not  affected. 

4.  Affected  unit  ceases  shooting  and  in  furtner  comoat 
operations  does  not  participate. 
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Pig.  6.30.  ficj-  L.'  3/ 

Pig.  6.31. 

Key:  < 1)  . It  is  not  struck.  (2).  it  is  struck. 

Page  331. 

Thus,  in  our  simplest  nodel  each  combat  unit  can  be  in  one  of 
the  two  states:  "it  is  not  struck"  (and,  which  means,  that  conducts 
fire/light)  and  "struck"  (it  ceased  file).  The  graph/count  of  the 
states  of  the  elements  ot  system,  divided  into  two  subgraph  K and  C, 
is  shown  on  Fig.  to. 31.  Letters  Xlt\  X,f*  designated  the  intensities  ot 
flow  of  the  events,  which  tiantlate  cc  1 1/elewent  (combat  unit)  from 
state  into  state. 

* i 

Let  us  designate,  as  ever, 

A,*-A/(0. 

*,*-V(0; 

the  numbers  of  states  K,,  K * , Ct, 


A/-AV  (/); 

A,‘-A  ,*(/) 

Cf  at  the  moment  ot  time  t.  Through 
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mi**  m**>  n,it,  «i'  He  will  designate  the  appropriate 


average  numbers. 


. ^»i*«  ^iic 

It  is  obvious,  in  the  case  ot  intensity  ^ m question 
vary  and  depend  in  the  course  of  tine  cn  the  numbers  of  states 
(quantity  of  shooting  units).  Let  us  determine  these  intensities.  Let 
us  discuss  as  follows.  Each  coabat  unit  of  blue  produces  per  unit 
tine  of  successful  shots.  In  tot  que/moment  t shoots  Xj  the 

conbat  units  ot  blue;  everything  together  per  unit  tine  they  give  on 
the  average 

X*X,* 


of  successful  shots.  These  shots  are  distributed  evenly  between  all 
preserved  up  to  given  tor que/moment  coalat  units  redder,  so  that  for 
each  of  them  it  cones  cn  the  average 


of  successful  shots.  But  this  still  not  all;  intensity  (6.1)  must  bo 
multiplied  by  function  /?(X ,“)  (see  formula  (4.4)  $4)  , which  it  is 
converted  into  zero  with  X,*  * 0 (if  at  torgue/moment  t at  redder  was 
preserved  not  one  combat  unit,  blue  siiply  not  cn  coma  it  will 
shoot) . 


Tailing  into  account  that  K(x)/x  * plx)  (see  formula  (4.i>)  §4), 


we  will  obtain 

*W*,pW). 

(6.2) 

Analogously  we  find 

Xt,l-X*XTp(X;). 

(6.3) 
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Let  us  note  that,  as  a rule,  us  do  not  interest  tin1  numbei 
destroyed  units  n,»*>  m**>  since  active  par  tici  pa  tion  in  combat 
cio lotions  they  do  not  accept. 


: 

. 

i 


To  solve  equations  (t>.4)  is  possible  under  lt.iy  initial 
conditions;  they  usually  assume  that  at  the  initial  moment  all  units 
ai«  whole: 

/ — 0;  mtu-N\  mS-N'. 


Let  us  locus  attention  on  the  tact  that  in  t h<  initial  stages  ot 
breakage,  distant  trom  the  stage  ot  "oih.iuttiosi ",  the  average  numbet 
of  ce  1 1/elements  in  states  K,,  C,  is  mere  one,  tn»  value  ot  functions 
■«  R{i n,c)  ■■  I,  and  instead  ot  equations  (i>.4)  it  is  possible  to 


re  gist t r : 


<w,«  _ 

4t  ~ 


-X'm,*, 

— A***,". 


(6.5) 


liquations  (h.  S)  are  known  in  the  literature  as  ot  equation  of 
Ijnehester  ot  2nd  kind.  It  should  be  m ted  that  such  equations,  even 
in  more  precise  form  (t>.  4)  , are  suitable  foi  describing  combat 


A 
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dynamics  only  at  its  initial  stages  when  the  average  numoers  ot  both 
groupings  are  not  still  snail  in  comparison  with  tli^ir  initial 
numbers,  but  in  far  progressed  stages  ct  breakage  (stage  of 
"exhaustion")  they  cease  to  be  suitable  even  ap proximat ely > . 

FOOTNOTE’  1 . On  the  evaluation  ct  the  errors,  connected  with  the 
principle  of  guasi-rogu  lar  it  y , see  further,  § 11.  r.  NDKOOT  N OT  E. 

Let  us  note  that,  unlike  equations  (6.4),  equations  (6.5)  are 
linear,  which  represents  essential  advantage  during  their  solution. 


When  deriving  the  equations  (b.4)  , (b.5)  we  in  any  way  did  not 

specify,  were  constant  or  a Iter  nut ing/ variable  erricient  rates  ot 
fire  kc  - equations  are  valid  both  in  that  and  in  other  case. 

However,  with  constant  efficient  rates  of  fire  (X*  = const, 

)c  _ const)  of  equation  (b.5)  it  is  possible  to 

integrate  in  an  explicit  form.  Lowering  elementary  transformations, 
let  us  give  directly  the  final  result: 

m,f  - AT*  ch  VasTc  / - A j/lj  sh  /FT'  /. 

where  ehx--i(e'+e-»),  shjr«-i(e'  — e~*)  “ bypetLOlic  runctions. 


(6.6) 


C ur  ve  s m,*(0.  »",*(<)  ha  ve  a different  type  depending  on  the  initial 
relationship/ratio  of  forces  N*/N'  and  tela t icnsh i p/rati  os  of 


efficient  rates  of  fire  X«/Xc. 
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Page  3 33. 

For  example,  Fig.  6.32  shows  the  case  when  in  the  beginning  of 
breakage  blue  have  Quantitative  advantage  diove  redder  (iVe>  N*),  a in 
the  course  of  breakage  rediBfc  they  conquer,  because  of  larger 
efficient  rate  of  fire  (XH  > k«).  Let  us  focus  attention  on  the  fact 
that  the  curve  m,c(t)  (number  cf  conquered  side)  approaches  the  axis  of 
abscissas  at  angle  and  during  continuation  it  would  cross  it,  i.e., 
the  average  number  of  conquered  side  would  become  negative,  which,  it 
goes  without  saying,  is  impossible.  This  occurs  because  tor  the  final 
stages  of  the  breakage  when  side  C is  close  to  the  state  of 
exhaustion,  equation  (6.5),  as  we  already  spoke,  they  cease  to  be 
those  used,  if  we  solved  not  equations  (6.5),  but  more  precise 
equations  (6.4),  curve  m,c(/)  smoothl  y it  would  approach  an  axis  Ot. 


I 


Analyzing  the  solution  of  Lanchester's  equations  (o.6),  it  is 
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possible  tc  trace,  as  they  at  tact  this  solution  ot  the  condition  of 
breakage  (parameters  A’«,  V«,  A»  and  X*).  foi  this  lot  us  divide  equations 
(b  .6)  cn  and  A/  let  us  pass  to  relativt  quantities  of  preserved 

combat  units  at  toruue/moaent  t: 

P,“ -ch  J/aTT t ^ 1 £sh  YVKt. 

^ 1 (6.7) 

P,c  -ch  t - -£  «h  f . 

From  formulas  (6.7)  it  is  evident  that  the  decrease  of  the 


numbers  of  each  of  the  sides  in  laiger  measure  depends  on  the 
re  la  t ionsh  ip/rat  io  of  forces  than  hob  the  relationship/ratio 


ot  efficient  rates  ot  fire  A*/X*  (first  sense  enters  in  formulas  (6.7) 
directly,  and  the  second  - under  radical  sign).  this  completely 
explainable:  it  is  real/actual,  during  that  organization  of  breakage 
who  is  accepted  in  our  model  A (shooting  is  conducted  only  on 
nonafflicted  unity)  redflft-  more  advantageous,  ter  example,  to  twice 
increase  the  numbmr  of  unity  A than  tc  twice  increase  the  efficient 
rate  of  tire  of  each  X*'  to  the  damage  of  two  unity  the  enemy  is 
forced  to  spend  double  more  resources,  than  to  dumage/def eat  to  one. 


The  more  detailed  analysis  of  the  solution  or  the  equations  of 
lanchester  of  the  2nd  Kind  does  not  enter  in  our  tasks;  the  reader 
interesting  can  ba  referred  to  to  manageaent/mamials  [ 11,  1J,  2J  J. 

7.  Account  of  the  addit ior/completion  ot  forces,  preventive  attack, 

rate  of  the  mobilization  and  cf  other  factors  n t the  equations  of 

combat  dynamics.  \ \ 


I 
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In  the  equations  ot  combat  dynamics,  it  is  possible  very  to 
simply  take  into  account  different  factors,  which  relate  to  the 
organ ization  of  combat  operations  as  that; 

- input/introduction  of  reserves  (add  jtior/CoBpletun  of 
forces) , 


preventive  attack  by  one  of  the  sides; 


rate  of  the  mobilization  of  comtat  devices. 


an  exhaustion  of  the  ammunition 


and  of  so  forth. 

Page  134. 

i 

Let  us  show  how  this  it  is  possible  to  do.  set  in  the  process  of 

i 

Ireakage  each  of  the  sides  introduce  irto  action  reserves  in  a 
quantity  6"  of  combat  units  per  unit  time  (tor  redlfc)  and  8'  - for 

a 

Hue.  He  already  be  able  (see  jj)  to  consider  in  the  equations  of  the 
dynamics  of  average  the  add  it  icn/ccmpletion  of  the  composition  of 


depending  arul  not  depending  on  the  average  numbers  of  silos.  It  is 
solved  these  equations  and  analyzing  the  ccuisv  oi  chanqinq  the 
numbers  of  sides  (Fig.  b.JJ),  it  is  possible  tc  do  conclusion  about 
the  rational  rate  of  the  iuput/int roduct ion  of  reserves,  the  period 
of  its  beginning  and  termination. 


in  equations  of  combat  dynamics,  it  is  possible  to  take  into 
account  not  only  addit  icn/ccmp  leticn  of  forces,  but  also  a series  of 
ether  factors:  preventive  attach,  the  rate  cf  mobilization,  the 
exhaustion  of  cash  resources  of  umnunition  and  rts  restoration,  etc. 
For  entire  this  are  sufficient  to  set/assume  in  the  equations  of 
combat  dynamics  efficient  rates  of  fir«  X»,  X'  constants,  but 
varying  for  the  specific  lam: 

Xe-Xc(0. 

Let,  for  example,  rodAhr  is  plot  Hue  the  preventive  attack  at 
som*  torque/moment  t = 0,  but  blue,  caught  unaware,  answer  no 
counteraction  to  t orgue/mc  ment  t = t,  into  which  they  introduce  into 
action  all  their  forces.  Then  in  the  equations  of  the  dynamics  of 
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(7.2) 


it  is  necessary  to  set/assune  value  Xc<0  by  tguai  to  zero  to 
torque/noment  t = r and  constant  (equal  to  xc  = const)  with  t 1 r (Fig. 
b. 34)  . 


Sc  will  be  «atterr  if  the  side,  subject  tc  preventive  attack,  in 
no  way  answers  enemy  fire/light  to  torque/ moment  r,  but  into 
torque/moment  t to  section/shear  are  introduced  into  breakage  all  its 


forces . 


DiX‘ 
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Fig.  6.31. 

Page  135. 

It  is  more  natural  than  to  suppose  that  blue,  subjected  to  attack, 
will  begin  gradually  to  mobilize  and  t.c  introduce  into  action  its 
forces.  This  I can  take  into  account  five-  after  ill  by  the 
introduction  to  cartain  alternating/variable  efficient  rate  of  fire: 

X' (/)-£' 9(0. 

where  x*  - nominal  efficient  rate  of  fire  which  will  be  reached 
after  the  termination  of  mobilization;  v(t)  - certain  increasing  from 
0 to  1 function  (Fig.  6.35).  Solving  the  equations  or  combat  dynamics 
with  the  specific  form  cf  the  function  tf(t),  it  is  possiole  to  take 
into  account  the  effect  of  the  rate  cf  mobilization  on  course  and 
outcome  of  battle. 

It  can  seem  an  first  glance  that  the  account  to  the  mobilization 
of  forces  must  be  produced  by  the  same  methods,  as  the  account  of  the 
input/introduction  of  reserves;  but  this  is  not  so.  The  nonmobilized 
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up  to  torg ue/momen t r forces  dr*1  r ound  cn  t no  territory,  subjected  to 
the  fire/light  of  enemy,  fhavinj  still  entered  into  action;  fresh 
forces  (reserves)  begin  tc  undergo  fire/light  only  with  tne 
torgue/moment  of  input/introduction.  Therefore  muiluation  and  the 
input/introduction  of  reserves  are  considered  differently;  the  first 
- by  alternating/variable  rate  ot  tire,  and  the  second  - oy  an 
additional  member  in  the  right  side  of  the  equation. 

employing  analogous  procedure  it  is  pc->sille  to  taire  into 
account  in  the  equations  cf  ccmbat  dynamics  and  the  limitedness  of 
ammunition.  Let  us  suppose  that  first  that  tne  ammunition  of  each 
combat  unit  is  rigidly  with  it  connected  (it  cannot  tie  transmitted  by 
ether)  and  it  is  destroyed  together  with  ccittar  unit  during  its 
damage/def eat.  Let  the  ammunition  cf  each  ccmbat  unit  be  redfl^ 
calculated  to  time  and  blue  - on  r°.  it  is  obvious, 

t* — **/ V;  t'-avv. 

where  k - supply  ot  projectiles,  available  at  each  combat  units 
red^fc,  k°  - the  corresponding  supply  cf  blue,  VHV)  -the  average 
rates  cf  fire  (not  effective)  one  combat  unit  redflk  (blue). 

In  order  to  take  into  account  the  limitedness  of  ammunition,  are 
suflicient  to  assume  after  torgue/nomer t T*  for  red^)  and  t<  for 
blue  efficient  rates  ot  fire  equal  to  zero; 
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V-0  with  t >■'*•. 


ke—0  with  *>t*. 


Somewhat  differently  will  be  considered  the  limitedness  of 
am  munition,  if  there  is  ccnmcn/^eneral/total  for  all  units  storage  of 
ammunition  supplies,  reliably  defended  from  the  t ire/lijat  of  enemy 
and  which  supplies  with  ammunition  all  units,  the  sides  above  another 
is  expressed  weaker,  the  decrease  cf  numbers  occurs  more  slowly. 


- 

i * 
H 
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Fig-  6.34. 


Fage  136. 


Under  conditions  of  model  B (just  as  A)  they  can  be,  moreover  by 
the  same  methods,  are  taken  into  account  the  further  factors: 
preventive  attack,  the  addition/completion  or  forces,  mobilization, 
etc. 

9.  Model  into  the  account  tc  the  activity  cz  exploration  and  of  the 
control  system  of  breakage. 

In  § 6 and  8 we  considered  two  limit iny  cases  of  organizing  the 
breakage:  ideal  organizations  (model  A)  and  poor  organizations  (model 

8/ . 


In  real  reality  tne  matter  is  not  as  good  as  in  the  first  case 
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tut  also  not  as  it  is  fcadly/poor  as  in  the  seccrni. 


Transfer  of  fire  from  the  affected  unit  to  tnat  nonafflicted  is 
produced  not  instantly  as  in  model  A>  tut  all  the  same  it  is 
frounced.  In  real  reality  there  are  delays  in  transfer  of  fire, 
connected  with  delay  obtainings  of  information  about  daraije  to 
target,  and  also  with  the  non i nst ant  an eou  s transmission  of  this 
information  on  the  compcnent/1 inks  of  the  centre!  system  of  breakage. 

H 

mo*-  V'.h,  t se  delays  are  not  so/such  great  so  that  would  be  obtained 
the  schematic  of  model  8,  with  its  shooting  "blindly"  at  all 
target /pur  poses  - both  affected  and  nenaf  t licted. 


i 

i 

> 


In  this  paragraph  we  will  construct  the  unified  model  of 
breakage  - model  C,  with  respect  to  which  previously  introduced 
models  A and  0:  are  special  cases.  In  mcdel  C , are  considered  such 
factors  as  activity  of  exploration  and  the  uegree  of  the  efficiency 
cf  control  of  breakage. 

Let  us  consider  following  model  of  breakage,  occurs  the  breakage 
of  two  groupings:  K (is  rediB)  and  s (blue;,  that  consist  each  of 
the  uniform  combat  units  in  quantities  and  A*  The  efficient  rate 


of  fire  of  one  combat  unit  redder  is  equal  to  blue  - 1*.  Bach 

combat  unit  redder  can  be  located  in  the  following  states: 
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K 0 - is  not  reconnoitred, 

Kt-is  reconnoitred,  but  still  net  firea  upon, 

K?  - Fired  upon  but  is  not  still  struck, 

K3-is  struck.,  but  this  still  ncnl  discovered;  bombdr.l  meat  is 
conti nued, 

K,-is  struck,  this  is  discovered,  tut  Lombardment  still  is  not 
removed, 

Ks-is  struck,  bombardment  removed. 

The  analogous  states  of  the  ccmbat  unit  or  blue  let  us  designate 
*-  O » *-l*  i-3  * C'4,  C 5 . 

After  bombardment  from  the  affected  unit  it  is  removed, 
fire/light  is  transferred  tc  any  other  from  reconnoitred  unity,  which 
are  found  under  bombardment,  i.e.  , in  states  trem  the  second  on  the 
fourth. 

The  graph/count  of  the  states  of  the  elements  of  system,  divided 
into  two  subgraph  K and  C,  is  shewn  on  Fig.  b.  In. 


f ulfil 
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Let  us  designate,  as  ever,  A0\  X,* X»\  X„c.  X,«  X»e 

number  of  states;  «C,  m,*  /n»\  m«,c,  m,c,  ....  - corresponding  average 

numbers;  X(/e  - intensity  of  flow  of  the  events,  which  translate 

combat  unit  of  Relft  (blue)  trem  state  into  state.  Let  us  determine 

these  intensities,  beginning  with  igl,‘.  Let  us  consider  that  the 

transition  or  combat  unit  redder  of  the  state  k0  (it  is  not 

reconnoitred)  into  state  Kt  (it  is  reconnoitres)  it  occurs  under  the 

action  of  the  floe  of  successful  explorations  of  the  Blues  (under 

the  flew  of  successful  reconnaissances  it  is  understood  the 

flow  ot  the  events,  which  consist  of  the  detection  still  of  the  not 

reconnoitred  unit).  It  is  otvious,  this  intensity  uepends  on 

intensity  and  success  of  the  reconnaissance  actions  ot  blue  (flights 

of  reconnaissance  aviation,  tne  search  cf  reconnaissance  parties, 

etc.).  Let  us  designate  the  intensity  cf  rlcw  cf  the  successful 

explorations  ot  blue,  that  is  necessary  per  each  still  not 

t 

reconnoitred  combat  unit  redflv,  t h rough  ip.,,.  analogous  designation 
for  the  intensity  of  successful  explorations  will  redflK  be  , Th us 
we  tind  the  intensities  of  flow  cf  the  events,  which  translate  one 
combat  unit  redMB  (analogously  - blue)  from  state  "it  is  not 
teconnoi tred " into  state  "it  is  separated,  rut  still  it  is  not 
fired" ; 


XSi-Xpu,;  XS.-X^N.  (9.1) 
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Let  us  note  that  both  intensities  k0ic  can  do  botn  dependent 
and  independent  on  the  general  state,  in  which  is  located  the 
grouping  (i.e.  tram  the  numbers  of  states)  . This  is  caused  by  the 
fact,  does  function  exploration  a u to nomcus 1 y , cr  reconnaissance 
resources  are  selected  from  the  ccirpcsition  of  grouping  itself  and 
thus  they  are  translated  from  combat  units  in  auxiliary. 

It  can  render/show  also  that  the  intensity  of  flow  of  successful 
explorations  depends  on  that,  how  such  remained  iu  the  composition  of 
the  group  of  the  enemy  of  the  unexplored  units.  Thus,  depending  on 
the  conditions  of  breakage,  the  parameters  and  X^,s,  cm  in  one  or 

another  manner  depend  on  the  average  numbers  of  states  or  not  depend 
cn  them.  We  will  not  make  more  precise,  which  cf  these  cases  occurs, 
tut  simply  let  us  designate  ?-£•>«  - intensity  of  flow  of  tne  successful 
explorations  of  blue,  which  undergoes  each  still  not  dilute  combat 
unit  rcdflB  ( - vice  versa). 
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Tig.  6.  16. 


Key:  (1).  It  is  not  reconnoitred.  (2).  It  is  reconnoitred,  but  still 
it  is  not  fired.  (3).  It  is  fired,  but  is  not  still  struck.  (4).  it 
is  struck,  but  this  is  not  still  net  discovered;  oombard me nt  is 
continued.  (5).  It  is  struck,  this  is  discovered,  but  bombardment  is 
not  still  removed.  (6).  It  is  struck,  bombardment  removed. 


Page  340, 


For  calculation  it  is  necessary  to  determine#  how  often  tor  the 


1 1 


time  unit  in  combat  unit  this  (arbitrarily  selected)  unexplored 
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region  red  appears  the  prospector  ot  blue  (ter  example,  the 
aircraft  of  reconna issa rce  aviation),  and  to  multiply  this  number  by 
probability  that  the  unit,  will  be  discovered  by  prospector  (AJ.„  it  is 
located  so). 


Let  us  rind  the  intensity  of  flow  of  the  events,  which  translate 

the  unit  from  state  Kt  into  K * . The  corresponding  « vent  lies  in  the 

fact  that  the  reconnoitred  unit  is  placed  under  bombard lent.  The 

intensity  of  flow  of  events  can  be  defined*  as  value,  reciprocal  to 

ft 

mean  delay  time  in  setting  under  the  bombardment  obrecoaaoitered 
combat  unit  red.  This  time  depends  cn  the  degree  ot  perfection  and 
operating  speed  of  the  system  ct  ccntrcl  ot  blue;  let  us  designate  it 
Then 

*u  -»  1 7«o*i . (9.2) 

an  a log  oils  1 y 

(9.3) 

Let  us  find  the  intensity  of  flow  of  events,  which  translates 
the  combat  unit  from  state  K2  (it  is  filed  upon,  out  is  not  still 
struck)  into  state  K3  (it  is  struck).  This  is  the  tlow  of  the 
successful  (damaging)  shots  of  blue,  that  is  necessary  per  one  combat 
unit  redSBB,  that  is  found  in  state  K2.  From  what  does  store/add  up 
this  flow?  From  the  side  C,  participate  in  bombardment  all  unit, 
which  are  found  in  states  C0,  Cl#  their  number  is  egual 
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Each  of  them  makes  X*  successful  shots  pci  unit  time.  According 
to  condition*  these  shots  evenly  are  distributed  between  all  combat 
units  redder,  that  are  found  in  states  K^,  K3,  K,.  Their  number 
eguuil y 

X/+V+X/, 

means  for  each  of  them  it  comes  the  flew  of  successful  shots  with  the 
intensity 

x,«+x,«+x4»  * 

These  intensity  as  wo  know  that  at  is  necessary  to  still 
multiply  by  function  /?(X,*  + A»*  + X«“),  that  turning  into  zero,  when 
A* • + A/  -f  X4*  «=  0,  i.e.,  there  are  no  units  01  Hod s which  it  mould 

be  possible  to  fire  (see  formula  (4.  4)  §4).  Using  designation  — 

p(x)  (see  formula  (4.5)  cj4)  , we  obtain  the  intensity  of  flow  of 
events,  which  translates  the  combat  unit  rt-ufB  from  state  K2  into 
Ka: 

Xij  - X*  (Ao  + A*  + AS)  p ( A5  + A*.  + A*«).  (9-4) 

Page  34  1. 


Let  us  analogously  find  the  intensity  ct  flow  of  events,  which 

translates  the  combat  unit  blue  from  state  C*  into  C3: 

X*j  - X"  (AS  + X?  + Aj).p  (Aj  + X»  + XS).  (9.5) 

Let  us  deter* ine  the  intensity  of  flow  ot  events,  which 
translates  the  unit  trom  state  k3  into  K* ; tins  the  intensity  of  flow 
of  the  successful  control  explorations  of  blue,  supply /del iver ing  to 


* 

i 

4 

1 


! 


DOC  = 7 BO  687  17 


PAGE 


them  the  information  about  dam  age/ Jef eat  fired  units.  In  the  general 
case  the  intensity  of  flow  cf  control  explorations  does  not  coincide 
with  the  intensity  of  flow  cf  tne  explorations,  directed  toward  the 
detection  of  new  targets;  they  even  car.  be  realized  by  different 
forces.  Let  us  designate  the  intensity  cf  tlov  cf  the  control 

fl 

explorations  of  blue  X»oht  (this  value  can  be  counted  as  ra  verse  to  the 
mean  time,  which  separ ate/liberat es  the  torgue/moment  of  damage  to 
target  from  the  torgue/moment  of  the  detection  of  it  by  control 

4 

exploration).  We  have 

. Xj4  - Kory  (9-6) 

and  it  is  analogous 

(9-7) 

Intensities  X||eilT,  can  be  both  dependent  and  independent  of  the 
average  numbers  of  states. 


It  remains  to  determine  the  intensity  cf  flow  of  evan  ts»  which 
translates  the  unit  from  K4  into  k4.  This  intensity  can  oe  considered 
the  value,  reciprocal  to  the  mean  duration  of  transmission  of  order 
about  remo va 1/t axi ng  of  fire/light  from  unit  after  its  damage/defeat 
recorded  by  the  exploration  of  blue.  Let  us  designate  this  m«<*  n time 
7e«  (is  analogous  for  red4Br  7j»).  We  will  ottain: 


Page  3U2. 


« 1/ica » 

XC,6-l/<« 


(98) 

(9.9) 
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Usin«j  t|le  graph/count  of  states  (Fig.  o.io),  by  intensities 
(9.1)- (9.8)  and  by  applying  the  principle  or  quasi-regularity,  let  us 
register  the  equations  of  cosbat  dynamics  in  the  form: 


' ""  — 

w 


= — - — tn  i + Ap«M  /no* 

* r* 


= — Ac  (rrv  4-  mt'  -f  m4c)  p (m,*  + m/+m4«)  mt*  + 


I 


+ c 

‘cTOer 


~ ^3  + 1 l*Ho  "f  4 m’i)  X 

w 


xp(mi  + mj  + m")'n»* 


*"<  I _»  * »•  _« 

— — = ■—  — — to»  /■«0«T"ij> 


dr 


<\  K l 

3 

d/ 


> (9.  JO) 


dmtc 

dr 


— m i -p  ^pash  mo* 


« — A“  (m0,l4-mlK  4-/71,*)  p (fi,c  4- /n,*  4-  m «')"'»'  + 
dr 


1 


+ _ m,*, 

t* 

nod 


™ — X.on'  mj  4*  ^ (me*  4"  mi  4*  m J)  x 

dr 


X p (m^  4-  m$  -f*  m< ) m 2* 


d™/  l _c  , « 

■“  — — — m4  4"  A«oh>  mj. 

dr  7* 


Equations  foe  m4",  m4‘  are  re  ject/t  hr  o*rn,  since  for  any  aosent  t 

m4“  - tf*— <m,K  4-  m,*  4- m,*  + m,‘  + m4*),  1 
m,c  — N* — (m,c  4-  m,e  4-  m,*  4-  rnf‘  4-  m4c).  I 

aoreover  as  a rula,  us  do  not  interest  the  number  of  units,  affected 


and  not.  fired  (and  thereby  cf  the  leaving  from  number  both  active  and 


* 


i 


f 
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passive  elements  of  system). 


Differential  equations  (9.10)  at  any  values  of  the  entering  in 
them  parameters  can  be  solved  numerically  (in  tracuine  or  by  hand). 
Initial  conditions  depend  on  the  tactical  situation  which  it  is 
required  to  trace.  For  example,  if  at  the  beginning  of  combat 
operations  some  portion/fraction  of  coirtat  units  is  already 
reconnoitred  ( CLK  for  redfMB  and  0$  for  blue),  then  initial 
conditions  will  be: 


/=0,  m/  (1  — or);  m,"  =*  NKct*; 

mt  = m\  ” m«*  = •=  0; 

mj  =.AT«(1  — a'); 

m!C  = m»  *=  mtQ  “ “ 0. 

The  examined  by  us  model  of  breakage  C is  moLe 
common/general/total  than  previously  examined  mclels  A and  B which 
escape/ensue  from  model  £ as  special  cases. 

It  is  real/actual , if  we  consider  at  tne  initial  moment  all 
units  reconnoitred,  and  the  time,  necessary  for  the  detection  of  the 
fact  of  damage  to  target,  and  for  the  t tansmissicn  of  information 
about  this  on  all  compcnent/li nKs  of  the  control  system,  equal  to 
zero  - will  ue  obtained  model  A (in  this  case  three  first  states  will 
merge  in  one:  "unit  is  not  struck",  and  three  latter  - also  in  one: 
"unit  is  struck"). 
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Modpl  B wi 11  be  obtained,  if  we  also  consider  at  the  initial  moment 
all  units  re  con  noi  tred,  but  the  ti  ire , necessary  ror  obtaining  and 
transmission  of  information,  to  assume  egual  to  infinity. 

The  aquations  of  model  C,  which  include,  besides  purely  combat 
operations,  even  reconnaissance,  and  also  considering  the  degree  of 
the  efficiency  of  control  of  breakage,  make  it  possible  to  solve  the 
problems,  connected  as  with  the  "value  cf  information"  in  the  process 
cf  developing  the  combat  operations. 


hot  us  note  additionally  that  in  the  equations  of  madel  C»  as 
for  models  A and  8,  it  is  possible  tc  easily  take  into  account  all 
the  further  factors,  which  accompany  combat  operations  (preventive 
attack,  the  addit ion/comp le t ic n of  forces,  the  rate  of  moo il izat ion, 
etc. ) . 

10.  Account  of  the  restorat ion/reduct icn  of  th*  units  in  the  course 
cf  comtat  operations. 


we 


Until  now,  examining  the  equations  of  coalat  dynamics. 
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assumed  that  the  affected  ccmf.it  unit  finally  retires  tram  system. 
Generally  speaking,  this  net  always  so,  in  the  case  when  the  duration 
cf  combat  operations  is  great  in  comparison  with  the  time,  required 
to  the  repair  of  unit,  can  arise  speech  abcut  the  account  of  the 
restoration/reduction  of  the  units  in  the  course  of  comoat 
operations.  The  same  task  appears  also  in  cases  mien  the  combat 
action  of  unit  during  its  "dam age/uef eat"  ceases  only  temporarily 
(for  example,  due  to  the  effect  of  interferences).  V*>  all  these  cases 
the  unit,  temporarily  failing,  it  can  in  (generally  speaking,  random) 
for  a while  again  enter  into  system. 


To  take  into  account  this  restorat ion/ieduct ion  in  the  equations 
of  combat  dynamics  does  not  represent  werx.  Let  us  snow  now  this  to 
do,  based  on  the  simplest  example,  close  according  to  diagram  to 
model  A (in  the  case  of  necessity  analogously  it  is  possible  to  take 
into  account  the  restoration/reduction  of  the  units  in  any  other 
model)  . 


Let  in  combat  participate  both  sides  K and  C in  the  composition 
fj  * a nd  of  combat  units;  each  of  them  can  le  in  one  of  the 

states : 


K,  (C,)  * functions  normally. 
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(C?)  is  injured,  is  repaired. 


K*3(C’>  is  struck  finally,  to  repair  it  is  not  subject. 

i»raph/count  of  st^t&s,  who  falls  into  subgraphs  C and  K 
on  Fig.  ^ 6.37. 


shown 


The  organization  of  breakage  is  assuraeu  following 
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Fig.  6.17. 


I It 

K*>y:  (1).  a't  functions  normally.  (2).  *i  it,  injured,  it  is 

over  haul  ivl.  ( ))  . it  i-  struck  finally. 


rage  .144. 


1.  F.ach  combat  unit  of  any  side  can  conduct  nre/light  on  any 
combat  unit  of  enemy. 

2.  Fire/light  sighting,  each  shot  can  uantage  only  TU  unit  along 
which  it  is  directed. 


3.  Fire/light  evenly  is  distributed  between  all  finally  not 
affected  units  both  functioning  and  overhauled. 
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4.  Damaged  unit  fire/light  does  net  conduct. 

ri.  During  final  damage  of  unit,  fire/light  trom  it  immediately 
is  remove/taken  and  is  transferred  to  ether,  still  that  not  affected. 

All  flows  of  events,  as  over  let  us  consider  Poisson.  Each 
combat  unit  redder  produces  the  flew  of  shots  with  intensity  A*,  blue 
- with  intensity  >.c  The  shot,  directed  along 

intact/uninjured/undamaged  unit  redder,  it  injures  it  (it  translates 
from  K,  into  K2)  with  probability  ^5  and  it  finally  strikes  it  with 
probability  9Jl  The  shot,  directed  along  the  already  damaged  unit, 
strides  it  finally  (it  translates  into  state  k3)  with  probability 
<5»;  otherwise  the  state  of  the  unit  does  net  vary.  Analogous  data  for 
the  combat  unit  of  blue  will  be 

The  mean  time  of  the  repair:  (raster  ation/reduct  ion)  the  damaged 
combat  unit  redder  is  egual  to  blue  - 

Let  us  write  the  equations  of  the  dynamics  or  average  tor  this 
system.  Let  us  introduce  the  usual  designations  ol  numbers  and 
average  numbers  of  states: 

x?  XI,  XX  X\,  X\,  XI 
m*.  mj.  m;.  m;,  m$,  mj 

it  is  expressed  all  the  intensities  A».,  A^  thcougn  the  assigned 


jaraineters  and  the  numbers  ci  states 


Let  iid  find  intensity  x*,.  In  all  cn  siuo  K it  t orque/ mome nt  t it 

shoots  X'  the  units  of  blue;  each  of  them  produces,  on  the  average, 

X*  shots  per  unit  time  (in  this  case,  it  is  simple  ot  "shots”,  hut 

not  "successful  shots").  These  shots  evenly  iuc  distributed  between 

all  functioning  and  restoratle  units  n- il|Mw,  The  fired  undamaged  unit 

with  probability  ^ is  damaged,  with  probability  completely  it 

is  der  ive/concluded  ircm  system,  it  is  obvious,  pot  each  unit  in 

state  K,,  it  comes  in  the  unit  of  time  cn  the  average 

x<  xp 

X,M  X,« 

cf  the  "damaging"  shots;  this  intensity  of  flow  damaging  shots  must 

be  multiplied  by  f unct  icn  ^(X,"  + X,*)(see  formula  (4.u)  "j  4 ) , that  turns 

into  zero,  when  there  ts  not  one  unit  which  it  k.  possible  to  fire 

upon.  We  will  obtain: 

x.  a^Xj^£X  A)  10I 

x,«+x,* 

where  correction  factor  «frf+x,“)  for  the  initial  stages  of  breakage  it 

is  possible  not  to  consider  (to  set/assume  equal  to  unit). 

Page  14r>. 


We  will  analogously  obtain  the  intensity  ot  l lew  at  the  events,  which 
translate  the  unit  redi^fe  ficm  state  K,  into  K,  (it  is  struck 
cotr(  letoly ) : 

X«,  _ R (X,«  -p  X,«).  (10.2) 
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Intensity  of  flow  of  events,  which  translates  the  unit  redder  of 
K 2 into  K,  : 

(10.3) 


X5,  - *c  XL^‘W  r (X,«  + x,«). 
x,«+x,« 


Finally,  the  value  of  the  intensity  of  flew  of  events 
(restoration/reductions),  that  translates  tne  unit  from  h2  into  Klf 


is  reverse  to  the  mean  time  of  the  repair: 

I 


'31 


(10.4) 


Passing  in  the  expressions  of  intensities  from  function  H(x)  to 
function  p(x)  = R(x)  /x,  we  will  obtain: 


, X.?,  =1 

xfj-x'xiij*;  P(x?+x?). 

Xi,-A#X^i  P(X7  + X?). 

x$3~xcx?6S  p(x:  + x;), 


(10.5) 


and  it  is  analogous  for  blue: 


X°i,  -Mil*, 

x^-x-xi^plxi+xi). 
XWXUip(XUXi). 
X33  = X*  XT  ® I p (XT  -f  Xj) . 


(10.6) 
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Taking  into  account  the  graph  of  fij.  t>.  J7  and  or  intensities 
(10.5),  (10. b),  using  the  principle  cf  qua  si- regulu ri t y , let  us  write 

the  system  of  equations  of  combat  dynamics  wit!  restoration  of  the 
units:  ' 


~ mt<  (£V  + &,*)  p (m,‘  + m,-)  m,«  -f 

, 1 

+ - — mf. 

t* 

* ptM 

-■» — m/— m,°  (V  P ("'iK  +mj)  mj  + 

d t t K 

pen 

4-  >.c  m,c  p (m,K  4 m*K) 

= — V>  m,*  (j*V  + iP,c)  p (mp  + mtc)  m,c  + 

dt 

-r  -r~  m,c. 
t* 

1 pen 

= — m.° — XK  m,h  (^,c  p(m,c+mtc)ms' -f- 

dl  7C 

pm 

+ XK  &t'  p (m,c  + m,e)  m,'. 


(10.7) 


As  concerns  in,\  m,c,  that  tor  any  icaent  t 

m,*  -.V  -Imp+m/), 

m,c  — A'c  — (m,c  -j-  mt  ); 

moreover  these  state  us,  as  a rule,  they  dc  not  interest. 

The  system  of  nonlinear  diiferential  equations  (10.7)  for  any 
concrete/specific/actual  values  ot  the  entering  it  parameters  can  be 
solved  numerically  (in  machine  oi  by  hand)  . initial  conditions,  as 
ever,  are  assigned  on  the  basis  of  tactical  considerations . For 
example,  if  us  it  interests  the  behavior  of  system  soon  after 
discovery/opening  of  combat  operations,  then  it  i j possible  to  take 
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the  initial  conditions: 

t - 0;  m,*  — N*\  m,*  - m,«  — 0, 

m,«  — Af«;  mp'-m,'  — 0. 

However,  us  can  interest  and  the  ability  of  one  or  the  otnor  side  "to 
be  chosen"  from  the  difficult  situation,  when  at  the  initial  moment  a 
considerable  quantity  of  its  units  is  injured. 

Let  us  note  that  for  the  initial  stages  ot  breakage,  then  the 

average  numbers  of  intact/uniu jured/undamaged  and  overhauled  units 

mi*  ,n1c+ *isc  are  still  sufficiently  great,  correction  factors 

/?(«,*+«/),  A?(m,c-fm,c)  are  converted  into  unit,  and  that  eeans  that 

pt»i* +«■»“) 

^ it  is  possible  tc  replace  by  J /(/»»,*  + m»")i^p  (m,c  + m,c)  by  l/(m,c  + m,c). 


During  the  solution  of  problem,  we  foL  simplicity  assumed  that 
the  fiie/light  is  distributed  evenly  between  all  finally  not  affected 
units  - both  damaged  and  intact/unin juied/undamaged.  ilow»ver,  this 
completely  not  is  compulsory:  it  is  easy  tc  take  into  account  unequal 
distribution  of  tire  between  those  and  ethers. 

Page  34  7. 

For  this,  it  suffices  to  multiply  the  appropriate  intensities  of  flow 
of  shots  per  some  coefficients,  high  units  lor  those  cell/elements 
which  are  fired  preferably,  and  smaller  units  - for  the  others;  these 
coefficients  can  be  both  the  constants  and  variables.  To  the 
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methodology  ot  the  account  to  the  nonuniformity  ot  distribution  of 
fire,  we  will  be  introduced  in  followiry  paragrapn. 


11.  Equations  of  combat  dynamics  fcr  heterogeneous  units.  Functions 
ct  distribution  of  fire. 


Until  now,  we  examined  only  the  groupings,  consisting  ot  uniform 
combat  units.  Does  not  represent  the  wcrk  to  write  the  equations  of 
combat  dynamics,  also,  for  the  case  when  the  ccmuat.  units,  entering 
the  grouping,  are  heterogeneous.  Let  us  demonstrate  this  again  based 
cn  the  example  of  the  simplest  model,  close  an  form  of  organization 
to  model  but  by  the  differing  from  it  diversity  of  units. 


Lc-t  occur  the  breakage  between  twc  groupings  K and  C,  grouping  k 

consisting  of  the  heterogeneous  combat  units  ot  types  k and  't-)  but 

grouping  C - from  the  heteccge neou s coirbat  units  of  types  c and  y 

(Fig.  6.18).  A quantity  of  each  type  ccmbat  units  is  equal 
A/*,  /V', 

respectively /\  Each  ccmtat  unit  can  bo  lr  one  of  two  states:  it 

is  not  struck,  struck,  shooting  is  condueteu  only  on  the  nonatflicted 
units  (obtaining  and  account  to  information  are  instantaneous  as  in 


model  j()  . 


The  graph/count  of  the  states  of  unit  is  shown  on  Fig.  ^ 6.39  - 
he  falls  into  four  subgraph:  k and  X.  c ana  y (according  to  the 
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number  of  types  of  units).  As  let  us  usually  designate  tae  numbers  of 
states  and  the  average  numbers  of  states  respectively 


V.  A,*,  X,»t  V,  Kx\  Xt\  V.  At» 
mi*>  m,\  m,\  m,c,  /»,«,  m,», 


' 

f \ 
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Page  348. 


In  order  to  determine  the  intensities  or  f low  of  the  events, 
which  translate  the  units  from  state  into  state,  it  is  necessary  to 
assign  some  rule  of  distribution  of  tire  between  the  units  of 
different  types.  This  rule  it  will  prescribe  at  each  moment  of  time  t 
some  pcrti on/f raction  of  the  available  available  combat  devices  each 
type  to  direct  on  units  of  first  type  enemy,  ard  all  others  - on 
second  type  unity. 

Let  us  introduce  designation  for  the  functions,  which  describe 
this  distribution  (let  us  agree  the  ty(e  cf  the  snooting  unit  to 
place  at  letter  with  the  first  index,  and  tired  upon  - by  the 
second).  Let  us  introduce  the  designations: 


<**.<■(/)  - portion/fract ion  of  the  nonafflictcd  combat  units  of  the 

type  k whose  fire/light  tor  torque/moment  t is  directed  on  combat 
units  cf  the  type  c , 


a*-rlQ  - a porti  on/f  r act  ion  of  the  ncnafflicted  combat  units  of  the 
type  k whose  fire/light  for  torque/moment  t is  directed  on  combat 
units  cf  the  type  7. 

It  is  obvious  that  since  at  the  ary  moment  of  time  fire/liqht 
conduct  all  the  capable  of  this  unit, 

«**.*(/)  —a*.,  (*). 

Let  us  analoqously  designate 

or.*(0* 

the  portion/fraction  of  the  n>nafflicted  combat  units  or  types  Xy  c, 
7 respectively  whose  fire/liqht  tor  torque/moment  t is  directed  on 

unity  cf  types  c«  k,  k respectively,  and  let  us  name  four  functions 

°*.f  (Of  a«.r(/). 

«c.*(0.  «*.*( t) 

the  functions  of  distribution  of  fire. 

Desides  the  functions  of  distribution  ot  tire,  it  is  necessary 
to  assiqn  also  the  characteristics  of  the  efficiency  of  th<= 
fire/liqht  of  different  units  on  different  tnrqet/purposes.  ^et  us 
designate; 


X",  X",  x«,  x» 


(II I) 
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the  intensities  o£  flow  of  the  shots  of  the  corresponding  combat 
units.  Furthermore,  let  us  designate: 

9k.,  - kill  probability  of  a combat  unit  of  tne  typo  c with  one 
shot  on  it  of  combat  unit  of  the  type  k , 

9u.*  5V?;  9e.*\  9,.u;  5V*;  9y.»  ~ is  analogous. 

Fage  3 49. 


In  these  designations  again  the  index  of  shooting  units  - to  the 
left,  fired  upon  - to  the  right. 

Multiplying  the  intensities  of  flew  of  shots  to  the  appropriate 
kill  probabilities,  we  will  obtain  the  efficient  rates  of  fire: 


(11.2) 


Now  it  is  possible  to  find  the  intensities  of  all  flows  of 

events  for  the  graph  of  Pig.  6.39. 

Let  us  determine  for  this,  let  us  find  the  average  number  of 

successful  shots,  which  is  necessary  pet  one  combat  unit  of  the  type 

k for  time  unit.  In  all  on  units  of  the  typo  k lor  unit  of  time  it 

comes 

<**.*K.t  Xtr  + oVi*  Vr . » 


■ 1*  9*,t> 

9 *.<■» 

lf,»  "1'^ C.kI 

9 y.k> 
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successful  shots.  This  number  must  be  divided  into  the  number  X»*  of 
the  combat  units  in  state  k x and  multiplied  uy  correction  factor  /?(X,*). 
Hence,  passing  from  function  R (x)  to  function  p (x)  = R(x)/x,  we  will 

obtain : 

“ (®t.»  lr.*  X*  + <**.*  XT>*  XT)  p(X,). 


(11.3) 


It  is  analogous 

IT*  - («,.»  K.nX\  +Oy.H  A,.,  XT)  p(XT), 

M.  -(«».,  a*.,  XT +«».,  K.'X?)  p(x[), 

lit  ™ (<**.  v 1*.»  Xt  -f-  a*,.  A*,,  x")  p(XT). 


(11.4) 

(11.5) 

(11.6) 


These  expressions  are  possible  to  simplify  somewhat  if  we  join 
the  functions  of  distribution  of  fire  with  tfricient  rates  of  fire 
and  to  designate: 


P*.f  *#*.»  l*,d  fi*.1  !*.»• 

P».r  ™#». «_!»,»,  fix.r  “*•«.*  A*-T, 

Jf.*  V,4t  Pt.H  * O. .*  Ir.K, 

P>.*  **o». *!»•*.  P».«  Xj.m. 


(117) 


Newly  introduced  functions  (11.7)  can  re  named  the  listribution 
functions  of  efficiency. 

Page  J50. 


Taking  into  account  these  designations  and  loritulis  ( 1 1. 2.)  - ( 1 1 . 6)  it 
is  possible  to  tej ister  differential  equations  for  tne  average 


I 


t I 
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numbers  of  states  (equation  of  combat  dynamics)  in  the  form: 


dm,k 

dl 

dm !* 

~df 

dm, 
~dt~  ' 
dm,y 
dt 


— -4-Pv  km,y)  R(m,k) 

■-  — (Pc .*m,‘  -f-pv  >(m1v)^(m|x), 

1 <P*.V  ml*  + Pk  . V ^1*) 


(11.8) 


The  average  numbers  of  remaining  states  (usually  us  not 


interesting)  can  be  found  from  the  conditions: 

m2*  = A’* — m,*;  m2x  = A/x  — m,x;  ) 
mtc  = Nc  — m,c\  mty  = Ny—m,y.  J 
Let  us  note  that  equation  (11.8)  for  initial  of  the  stages  of 


<11$ 


the  breakage,  when  correction  factors  Rim,*),  Rim,*),  R(m,c),  R(my)  equal  to 
unit,  are  linear  equations  (in  the  general  case  with  variable 
coefficients).  The  solution  of  similar  equations  (in  machine  or  by 
hand)  difficulties  does  not  represent. 

Let  us  note  that,  using  similar  equations  (number  of 
heterogeneous  cell/elements  in  which  easy  to  increase),  it  is 
possible  to  not  only  approximately  describe  the  course  of  combat 
operations  during  the  assigned  functions  of  distribution  of  fire,  but 
also  to  optimize  control  cf  breakage,  i.e.,  to  find  the  most 
advantageous  form  of  these  functions. 


In  conclusion  let  us  note  that  in  similar  type  equations  it  is 
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possible  to  examine  the  dynamics  of  a change  in  t tie  numbers  no^  only 
cf  of  combat  units,  but  also  any  auxiliary  (radar  stations,  conveying 
devices,  etc.).  It  goes  without  saying  that  for  ail  such  units  it  is 
necessary  to  set/assume  efficient  rates  of  tire  a jual  to  zero. 

12.  Mixed  type  equations. 

Until  now,  we  described  the  processes,  takinj  place  in  physical 
systems,  aither  with  the  help  of  equations  lor  the  probabilities  of 
the  states  (see  Chapter  4 and  5),  or  with  the  help  of  the  equations 
cf  the  dynamics  of  averaqe  (Chapter  6)  , where  the  unknown  functions 
are  the  average  numbers  of  states.  First  type  equations  were  applied 
when  system  was  comparatively  simple  and  its  states  - are 
comparatively  scarce,  second  type  equations  were  specially  intended 
tor  describing  the  processes,  taking  place  in  the  systems,  consisting 
cf  numerous  cell/elements;  for  such  systems  we  succeeded  in  finding 
not  the  probabilities  of  states,  but,  in  the  first  place,  the  average 
numbers  of  states. 


In  practice  are  encountered  the  situations  in  which  it  is 
necessary  to  apply  mixed  type  or  equation.  In  these  equations  figure 
both  the  probabilities  of  states  and  the  average  numbers  of  states- 
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This  apparatus  is  applied,  when  system  S,  in  which  occurs  the 
process,  consists  of  different  type  cell/elements;  scarce  (unigue) 
and  numerous  (associating),  moreover  the  states  or  each  are 
in  terr  elat  ed. 

In  the  similar  cases  for  cell/ele  it  en  t s of  tne  first  type,  it  is 
possinle  to  comprise  the  differential  equations,  in  whicn  unknown 
functions  are  the  probabilities  of  states;  tor  ce il/eleraa n ts  of  the 
second  type  - equation  of  the  dynamics  of  average,  where  the  unknown 
functions  - average  numbers  of  states,  such  equations  we  will  call 
mixed  type  equations.  As  an  example  let  us  consider  system  S,  which 
consists  of  the  large  quantity  N of  uniform  instruments  of  (elements) 
and  one  voltage  regulator  C; which  performs  the  important  function  of 
the  provision  for  a normal  mode  of  the  work  of  all  instruments 
immediately.  Both  the  stabilizer  and  separate  instruments  can  go  out 
cf  order  (reject^.  The  intensity  of  flow  of  tne  malt  unctions  of 
stabilizer  depends  from  the  number  “jC  cf  tne  working  instruments: 

A*  =<p  (x).  (12.1) 

The  left  the  system  stabilizer  immediately  begins  tJ  be 
overhauled;  the  maan  time  of  the  repair  of  statilizer  depends  on 
number  simultaneously  with  it  the  located  in  repair  instruments  y; 


~t%r*  = ♦ (y). 


(12.2) 


The  intensity  of  flow  of  the  malfunctions  cf  each  instrument 
with  working  stabilizer  is  equal  to  f*c.  with  ncnworking  - |*;-  The 

refused  instrument  immediately  begins  tc  be  overhauled;  the  mean  time 


Icf  the  repair  of  instrument  depends  on  that,  is  overhauled  stabilizer 
and  how  many  instruments  are  overhauled  simultaneously.  With  the  not 
overhauled  stabilizer  this  time  is  equal  tc  /c(y)«  with  that  overhauled 
-/?(!/)•  where  y - number  of  simultaneously  overhauled  instruments,  a 
/«.  f-  - some  functions. 

; 

It  is  reguirad  to  describe  the  process,  whicn  taxes  place  in 
system,  with  the  help  of  mixed  type  equations,  in  which  unknown 
functions  they  will  be: 

, 

- probability  of  states  (for  a stabilizer). 


- average  numbers  of  states  (for  instruments). 

The  methodology  of  the  composition  of  such  oiUatious  differs 
from  already  known  to  us  the  methodology  of  the  composition  of  the 
equations  of  the  dynamics  of  average.  In  fact,  yell  the  composition 
cf  equations  for  the  average  numbers  of  states  we  they  used  the 
principle  of  quasi- reg  u lar  i ty , being  based  on  what  the  values  of 
random  variable  X(  - the  number  of  i state  were  close  to  their 
average  value  m„  they  are  grouped  around  tuis  average  value.  When, 


\ 
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in  the  system,  "unique"  cell/elemont  is  present,  already  there  are  no 
foundations  for  considering  that  this  thus,  in  this  case^  typical  will 
be  another  situation,  when  the  distribution  of  the  numbers  of  states 
of  auxiliary  cell/elcment  takes  the  twc-peak  fcrm  as,  for  example, 
shewn  cn  Fig.  6.40. 

Page  3 52. 

Along  the  axis  of  abscissa  are  plot/dep osited  the  numbers  of  some 
state  of  auxiliary  element,  while  alcng  the  axis  of  ordinates,  - the 
correspond ing  probafcil i ties.  If  concrete/specif ic/actually  speech 
occurs  about  number  Xi  of  working  ce  11/el  amen  ts,  then  is  the  right 
group  of  the  value  (see  Fig.  6.40)  it  Corresponds  to  the  operation  of 
system  in  exact  stabilizer,  and  left  - with  defective  (it  goes 
without  saying  that  considering  that  the  work  cf  stabilizer  it  is 
favorable  for  instruments).  If  distribution  is  suen,  as  in  Fig.  6.40, 
then  random  variable  will  be  sometimes  close  tc  tne  average  value  of 
left  group,  sometimes  - to  the  average  of  right  group,  but  virtually 
never  it  will  be  close  to  the  "f  u 1 1/tot  al/ccmp  let  e"  average  value  cf 
random  variable  which  lie/rests  somewhere  between  both  groups.  In 
such  cu sps  the  principle  of  quasi- regu larity  is  inapplicable. 

Let  us  look#  it  is  not  possible  with  anything  to  replace  this 
principle  in  order  to  nevertheless  solve  stated  problem?  It  turns  out 


l 
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that  it  is  possible  really  then  that  we  sufficiently  indefinitely 
called  the  "average  value  cf  one  group"  tin  the  case,  when 
distribution  is  grouped  in  two  places  cn  segment  from  0 to  N)  - this 
nothing  else  but  the  conditional  matheirct  ical  expectation  of  random 
variable  Xt  when  the  stabilizer  works  - for  one  group,  or  when  the 
stabilizer  does  not  work  - for  another. 

Recall  what  conditional  mathematical  expectation  is.  The  usual 
ltd  theraatical  expectation  of  random  variable  x,  (unconditiona  1)  is 
defined  as  sum 

= (12.3) 

*«■<) 

where  P*  - probability  that  random  variable  X , , will  take  value  of 
k: 

pk-P(Xy-k),  (*-0.1 N).  (12.4) 

Taking  into  account  (1 2.4)  formula  (12.  .3)  can  be  rewritten  in 
the  form: 

M(Xx\-  f k-P(Xt-k).  (12.5) 

*■0 

Let  us  examine  now  any  random  event  C (in  application  to  our 
case  ~ event,  which  consists  of  the  fact  that  the  stabilizer  works. 
Let  us  determine  condi tionall y the  mat  hem  at ica  1 expectation  of  random 
variable  x,  under  the  condition  of  event  C,  after  replacing  in 
formula  (12.  b)  of  probability  - by  conditional  probabilities: 

N 

M(XylC\  - 7 k-P(Xy  -*/C), 

|>0 


(12.6) 
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w*‘<ere  P 0C\  - */C)  - conditional  probability  that  the  ranloui  value  X 
will  take  value  of  k.  when  occurs  event  C. 
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Analogously  will  be  written  deter  mination,  also,  for  conditional 
mathematical  expectations  M[A',/C),  M[Xjc),  Af[X,/fj  (random  variable  X2  - 
number  of  instruments  of  state  of  repair,  C - event,  which  consists 
of  the  fact  that  the  stabilizer  is  overhauled)  . 

He  convert  formula  (12.6)  to  another  form.  For  tnis,  we  will  use 
expression  for  the  conditional  probability  of  any  event  A when  event 
C occurs: 

PM/C)“7icr*  (127) 

“Chen  formula  (12. b)  will  take  the  fora: 

N N 

<WlX,/q-  v A:  P{C'  'V,~*)  g — v kP  (C,  X,  =--  k).  (12  81 

1 Aw  F(C>  P( O — w ' ’ 1 

*-o  *-o 

Here  P{C,  Xt  = k)  indicates  probalility  that  occur  both  events: 
and  C,  and  X!  = k (i.e.  stabilizer  works  ana  random  variable  X,  took 
va  lue  cf  k)  . 

In  order  to  simplify  expression  (12.8)  l^t  us  introduce 


random  variable: 
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X.,  if  occuls  event  C, 


0.  if  event  C it  Joes  not  occur. 


With  the  help  of  this  random  variable  X/  conditional 
mathematical  expectation  All X^Cl’  will  fce  registered  in  tue  following 


ira  n ner : 


(129) 

It  is  real/actual,  for  k ft  0 

P(Xx' -k)-P{C,  X,  -*);  . 

therefore  the  mata ematical  expectation  of  random  variable  X/  will  be 


registered  as 


MlX/1  — S k-P(C,  X(  =1) 


or,  taxing  into  account  that  the  member  of  sum,  who  corresponds  to  k 


= 0,  is  equal  to  zero. 


Page  154, 


m ixyi  - S * P(C.  x,-*). 


It  is  analoqous,  introducing  into  examination  random  variables 
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v7  | 0>  if  event  C it  occurs, 

= i v 

l*i»  if  event  C it  does  not  occur  (i.  a.  it  occurs  C), 


if  event  C occurs. 


K* 


if  event  C it  does  not  occur. 


X/  = 


if  event  C occurs. 


)(.  if  event  C it  does  not.  occur, 
O*"  f 


we  obtain: 


Let  us  note  that  for  any  lojient  of  tiae  t 
X^+X/.X,;  Xt‘  + Xt^X,;\ 


(12.10) 


(12.11) 

(12.12) 


X,*  + * ?+Xt‘+Xt‘-N.  | (,2',3) 

Now  let  us  pass  to  the  derivation  of  differential  equations  for 

describing  the  process,  which  takes  place  in  our  system.  In  this 

case,  we  will  proceed  from  the  fact  that  the  numbers  of  states  in  the 

case  when  stabilizer  works,  are  approximately  equal  to  tie 

conditional  mathematical  expectations  of  these  numbers  when  occurs 


I 
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event  C;  but  when  it  it  dees  not  work  - to  the  corresponding 
conditional  mathematical  expectations  when  occurs  event  "5. 

First  of  all,  let  us  describe  our  system  with  the  aelp  of  graph. 
This  graph/count  (Fig.  (6.41)  will  appear  somewhat  differently  in 
comparison  with  the  usual  case.  He  falls  into  two  subgraph.  First 
(upper)  - this  of  the  subgraphs  of  the  states  c£  the  stabilizer  which 
can  be  in  one  of  the  two  states: 

C - works. 


C - does  not  work  (it  is  overhauled). 

As  far  as  instrument  is  concerned,  for  it  we  is  considered 
to  be  located  in  one  of  the  four  states: 

ry  - instrument  works  with  working  stabilizer, 

rV  - an  instrument  does  not  work  (it  is  overhauled)  with 
working  stabilizer, 

n,~  - an  instrument  works  with  the  inoperative  stabilizer, 

nt'  - an  instrument  is  overhauled  with  the  inoperative 


| 


stabi li zer 
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the  state  of  stabilizer  at  t orque/moment  t i 


cne  of  from  existences  C 


.until  now,  we  for 


brevity  always  lowered  t)  . cf  the  probabilities  or  these  events  let 


us  designate  p ( t)  and  p (t)  = 1 - p(t).  As  is  evident,  these  are  the 

already  known  to  us  probabilities  of  the  states  of  stabilizer. 


Of  the  nu®bers  of  states 


we  already 


introduced  into  the  exaitinaticn:  this  X/ 


Ktl  . 

- 

C 

— — 

Corresponding  mathematical  expectations  let  us  designate: 
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*,•  (0-MlAt<(0L 
m,‘«)-A*|Xt'(l)l. 
«/(O-Al(X/(0l. 
m/(/)-Al[X/(0]- 


(12.14) 


It  is  obvious,  for  any  aonent  of  tiae  t 

«f(0+»»«,(0  + '»*i"(0  + m*‘M“w-  (12.15) 

Let  us  determine  the  intensities  of  flow  cf  events  for  the  graph 
of  Fig.  6.41.  First  of  all,  according  tc  condition; 

(12.16) 

L ! !— . * (12.17) 

* *<** 

Further,  instrument  passes  from  state  (V  in  IV  or  from  state 
n*'  into  IV  not  by  itself,  but  only  tcgetlier  and  it  is  simultaneous 
with  the  stabilizer  (when  that  goes  out  of  order)  ; therefore 

* u.  i.  " X*c,iT  - x«f  *f  (Xi).  (12.18) 

It  is  analogous, 

"2,9; 

As  concerns  the  transitions  of  instrument  from  n,  , 11/  in  n,*,  IV 
and  vice  versa  (on  vertical  arrow/pointers),  it  is  not  difficult 
to  establish/install  the  appropriate  intensities: 


xir. 


k»«.u  ■■ 


IM 

*•**•'“  "mx7 


(12.20) 

(12.21) 

(12.22) 
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Page  15b. 

New,  according  to  our  modiricaticn  of  tiit  principle  of 
quasi- regularity,  during  the  composition  of  differential  aquations  we 
must  replace  Xlr  X 2 by  their  conditional  mathetrat  ical  expectations; 
namely,  where  occurs  speech  about  transitions  from  the  left  side  of 
the  graph/count  (into  left  cr  into  right)  - by  conditional 
mathematical  expectations  when  the  stabilizer  is  exact  (condition  c)  ; 
and  where  the  transitions  are  accomplished  trom  right  side  - under 
condition  C*.  This  means  that  in  formulas  (1*.  16),  (12.18),  (12.21)  we 

will  replace 

on  on 

A,  «te  M (A^q,  A,  in  M [A'./Cj, 

a in  formulas  (12.17),  (12-19),  (12.2 2) 

A,  M [A,/£],  in  M |Af/Cl. 

since  formulas  (12.20)  do  not  contain  X,,  X2,  then  rn  them 
nothing  to  substitute  not  is  necessary. 

Using  formulas  (1  2.  9)  - ( 1 2.  1 2)  , we  find  the  conditional 
mathematical  expectations; 
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Thus,  we  can  finally  write  out  mixed  type  ditrerentia 1 
equations,  which  approximately  describe  out  system  (argument  t for 
brevity  let  us  lower): 


Fage  357. 


dmjc  __ 

dt 


y 


(12.24) 


Let  us  note  that  from  this  system  of  equations  it  rs  possible  to 


! 

V 


r i 
\ 

!•» 


exclude  two  equations:  one  of  first  twc,  using  condition  p ♦ "p  = 1# 
and  one  - of  subsequent  four,  using  relaticnship/ratio  (12-15). 

These  equations  can  be  solved  under  an)  initial  conditions;  for 

example,  if  in  tha  beginning  stabilizer  and  all  instruments  work; 

• f-0;  p=lj  p — Oj  — 

mt(  — mtr  =«  /n?  — 0. 

It  to  us  it  is  important  to  study,  let  us  say,  how  rapidly 
system  leaves  the  "block",  created  by  tandem  breakdown  of  the 
considerable  number  of  instruments  (L)  and  stabiLiter,  initial 
conditions  must  be  selected  by  others: 

1-0;  p«=0;  p-lj  m,f  = 0; 

m,'-—  N— L\  L. 

13.  Some  refinements  of  the  method  of  the  dynamics  of  average. 


Until  now,  examining  the  equations  of  the  dynamics  of  average, 
we  everywhere  used  the  principle  of  quasi- regu  larity.  Recall  that  of 
what  consists  this  principle.  If  the  intensities  of  flow  of  the 
events,  translating  the  elements  of  system  of  cr.e  state  into  another 
in  a specific  manner  depended  on  the  numbers  of  states,  we 
substituted  in  the  expressions  of  these  dependences  numbers 
themselves  (random)  by  their  average  values  - mat.nematical 
ex  pectatio ns. 


Fage  3 58. 


DOC  = liiObiilM  PAGE 

'Ihe  same,  although  somewhat  a complicated  torsi,  w .»  made  in  mixed  type 
equations  substituting  the  arguments  cr  which  depended  the 
intensities,  by  conditional  mathematical  expectations.  In  this  case, 
the  accuracy  and  the  acceptability  of  the  very  principle  of 
quasi- regularity  by  us  was  not  considered. 

In  actuality  principle  itsell  represents  by  itself  certain 
assumption,  and  with  the  use  by  it  we  unavoidably  allow/issume  some 
errois.  We  already  mentioned  about  the  fact  that  these  errors  are 
comparatively  small  for  the  cases  when  the  numler  of  cell/elements  in 
system  is  great,  and  are  not  also  small  thu  average  numbers  of  those 
states  on  which  depend  the  intensities.  In  this  paragrapn  we  will 
touch  a question  concerning  the  errors  inherent  in  the  method  of  the 
dynamics  of  average,  connected  with  the  principle  of  quasi-regularity 
and  will  introduce  into  the  equations  of  the  dynamics  ot  average  some 
refinements  which  will  allow,  in  the  first,  dpi  rcximation,  to 
evaluate  the  order  of  these  errors. 

For  simplicity  we  will  consider  the  case  when  a cell/element 
f have  a total  of  two  state:  i,  and  f,,  and  from  number  X,  of 
tate  #,  depends  only  one  intensity  AI?,  tut  intensity  is 

• i ♦.i":  - const.  The  graph/count.  c£  tne  states  of  cell/element 
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, # is  yiven  in  Fig.  & 6.42. 

For  future  reference  to  us  it  is  convenient  it  will  be  to 
introduce  special  designaticn  An(Ai)  for  the  total  intensity  of  flow 
ct  the  events,  which  translate  the  elements  of  system  from  state  $1 
into  £».  a the  intensity  \,2  or  the  flew,  which  functions  on  one 

ce  11/elerae  nt,  to  express  by  this  total  intensity: 

K AuJAj).  (13.1)  1 

A,  I 1 

It  turns  out  that  for  the  average  numters  ui,  (t),  m2(t)  states 

fu  ft  it  is  possible  to  deduce,  without  using  tac  principle  of 

guasi-regularity,  the  completely  precise  dirferential  equations, 

which  express  the  derivatives  dmx/dt,  dm2/dt  through  the  mathematical 

Ajt(A,).  A 

expectation  of  random  variable  namely: 

A 

+ (13.2) 

(eguation  for  m2  »e  do  not  write  out,  since  in  this  case( 

dmt  d (N— m,)  dmj  1 

dt  = dt  = di  j ‘ 

L 

-fet  us  show  how  is  derive/concluded  eguation  ( 1 J - 2 ) - For  this, 
let  us  consider  the  graph/ccunt  of  the  states  no  longer  of  one 
separate  cell/eloment,  but  systems  as  a whole  (Fi).  o.k.i)  . The  states 

ct  system  S0,  S,,  S* S * let  us  label  correspondingly  to  number  X,  of 

cell/elements,  which  are  found  in  state  &i- 
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fig.  6.4*.’. 

Faye  159. 

With  the  large  number  cf  ce 11/e le men t s N,  the  number  of  states 
is  extremely  great,  anil  composition  and  the  solution  of  the  system  of 
differential  equations  tor  the  probabilities  ot  the  states  of  system 
difficultly;  for  this  very  reason  turn  we  to  the  method  of  the 
dynamics  of  average.  All  the  same  we  will  register  tne  equations  of 
Kolmogorov  for  the  probabilities  ot  the  states  of  system  .5  (since  we 
are  net  gathered  to  solve  them,  the  number  of  equations  to  us  it  is 
unimportant),  system  of  equations  taker  the  form; 

— «■  — A bj,  pv  + A|t  (\)Px, 

~~~  ■=  — (A  — k)  Ao,  pk  — Aj,  (k)  pk  4- 

41  (13.3) 

4-  (A'  — k + l ) btl  />»_  i -f- Aw  (k  + 1 ) P*+ 1 ; 

™ — Au(A0pa  + At,  pN_u 

where  P*{t)  — P{  A',  «*  *)  - probability  that  at  t or  que/moment  t the 

system  will  be  able  $ (k  = 0,  1,  2,  ...,  N)  . 


Ma. 


w 
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Let  us  note  that  the  first  ana  lattor  of  equation  (1J.J)  can  be 
reduced  to  the  general  view,  in  which  is  registered  -^,'i£  we 
naturally  assume 

Alt(0)-0;  P_,-P*+1-0.  (13.4) 

We  know  that  the  nathematicnl  expectation  of  discrete  random 
variable  X,(t)  possible  values  of  which  - integers  from  J to  n,  is 

expressed  by  the  fornula: 

(,35) 

Therefore  derivative  ol  this  mathe  mat  ica  1 expectation  we  will 
obtain,  after  multiplying  the  k equation  or  system  (1J.J)  by  k it 
summed  up  from  0 to  N: 

N N 

■—  »»  — S k(N  — k)  pk  — fc\,|  (At)  pk  4- 

at  »—o  »— o 

N X 

+ S A?  (A  — Af  1 ) P»— i -f-  2j  ^A|j  (k  -)- 1 ) p*+ 1. 


(13.t) 
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Page  360. 


The  first  two  sums  of  this  expression  will  leave  as  they  there 
is,  and  the  third  and  fourth  we  convert.  Let  us  consider  the  third 
sum.  Taxing  into  account  that  in  this  sum  the  term,  which  corresponds 
to  k = 0,  is  converted  into  zero,  we  have: 

N N 

2 *(N~A+l)*uP*-i-  2 *(N-*+l)X,,p,_ (13.71 

*-o  *-l 

Let  us  further  change  the  index  of  addition,  after  placing  k- 1 = 
i: 

/V  A* — I 

2 k (A’-*+  2 </  + i)(tf-«)k«p(- 

^ mt  0 

N 

-S((+l  )(N-i)\tlPl.  (13.8) 

(—0 


Last/latter  equality  is  correct,  since  with  i = N factor  (not) 
is  converted  into  zero.  Finally,  Deing  returned  to  designation  k for 
the  index  of  the  addition  (recall  that  the  sum  does  not  depend  on  by 
which  letter  to  designate  this  index),  we  kill  cotain  expression  for 
the  third  sum: 


s 

1 k(S  — k -f- 1 ) pi — i 

*»U 


N 


- 2 (A +1)(V -*)*«*. 

*- o 


(13.9) 
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ae  analogously  convert  fourth  sum;  taking  into  account  that 
Pat+i  *Alt(0)-0,  we  have: 


Af-I 


i I)  p*+ 1 = tAjj  (A  -(- 1 ) p*+ 1 

**o  *-o 

* A' 

“ S 0 1 ) A„  (/)  p,  *=  ^ (i  — 1 ) A,t  (/)  p,  ■ 


■2  (* — i)  am  (k)ph. 

*— o 


(13.10) 


Let  us  substitute  expressions  (13. g)  and  (13.10)  into  formula 
(13.  fc)  : 

d/  " **  A*'P»+  S *A|»(*)p*-(- 

# * ° 

+ SQ  (*  + 1)  (A  -A)  X,,  p*  + (A—  I)  A„  (A)  p*  - 

* yV 

” X”  _ ^ — *?0  A«  <*>  P*-  ( 1 3. 1 1 ) 


Here  the  first  sum  - nothing  else  but  MIXJ,  i.e.,  a*,  but  the 
second  - t his  MIAlt(X,)l.  Thus,  we  daduced  average  nuauer  mt  of  state  15,. 


Page  361. 

However,  this  equation  in  its  precise  rorm  for  us  is  completely 
useless.  The  fact  is  that  in  its  right  side  enter  only  unknown 
functions  m,  and  m2,  but  also  mathematical  ex  pect  ation  ,WfAlf(X,)J.  But  in 
order  to  know  this  mathematical  expectation,  we  should  know  the  large 
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number  ( N)  of  probafcil  ities  Pk(0  (*  = 1 A).  Of  course,  it  is  possible  in 

principle  to  find  them,  solving  system  (13.3) ; tut  we  for  that  we 
apply  the  method  of  the  dynamics  of  average,  in  order  to  avoid  the 
solution  of  the  large  number  of  equations  for  the  probabilities  of 
the  states  of  system. 


Arises  the  question  concerning  how  to  rind  approximately 
mathematical  expectation  M (AIt(X,)J,  without  Knowing  the 
probabilities  of  the  states  of  system  ph  (K  = 1,  2,  ...,  N)  . 


Cne  Of  the  mathods,  which  make  it  possible  to  find  approximate 
value  AflAj^X,)!  - this  is  the  principle  ci  g uasi-regular it y which 
we,  until  now,  used.  It  consists  actually  or  the  fact  that  we 
approximately  replace  the  mathematical  expectation  of  function  from 
random  variable  with  the  same  function  from  mathematical  expectation, 
i.  e.  , we  set/assume: 

M |A„  (X,)] « Ait  (M IX,])  - Alt  <m,). 


(13.12) 


After  this  precise  equation  (13.2)  is  converted  into  the 
approximate  equation 


~ — Alt  (/n,)  ■+■  X, , mt, 


or,  if  we  use  intensity  in  recalculation  to  one  ceql/eleaant: 


4t 


(mi ) + ^ti 


7 
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Thus,  error  during  the  application/use  of  principle  of 
quasi-regularity  - the  same  as  error  frc®  the  replacement  of  the 
mathematical  expectation  of  function  by  the  same  function  from 
mathematical  expectation. 

Relative  to  the  error,  which  appears  during  this  replacement,  it 
is  possible  to  express  following  overall  considerations,  this  error 
is  small,  if  function  A„(x)  is  almost  linear  in  the  range  of  the 
virtually  possibla  values  of  random  variable  X,.  ir  in  tnis  range 
function  AIt(x)  strongly  differs  from  the  linear,  error  can  be 
considerable.  If  function  A,»(x)  is  convex  upward,  as  this  is 
typical  for  the  tasks  of  the  dynamics  of  average  (Fig.  o.44),  then 
the  error  from  the  appl jcat ion/use  of  formula  (Id.  12)  will  be  always 
to  large  side,  i.e.. 

For  the  function  A,,(x),  convex  downward,  the  error,  on  the  contrary, 
will  be  to  smaller  side.  However,  these  considerations  do  not  make  it 
possible  to  consider  the  value  of  error. 
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Fig.  6.44. 


So  that  at  least  it  is  rough  to  consider  the  error  in 
ap  yrox  imdt  iou  formula  (13.12),  it  is  possible  tc  use  tha  following 
method.  We  know  that  if  the  intensities  of  ilow  or  the  events,  which 
translate  cell/elements  frcir  state  into  state,  do  not  depend  on  very 
numbers  of  states  (i.e.  cell/elements  pass  rroir  state  into  the  state 
independent  from  each  other),  then  the  rumbers  of  states  will  be 
distributed  according  to  the  binomial  law  (set  ,§1)  . In  particular, 
the  number  of  state  will  be  distributed  according  to  binomial  law 

with  the  mathematical  expectation  m t and  root- irean-sguare  deviation 
o,  where  N - total  number  of  cell/elements  in  system.  We 

knew  also  (see  2)  that  if  the  intensities  of  flow  of  events  depend 
on  the  numbers  of  states,  then  this,  generally  speaking,  not  then. 
However,  for  the  roughly  approximate  account  tc  the  chance  of 
argument  x,  in  function  Alt(X,)  let  us  assume  that  and  in  this  case 
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the  law  of  the  distribution  of  the  number  ci  state  will  oe  binomial, 
with  the  mathematical  expectation  and  root- mean-square  deviation 
o,  = j/m,(  1 ~lf)  This,  of  course,  will  te  inaccurate,  but  all  the  same 
it  is  much  more  precise  than  it  is  simple  to  set/assume  number  X,  not 
random  and  equal  to  its  mathematical  expectation  (that  we  actually 
make,  usinq  the  principle  of  quasi-regularity)  . 

Let  us  register  this  probability  distribution.  Probibility  that 
the  number  of  state  t,  will  be  equal  k,  is  expressed  by  the  known 
formula: 

Thus  (if  we  consider  that  Xj  has  the  binomial  distribution) 
M(Alt(Ai)I  it  will  be  expressed  by  the  formula: 

with  the  large  numler  of  cell/ele nonts  of  calculation  on  formula 
(13.14)  are  very  bulky;  in  order  to  avoid  tnis,  it  is  possible  to  use 
the  maximum  properties  of  binomial  distribution  with  the  large  nuwber 
of  experiments.  It  is  known  that  the  binomial  distribution  with  the 
large  number  of  experiments  N under  some  conditions  approaches 
normal,  and  in  others  - the  Poisson  distribution  (see  for  example 
[7]).  The  first  case  will  occur  when  the  probability  of  event  in  each 
experiment  is  not  too  small  and  too  great;  this,  can  be  judged  by  the 
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fact  that  entire  interval  m,  ± 3a,  is  placed  on  section  (0,  N) , i.e.f 


m,— 3o,>0;  ml-j-3al<zN.  (13.15) 


Page  363. 


If  both  these  conditions  are  satisfied,  then  the  average  value 
of  intensity  MIA,  ,(*,)]  car  be  computed,  approximately  substituting 
discrete  random  variable  X!  continuous,  distriluted  according  to 
normal  law,  and  sum  (13.14)  - by  the  integral: 


where 


A1|.A„  (*,))- 


J 


A„  (x)I(jc)  dx, 


(13.16) 


f(x) 


yum 


(13.17) 


Condition  (13.15)  with  large  N can  not  be  implemented  in  two 
ca  ses. 


1.  When  average  number  Mj  of  cell/elements  in  state  is  too 

small  in  comparison  with  N;  then 

o,* — m,  ^ 1 — as  mlt  (13.18) 

i.e.  dispersion  of  value  Xj  is  approximately  e^ual  to  its 
mathematical  expectation,  and  this  - sign/cti terion  of  fact  that 
binomial  distribution  is  close  to  Foisscn. 
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2.  When  average  number  mi  or  cell/elements  in  state  S,,  on  the 
contrary,  is  close  to  N and,  which  means,  tuat  according  to  Poisson 
law  is  distributed  not  X,,  but  its  addition  to  N,  i.e.,  random  value 
Yt  = N— X | t. 

FCCTNOTE  1 . V our  case  Yj  = X2,  but  if  the  number  of  states  is 
greater  than  two,  this  will  be  no  longer  then;  therefore  we  will 
retain  for  random  variable  a N-  Xj  separate  designation  Yx. 

FNDFC  0*1  NOTE. 

Let  u3  show  as  to  compute  approximately  value  Af(Ait(A’t)]  in 
both  cases. 

1.  Random  variable  Xt  is  distributed  according  to  tue  law  of 
Foisson  with  mathematical  expectation  >!•  The  natnemutical 
expectation  of  its  function  Au(Xi)  is  eguai 

^ I (At)|  (k)  ph,  (13.19) 

where 


For  calculations  according  to  formula  (13.19)  can  be  used  the 
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tables  of  the  Poisson  distribution  (delays  rrom  tables  jives,  for 
example,  in  appendix,  table  2). 


2.  The  random  value  - N-x,  is  distributed  according  to  the 
law  cf  Poisson  with  the  mathematical  expectation  M-m*.  Tne 
mathematical  expectation  of  function  A,,(X,)  will  be  expressed  by  the 
formula 


M|Ai*(X|)|™  2 (A — k)pk*, 

»-# 


(13.20) 


where 


- probabilities  of  the  Fcisscn  distribution,  also  determined  on 
ta  bl es. 


Faye  .164, 


Let  us  assume  that  we  approximately  expressed  thus  Af I Alt( A t Jl  in 
the  form  of  certain  function  AIt(m,);  this  function  will  he  assigned 
by  three  different  formulas  (13.1b),  (13.14)  and  (13.20)  depending  on 

that,  on  which  part  of  the  segment  (0,  N)  it  is  located  ml  . It  is 
certain,  it  would  be  possible  to  substitute  the  appropriate 
expression  into  equation  (13.2)  for  the-  average  number  mt  (in  this 
cate  it  suffices  to  solve  this  alone  equation)  : 


(13.21) 


PAGE 
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but  it  will  render/show  tcc  complex.  Therefore  a task  has  sense 
approximately  to  solve  in  two  stages.  First  (in  the  first 
approximation,)  to  solve  the  equations  of  tne  dynamics  of  average, 
obtained  with  the  help  of  the  usual  principle  of  juasi-reg ularity. 

Then,  after  considering  in  the  first  rough  approximation  the  average 
number  of  state  S,  - value  m t - to  find  approximate  value  for 

=*  Am*  (t) 

(without  fail  for  a series  of  the  values  of  value  t)  f using  rn  this 
case  that  or  other  of  formulas  (13.16),  (13.19),  (13.20).  Between  the 
obtained  thus  values  A,,*(/)  it  is  possible  to  interpolate 
intermediate.  Thus  is  constructed  the  function  cf  time  Alt*(0.  which 
is  substituted  in  the  right  side  of  equation  (13.2): 

^ - — An*  (f)  + Kt(N  —mj.  (13.22) 

Is  obtained  the  linear  differential  equation  with  variable 
coefficients  whose  solution  difficulties  is  not  caused.  As  a result 
cf  this,  will  be  obtained  function  ra^t),  more  precise  than  the  first 
approximation.  Equate/comparing  the  second  appr cacn/approx imat ion 
with  the  first,  it  is  possible  to  approximately  consider  the  errors, 
which  appear  from  the  application/use  cf  principle  of  quasi-regularity. 
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In  perfect  analogy  it  is  possible  to  solve  tae  tasit  of  refining 
the  equations  and  then,  when  the  number  of  states  of  cell/element  is 
more  than  two  and  when  cn  the  numbers  c£  states  depends  not  one 
intensity,  but  two  or  it  is  more.  Entire/ali  difference  in  the  fact 
that  it  is  necessary  to  consider  the  mathematical  expectation  not  of 
one  function,  but  several. 
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Met  hod  presented  above  ot  the  introduction  or  corrections  to 
e.juu'ions  ot  the  dynamics  <>t  average  is  comt  a r at  a v e 1 y laborious; 
however  lor  the  r unctions  of  the  total  intensity  ot  some  special 
forms,  which  are  frequently  encountered  in  the  ejuatious  ot  the 
dynamics  ot  average,  correction  they  can  be  taken  xnto  account 
sufficiently  simply. 

Kot  example,  under  conditions  ot  the  simplest  task  with  the 
qraph/count  ot  th*  states  of  the  ct  1 1/e  lenient  (s.v  Fiq.  u.  Ud)  total 
intensity  A,,tX,)  it  is  equal  to  constant  Xu  at  all  valuas  Xt  = 1, 
...»  (but  with  X | * 0,  is  logical#  A,t(X,)  — 0).  Then,  it  m,  is  qreat 
then  All  A,  *tX,>  I « X,  with  very  hiqh  accuracy.  In  order  to  appr  ox  imatel  y 
find  this  mathomat  ica  l expectation  at  the  small  values  .#!,  let  us 
take  tor  value  X!  Poisson  distribution  with  parameter  ml.  Then  we 
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obtain; 


M |A|t(A|)|  «0  pt  + A«p|  + 7*P»  + - 
(Pi  + P»  + •••  + — (13.23) 

w 

Let  us  designate  f unctionj_ e-xthrcugh  H(x),^£i£)  through 
The  approximate  equation  for  the  average  numbei  *,  will  be  registered 


then  thus: 


— — X,  £ (mt)  +■  Xu  wit* 


— — X,p  ^%i  me 


(13.24) 


Let  us  note  that  the  less  precise  equation,  obtained  tor  the 
principle  of  quasi- regularity,  vould  h*  te  take  the  form: 


■ “ — X»  R («H)  + X*  «•» 

(13.25) 

■ “■  — X,  P (m«)  mj  + m». 


where  R(x)  and  p(x)  of  functions,  introduced  in  §4. 


is  represented,  for  a comparison,  plotted  functions  it  (x)  and 
R (x)  (fig.  8.45)  and  functions  p(x)  and  'p(x)  (Pig.  h.4t,). 

As  can  be  seen  from  grapns,  the  error  auring  the  replacement  of 
right  side  in  equations  (13.24)  by  the  corresj ending  rijut  side  in 
equations  (13.25)  is  sufficiently  eisential  in  the  small  values  it, 
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whereas  with  the  large  i,  it  becomes  negligible. 


Thus,  in  all  tasks  where  we  us«d  functions  R , p as  correction 
factors  in  the  right  sides  cl  the  equations  01  tne  dynamics  of 
average,  more  accur.ite  results  they  will  be  obtained,  it  we*  replace  R 
tor  H#  p on  pm 
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7* METHODS  OK  ACCOUNT  TO  THE  RELIABILITY  OK  TECHNICAL 


EQUIPMENT 


1.  Intimation  problem  of  reliability. 


The  o vorwhel*  iiu;  majority  of  the  oiorations,  which  art*  subject 
to  quantitative  research,  in  cento  irpcra  ly  society  is  i api  ement  ed  with 
th*  a p p 1 i cat  ion/use  of  cue  or  the  other  tecunical  cquipment/devices. 
The  evaluation  of  the  efficiency  of  such  operations  and  the 
consua pt lon/produc t xon/qener at  ion  of  rational  solutions  by  their 
organization  require  the  account  to  tin  reliability  of  technical 
equipaent/dev ices  used. 


Hearth  by  "reliability"  in  the  bread  sense  is  understood  the 

capability  of  technical  equipaent/devicc  for  a trouble-tree 

(reliable)  operation  durinq  the  assiqntd  t.iuie  int  u val  under  certain 

conditions.  This  time  interval  is  usually  caused  oy  the  tins*  ot  the 

execution  ot  certain  task  which  is  realized  by  technical 

equipment/device  and  is  the  part  ot  the  coiiuuon/qeiieral/t atal  task  ot 
operation . 
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At  present,  in  connection  with  the  increasing  complexity  of 
technical  eg ui pmen t/de v ices  and  the  widespread  introduction  of 
automation  in  all  the  Legions  of  practice,  the  problem  of  reliability 
becomes  one  it  becomes  cne  cf  the  ju nc t ion/ uni t problems  of 
technology  and  organization  of  control.  Provision  for  a reliable  work 
of  all  equipment  components  - task  of  paramount  importance. 

Fight  for  reliability  requires  special  examination  tnd  the 
quantitative  analysis  of  the  phenomena,  connected  with  the  chance 
failures  of  eguipment.  in  recent  years  the  theory  of  reliability  vas 
converted  into  the  special  science,  using  extensively  th* 
probabilistic  methods  of  study. 

In  the  theory  of  reliability,  is  accepted  to  distinguish  two 
types  cf  the  failures:  sudden  and  gradual. 

Under  the  random  failure  of  equipnent/de v ice , is  understood  the 
instantaneous  breakdown,  which  indicates  the  inpossibility  of  its 
application/use.  The  random  failure  appears  in  some,  generally 
speaking,  the  random  moment  of  time,  by  examples  of  the  random 
failures  can  serve:  the  burnout  electrc  or  of  electron  tube,  the 
break  cf  conductor,  as  the  sample/test  cf  condenser/capacitor,  etc. 
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Under  gradual  is  understood  the  tailuu.  or  e qui pmant/de vice, 
connected  with  gradual  deterioration  ("creeping")  in  its 
characteristics.  For  the  elimination  of  such  failures,  is  required 
the  control  of  instrument. 

The  deterioration  failures  can  be  conditionally  considered  as 
sudden,  it  we  agree  to  consider  that  seme  deviations  of  the 
parameters  of  equipment/device  freir  rating  they  are  still 
permissible,  and  large  - not  admitted;  as  soon  as  the  parameters  they 
exceed  these  limits,  e j uipment/dev ice  is  considered  refused. 

Page  3 67. 

However,  the  destination  of  such  limits  in  a senes  of  the  cases  is 
difficult.  Hill  more  right  consider  the  parameters  of 
eguipment/device  as  random  tunctions  ot  time,  connect  with  them  some 
index  of  the  efficiency  cf  egu  i pme  nt/de  vice  (ter  example,  the 
probability  of  the  solution  ot  problem  or  the  n at hemat ica 1 
expectation  of  productivity)  and  this  index  compute  taking  into 
account  the  "creeping"  of  char acter ist ics.  this  approach  requires  the 
attentive  study  of  structure  and  work  cf  concrete/specific/actual 
technical  equipment/device  and  application/use  cf  a comparatively 
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co.»j  lex  mu  theadt  iz  a 1 apparatus.  In  this  chapter  w j will  examine  only 
random  failures. 

T ho  reliability  of  technical  equ i j me nt/de v ice  or,  seemingly  let 
us  speax,  system  it  depends  on  a composition  and  a quantity  of  which 
form  system  cel 1/e  lerae nt s (units),  on  the  method  or  their  association 
into  system  and  on  the  characteristics  of  each  separate  cell/element. 

The  division  of  technical  equipment/devices  into  "systems"  and 
their  torraing  "elements"  bears  conditicral  character  and  depends  on 
the  setting  of  task  and  target /pur  poses  or  research,  one  and  the  same 
eguipment/device#  for  example  the  radar  sight  ct  destroyer,  can  be 
considered  and  as  "the  system",  which  consists  ct  the  ce 1 L /e le ments: 
electron  tubes,  capacitors,  relay  and  sc  forth,  and  as  "element"  of 
more  complex  system  - equipment  of  aircraft,  in  turn,  fighter  it  is 
the  "element"  of  air  defense  system 

Subsequently  we  will  call  "cell/elem ent"  any  technical 
equipment/device,  which  is  not  subject  to  further  separation  whose 
reliability  is  considered  given  one  cr  it  is  determined 
experimentally.  Combining  such  cel 1/elements  differently  into 
"systems",  we  will  solve  the  problem  of  determining  the  reliability 
of  system  from  the  reliability  of  its  cel  1/ele irents. 
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Reliability  of  cel  i/element.  Density  ot  distribution  of  the  time  of  | 

f .t  1 1 are-  free  operation.  Mean  time  of  failure-tree  operation* 

The  estimation  of  the  reliability  of  system  and  cell/elements 
requires  the  introduction  of  quantitative  cnar actor ist ics.  Let  us 
consider  here  some  ot  these  charac teristics.  Fa  brevity  let  us 
determine  them  in  connection  with  "ccll/element however  the  same 
determinations  will  be  related  also  to  "system". 

j 

The  reliability  of  cell/element  (in  the  narrow  sense  ot  the 
word)  is  called  probability  that  this  cell/element  under  given 
conditions  will  work  smoothly  tor  a period  of  time  t.  This 
probability  we  will  designate  p(t).  function  pit)  is  called  sometimes 
the  "law  of  reliability". 

1 1 is  logical  r with  an  increase  in  the  tine,  function  p(t) 
decreases  (Fig.  7.  1).  With  t = 0,  is  logical  tc  assume  p(t)  - 1. 

The  unreliability  of  cell/olement  is  called  probability  g (t)  ot 


the  fact  that  cell/elemont  will  refuse  (it  will  Leave  the  system)  for 
a period  of  time  t.  It  is  obvious. 


9(0-  I — p(/). 


(2.1) 


DOC  = 7 80  68  7 1 8 


PAGE 


Page  36b. 


Let  us  consider  time  T ot  tue  failure-tret  operation  of 
cell/eleaent  as  random  variable.  Tno  function  of  distribution  F(t)  of 
this  random  variable  is  defined  as 


f(/)  = p(r<r). 


(2.2) 


Is  obvious,  F (t)  - probability  that  for  time  t cell/eleuie  nt  will 
refuse  - it  represents  by  itself  nothing  else  tut  the  unreliability 
cl  the  cel  1/eleaien  t : 


F (/)=</(/). 


(2.3) 


a its  reliability  supplements  t (t ) to  the  unit: 

p (/)*1— Vtf).  (2.4) 

Thus,  unreliability  q (t)  possesses  the  properties  of  the 
distribution  function  cf  nonnegative  random  variaoie.  It  is  equal  to 
zero  with  t = 0,  it  does  not  decrease  with  increase  t and  it 
approaches  unity  when  t -*■  oo  (Fig.  1 . 2.)  . 


In  practice  usually  instead  of  the  function  of  distribution  F (t) 
they  use  it  derivative  - density  of  distribution  or  probability 
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lens  it  y : 


un-f  U) -«?’(/).  (2.5) 

The  graph  of  density  f (t)  is  shewn  on  rnj.  t > 7.  1.  rhe  area, 
limited  curved  £ (t ) , is  equal  to  unit* 

Value  t (t)  Jt  - probability  element  - is  construed  as  probability 
that  time  T will  take  the  value,  which  lies  within  the  limits  of 
elementary  section  (t,  t ♦ dt)  . 

1 r.  the  literature  on  reliability  function  fit)  frequent  ly  calls 
the  "density  of  failures".  To  avoid  the  misunderstandings,  connected 
with  ill-defineu  terminology,  we  will  call  i (t  ) it  is  more 
accurately:  the  density  of  distribution  of  the  time  or  failure-tree 
oper at  ion. 

Density  f (t)  can  be  approximately  determined  from  experiment, 
for  which  is  placed  the  following  experiment:  is  observed  t he  work  of 
the  large  number  N of  uniform  cell/eleirents;  each  or  them  works  to 
the  torque /Moment  of  failure.  The  time,  during  which  wonted  the 
cell/element,  is  recorded.  The  obtained  values  of  the  time: 

fj.  /§•  •••>  fa 

are  treated  by  the  usual  methods  of  the  Mathematical  statistics:  is 
constructed  histogram  (Fig.  7.4)  and  is  equalized  with  the  help  of 

any  MMOoth  curved,  which  possesses  properties  density. 
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The  oriinate  of  histogram  on  each  el^Btiitary  section  of  time 
A<  represents  by  itself  nothing  els"  but  the  average  number  of 
failures  for  time  unit,  which  is  necessary  to  one  tested 
cel i/eleme nt . The  same  sense  can  oe  ascribed  and  to  tunction  f (t)  . 
Approximately  density  f (t)  is  determined  ft cm  the  formula 

,(t)^ T^*  (2.6) 

where  m(t,  t ♦ At)  - a number  ot  cell/ele  merit  s,  which  refused  on  the 
section  of  time  from  t to  t ♦ At  (time  is  counted  off  from  the 
torque/moment  of  connect  ion/inclusion)  ; N - total  number  of 
cell/elements;  At  - length  of  the  elementary  section  of  time. 

Example.  Was  tested  N = 1000  tubes  to  the  duration  of 
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failure-free  operation.  Test  results  are  given  in  yable  2.1. 

To  find  approximately  density  f (t } for  each  section  of  time 
construct  histogram  and  to  straighten  (ty  hand)  smooth  carve. 


Solution.  On  the  first  section  (0-10  hour)  wo  have: 


151 


'm~i5i5ho~0,0'51’ 


on  the  second 


102 


"'’'loS^*0'0102 


and  so  forth.  The  values  of  density  f(t)  are  given  in  £at>le  2. 


Id  Dio  *.  1 
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Koy:  (l).  Duration  ot  work  in  hours  (ftcm  - to),  Number  of 

tubes. 

raqe  170. 

Histogram  and  the  leveling  curve  ale  giver.  to  tij.  ay  7.5. 

Let  us  note  that  density  t(t)  , depicted  m Ki>|.  7.5,  has  a 
maximum  with  t = 0,  i.e.,  maximum  tailuie  late  falls  on  the  initial 
opt  ra  t ing  cycle  of  cell/element.  This  character  curved  i(t) 
frequently  ir.  observed  in  practice,  especially  in  work  iron;  electro 


am)  by  radio  pattr>,  as  they  frequently  hav*  a tendency  to  reject. 
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immediately  or  soon  after  ccnnection/inclusion.  Sometimes  this 
increase  of  density  at  point  t = 0 manifests  itself  so  sharply  that 
the  noticeable  fraction  of  cel  1/el  patents  can  be  considered  refused 
accurately  at  the  moment  cf  ccnnection/inc lusicn.  In  this  case,  the 
time  of  the  failure-free  operation  T is  converted  irom  continuous 
into  mixed  random  variable  in  which  one  the  value  (t  = 0)  possesses 
the  different  from  zero  protability  p0,  and  tot  others  theie  is  only 
some  density  of  distribution.  The  distribution  function  of  this 
random  variable  is  shown  on  Fig.  7. 6 - at  point  t = 0 it  it  has  a 

jump,  equal  to  p0,  and  with  t > 0 it  is  continuous. 


Differentiating  function  F (t)  with  t > 9,  we  will  obtain  the 
curve  of  the  "density”  of  f (t ) (Fiq.  7.7)  . it  is  characteristic  that' 
that  it  limits  the  area,  equal  no  longet  tc  unit,  but  1-p0.  During 
processing  of  experimental  data  in  that  cuse«  tako/select  lp.to 
separate  group  the  cell/elements,  which  refused  during 
connoc tion /i ncl usi on , and  the  ratic  of  their  number  m0  te  total 
number  N of  the  tested  cell/elements  count  lor  approximate  values  p0 


/V  ’ 


^ for  remaining  data  is  constructed  conventional  histogram  (in  this 
case  frequencies  are  located  by  the  division  of  the  number  '“f 
observations  in  discharge  into  the  total  numner  ot  ouservations  N) . 
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Key:  (1).  Duration  of  work  in  hours.  (2).  Density. 


Fig.  7.S. 
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As  the  characteristic  of  the  reliability  ct  ce  11/eleaent, 
frequently  is  applied  the  mean  time  of  fa i 1 ure- f roe  operation,  i.e., 
the  mathematical  expectation  of  value  1: 

? -Min 

If  value  r is  continuous  (i.e.  its  function  of  distribution  K(t) 
doe i:  not  have  gallop  with  t = 0) 

m 

(2‘ 


Pig.  7.8,  Fig.  7. 9. 


Page  J72. 

Integrating  in  parts,  we  have: 

r«—  /p(o£+^p(o<«.  (2.9> 

The  first  member  in  the  right  side  of  expression  (2.4)  is  egual 
to  zero,  since  for  random  variable  T,  in  which  there  is  a 
mathematical  expectation,  difference  1 - F (t)  = pit)  when /-*  oo  must 

decrease  faster  than  increases  t.  Therefore 

_ r 

i-\pU)dt.  (2.10) 

This  formula  has  the  simple  geometric  interpretation:  the  mean 
time  of  the  failure-free  operation  of  cell/element  is  egual  to  the 
full/total /con plate  area  S,  limited  by  reliability  curve  and  by  the 


I 


' 
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axes  of  coordinates  (Fig.  7.8). 

It  is  obvious,  in  the  case  when  T - mixed  random  variable  (value 
t = 0 has  probability  p0),  this  rule  remains  valid  entiuo/all 
difference  in  the  tact  that  the  curve  p (t)  will  beyi‘*  not  from  1,  but 
trcm  1-po  (F i>9  • 7.  9)  . 


3.  Exponential  law  of  reliatility.  Failure  rate. 

Most  convenient  for  analytical  description  xs  the  so-called 
exponential  (or  exponential)  law  of  reliability  wnich  is  expressed  by 
the  formula 

P( 0 (3.1) 

where  X > 0 - constant  parameter. 


Tne  .jraph  of  the  exponential  law  cf  rerid  tilrty  is  shown  on  Fiy. 
7.10.  For  this  law  the  function  of  time  allocation  of  failure-free 
operation  takes  the  form: 

f(0-«(0  -1— e-**,  (3.2) 

a density  - 

<3.3) 


(t  > 0). 


' 
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This  he  an  already  known  to  us  exponential  law  of  the 
listr ibution  according  to  which  is  distributed  tno  distance  between 
adjacent  events  in  the  simplest  flow  with  intensity  X (see  $4  Chapter 
“)  • 


In  the  study  of  the  problems  of  reliability,  frequently  there  is 
to  convenient  visualize  the  matter  sc,  as  if  or  cell/element 
functions  the  simplest  rlow  of  failures  witn  intensity  X; 
cell/element  rejects  at  the  torque/iacme nt  wnen  comes  the  first  event 
of  this  flow. 

The  form  of  flow  of  failures”  acquires  real  sens>;',  if  the 
refused  cell/element  is  immediately  substituted  new  (it  is  restored). 


Page  17d. 


i 


The  sequence  of  the  random  moments  of  time,  at  which  occur  the 

I; 

failures  (Fiy.  7.11),  represents  by  itself  the  simplest  flow  of 
events,  and  the  intervals  between  events  - the  independent  random 
quantities,  distributed  according  to  exponential  law  (3.3). 

» 

The  concept  of  "failure  rate"  can  be  introduced  not  only  for 

> 

exponential,  but  also  for  any  ether  law  of  reliability  with  a density 
of  f (t)  ; entire/all  difference  will  te  in  tne  tact  that  under  the 
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non-*'X  ) ono  nt  ial  law  p(t)  the  rate  et  failures  X will  be  no  longer 
constant  value,  but  al ter nat ing/v ar lab 1«. 

The  intensity  (or  otherwise  " (jtdnqt'r  ")  cf  failures  is  called 
relation  to  the  density  of  distribution  of  the  time  of  the 
failure-free  operation  of  cell/element  to  its  reliability: 

ao 

Lot  us  explain  the  physical  sense  cf  tnis  characteristic.  Let 
simultaneously  test  large  number  N of  uniform  celi/elemonts,  each  - 
tc  the  torque/moaont  of  their  tailure.  Let  us  designate  n(t)  - the 
number  of  cell/ela  ment  s,  which  render/showed  exact  up  to 
torque/moment  t.,  but  m(t,  t ♦ At),  as  before  the  number  if 
cell/elements,  which  refused  on  the  lew  section  of  time  (t,  t ♦ At). 
Per  time  unit,  it  is  necessary  the  average  number  of  failures 

<"(<.  <+&/) 


I.et  us  divide  this  value  not  into  the  total  number  of 
experience/tested  cell/elements  N,  but  into  number  exact  up  to 
torque/moraent  t of  cell/elements  n(t).  It  is  net  lifficult  to 
ascertain  that  with  large  N this  sense  will  be  approximately  equal  to 
rate  of  failures  X (t)  : 


M/)» 


m (1,1  + AQ 


«(0W 


(3.5) 
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It  is  real/dctudl,  with  lar^e  N 

n(t)mNp(f) 

and 


««)  A< 


NMHD 


I 


I 


t 


o\ 


Fig.  7.10. 


Fig.  7.11. 


Page  374. 


But  according  to  formula  (2.6) 

\ 

whence 

/(<) 

NtocU)  P«)  ' 

in  works  on  reliability  approximation  ( 1.  5)  frequently  is 
considered  as  definition  of  failure  rate,  i.e.,  are  defined  it  as 
average  number  of  failures  per  unit  time,  which  is  necessary  to  one 
working  cell/element. 


1 


To  characteristic  X ( t ) it  is  possible  to  give  still  one  the 
interpretation:  this  be  a conditional  protarility  density  of  the 


f 


' 


» 
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failure  of  cell/element  at  the  given  instant  t,  when  to  t orgue/moment 
t it  worked  smoothly.  It  is  real/actual,  let  us  consider  probability 
element  X(t)dt  - probauility  that  tor  time  (t,  t ♦ d t ) cell/element 
will  pass  from  state  "works"  in  state  "it  does  not  work",  when  to 
tor gue/momen t t it  worked.  In  fact,  tne  unconu i ti anal  failure 
protability  of  cell/element  on  section  (t,  t ♦ It)  is  egual  f(t)dt. 

Th is  - the  probability  of  the  coincidence  ct  two  events: 

A - cell/element  worked  exactly  tc  tor^ue/joient  t. 


d - cell/eleaent  refused  on  the  section  of  time  (t,  t e dt). 
According  to  product  rule  of  the  probabilities: 


!(t)  dt-P(AB)-P(A)P(BiA). 


Taking  into  account  that  P(A)  - r (t)  , we  will  obtain: 


P(8M)-  = 

o[t) 


V 

^ value  x ( t ) is  nothing  else  but  the  conditional  probability  density 
cf  transition  from  state  "works"  into  state  "refused"  for 
torgue/moraent  t. 

If  is  known  rate  of  failures  X ( t ) , then  it  is  possible  to 
ex  i ress  by  it  reliability  p(t).  Taking  into  account  that  f(t)  = 

-[  MU  < let  us  register  formula  (3.4)  in  the  term: 

MO  - — — ||n/>(/)J\ 

0(1)  r \ 91 


. I 

h 


I 


I 
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I r.tey  rating , wo  will  obtain: 


I"  P(t) 


whence 


p(f) 


_e-|x,o. 


(3.6) 


Thus  reliability  is  expressed  as  t.be  tailure  rate. 


Pa  ye  J7S. 


In  the  particular  case  when  \(t)  •=  A = const,  formula  (3.6) 
yi  ves: 


p(/)-e-*'t 


(3.7) 


i- e.  the  already  known  to  us  exponential  law  of  reliability. 


Usiny  the  torn  of  the  "flow  of  failures",  it  is  possible  to 
interpret  not  only  formula  (3.7),  but  also  more  cotuuon/yaner al/tot al 
tomula  (3.6).  Let  us  visualize  (it  is  completely  conditional!)  that 
to  cell/element  with  the  arbitrary  law  of  reliability  p(t)  functions 
the  flew  of  failures  with  alternat  xny/ variable  intensity  A(t).  Then 


i ’ 
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formula  (3.6)  for  p(t)  expresses  probability  thar  on  the  section  of 
time  (0,  t)  will  appear  not  one  failure. 

in  such  a manner,  both  under  exponential  ana  under  iny  other  law 
of  reliability  the  work  of  cell/element,  beginning  with  tae 
torgue/moment  of  c onnect ion/i nc 1 us  ion  t = 0,  it  is  possiole  to 
visualize  so  that  on  cell/element  functions  the  Poisson  flow  of 
failures;  for  the  exponential  law  of  reliability,  this  there  will  be 
flew  with  constant  intensity  X,  and  for  n on-e  x p cnential  - with 
al tor nating/variab le  intensity  \(t). 

Let  us  note  that  this  form  is  suited  only  wnen  the  refused 
cell/element  is  not  substituted  new.  If,  as  we  this  they  made  more 
eariily,  to  immediately  substitute  the  refused  celi/elemant  new,  the 
flew  ct  failures  at  will  not  be  Poisson.  It  is  real/actual,  its 
intensity  will  depend  not  simply  on  time  t,  past  from  the  beginning 
cf  entire  process,  but  also  on  time  r,  the  tast  from  random 
torgue/moment.  connection/inclusion  cf  precisely  this  cell /el  em  en  t ; 
that  means  the  flow  of  events  it  has  an  aftereffect  and  Poisson  it  is 
not. 

But  if  for  the  extent/elonyation  cf  entire  process  of  the  given 
element  being  investigated  is  not  substituted  and  can  refuse  not  mote 
than  one  times,  then  during  the  description  of  the  process,  which 
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defends  on  its  functioning,  it  is  possible  to  use  the  pattern  of  the 
Markovian  process,  but  at  the  alternating/ variable,  anu  constant 
ir.tensiry  of  flow  of  failures. 

If  the  non-exponential  law  or  reliability  comparatively  differs 
little  rrom  the  exponential,  then  it  is  possible,  tor  the  purpose  of 
simplification,  to  approximately  replace  it  exponential  (Fig.  7 . 12)  - 
The  parameter  X of  this  law  is  chosen  sc  ds  to  preserve 
constant/invariable  the  mathematical  expectation  of  the  time  of 
failure-free  operation,  equal  as  we  we  know  that  the  area,  limited 
curved  p(t)  and  by  the  coordinate  axes.  For  this,  it  is  necessary  to 
place  the  parameter  X of  exponential  law  equal  to 

t 

where  to  t - area,  limited  of  the  curve  of  reliability  p(t). 


I 
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Thin;,  if  we  wish  to  characterize  the  reliability  or  cel  1/e  le  me  nt  hy 
certain  aver aye  failure  rate,  it  is  necessary  .is  this  intensity  to 
take  the  value,  reciprocal  to  the  mean  time  or  the  failure-free 
operation  of  cell/element. 

Above  we  defined  value  t.  as  area,  limited  curved  p(t)  . However, 
if  is  required  to  know  only  mean  time  cf  t.h«.  failure-free  operation 
ct  cell/element,  to  simply  find  it  directly  from  statistical  material 
as  arithmetic  mean  of  all  observed  values  or  random  variable  T - 
operating  time  of  ceil/>»lement  to  its  failure.  This  method  can  be 
used  also  in  the  case  when  the  number  ct  experiments  small  and  does 
not  make  it  possible  sufficiently  accurately  tc  construct  the  curve 
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Example  1.  Th  o reliability  of  ct  1 1/eleuien  t p(t.)  decreases  in  the 
course  of  time  according  to  linear  law  { F i ^ . 7 . 11)  . To  find  rate  of 
failures  X (t)  and  the  moan  time  of  the  failure-free  operation  of 
cell/element  t. 


Solution.  On  formula  (3.4)  on  section  (0,  t0)  we  have: 


MO 


m 

pit) 


_an 

mo- 


According  to  the  assigned  la1*  cf  the  reliability 


P«)-i 

p'  (0- 


(0  < / < g. 


l 


MO 


Plotted  function  X (t)  is  shewn  on  Fig.  7.14.  Waen  , _ ^ x<o- «>  The 
mean  time  of  failure-free  operation  is  eguai  to  tne  area,  limited 
curved  p(t)  and  by  the  axes  of  the  coordinates  (see  Fig.  7.13);  "t  = 
t o/2 . 

Example  2.  The  rate  of  failures  of  ce  1 1/eiemen t.  X(t)  varies 
according  to  the  law,  presented  in  Fig.  7.  lb.  ic  t ina  tha  law  of 
reliability  p(t). 


.Solution.  On  section  (0.  1) 


i (0-3-2/. 


i 
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Fig.  7.13.  Fig.  7.14. 

Page  3 77. 

On  formula  (7-6) 

i 

-f  X (Orff 

p(Q-e  0 _e- <*(-/•> 

Lot  us  compute  p(t)  on  section  t > 1.  in  ccinmon/gener al/total 
foimula  (3.h)  let  us  decompose  the  int erv a 1/ga f ot  integration  into 
two:  t tom  0 to  1 and  from  1 to  t: 

iii  t 

HI)  d(-fXg)  <</  + 1 X (0  «K- |<3-2/)  dt+  |rfr-2  + /-l«|+l, 

p (i) 

The  graph  of  the  law  of  reiiatility  is  shewn  on  Fig.  to  7.16. 
The  shaded  area  represents  the  mean  time  ot  the  tailure-free 
op  era  t.  ion: 

F— **>  */+j  rft. 

The  second  integral  is  h«re  equal  to 

_,-hi+m  | * _ o. l.-as. 
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Example  3.  The  density  of  distribution  at  the  time  of  the 
failure-free  operation  cf  cell/element  is  constant  on  section  (t,, 
t2)  and  it  is  equal  to  zero  out  of  this  section  (Fiq.  7.17).  To  find 
rate  cf  failures  A (t)  . 

Solution.  We  have; 


where 


A {/) 


m m ) 

P (0  “ i — 9 (0 


<4.  < / < W, 


t 


whence 


A (0 


the  graph  of  failure  rate  is  shown  on  fiq.  to  7.13;  when  f_^|  Mh-oo. 


4.  Detormi  nation  of  reliability  of  system  Horn  reliability  of  its 
cell/elements.  Reliability  cf  the  nonredundant  system. 


Let  certain  technical  system  s be  comprised  from  n of  the 
cell/elements  of  units):  3„  3 3„. 


r 


J 
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Let  us  assume  that  the  reliability  of  cell/elements  to  us  are 
known.  Arises  the  question  ccncerninq  the  determination  of  the 
reliability  of  system.  It  depends  cn  hew  ceil/elements  are  united 
into  system,  which  function  ct  each  of  them  and  in  which  measure  the 
exact  worn  of  each  cell/element  is  necessary  ter  the  operation  of 
system  as  a whole. 

In  a series  of  systems,  the  insufficient  reliability  of 
cell/eleraents  rises  because  of  their  redundancy  (redundancy), 
pedundancy  lies  in  the  fact  that  together  witn  coii/eiement  3t  into 
system  is  introduced  spare  (spare)  the  cell/element  3,',  to  which  the 
system  is  changed  over  in  the  case  of  failure  cf  oasic  col  1/el emen t. 
The  number  of  spare  cell/elements  can  te  ana  mere  than  one. 

The  simplest  case  in  calculated  sense  is  simple  system  (or 
system  without  redundancy).  In  this  system  the  failure  of  any 
cell/element  is  equivalent  to  the  tailULe  ct  system  as  a whole  by 
analogy  with  the  c hain/net werk  of  the  series-connected  conductors, 
the  break  cf  each  of  which  is  equivalent  tc  breakinq  an  entire 
circuit,  we  will  call  this  con nect ic n/c emp cund  oi  cell/eleraents 
"ccnsecuti  ve"  (Fij.  7.10).  One  should  1c  specified  that  "consecutive” 


this  c cnnection/co mpoutul  of  cell/elements 


is  to  only  in  sense  of 
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reliability,  physically  they  c an  gear  as  conv  e n lent  ly  . 

It  is  expressed  the  reliability  of  the  siupla  system  through  the 
reliability  of  its  cel  1/eloirents.  Let  there  be  certain  time  interval 
(0,  r)  , during  which  it  is  required  to  ensure  the  failure-free 
operation  of  system. 


Page  d 74. 


Then,  if  the  reliability  of  systej  is  characterized  by  the  law 
of  reliability  P(t),  to  us  it  is  important  to  know  the  value  of  this 
reliability  with  t - r,  i.e.,  F(r).  These  are  net  function,  but  the 
specific  number;  let  us  re ject/thi cw  argument  r and  will  designate 
the  reliability  of  system  simply  P.  Let  us  analogously  designate  the 
reliability  of  separate  cel  1/t  lament  s p},  p, Pn . 

For  the  failure-free  operation  ot  simple  system  Lor  a period  ot 
time  r,  it  is  necessary  that  would  work  smoothly  eacn  of  its 
cell/elements.  Let  us  designate:  S - event,  whica  consists  of  the 

failure-tree  operation  of  system  for  time  r;  3,,  3t 3„  - events, 

which  consist  of  the  failure-free  operation  of  equivalent  components. 
Fvont  S is  a product  (coincidence)  of  the  events  3i,  3,,  9 • 

5 =-3,-3t.  „ .3„. 


k. 


i 
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4e  t us  assume  that  cel  i/elements  3,,  3„  ...,  3,  they  reject 
independently  of  each  ether  (or  as  we  will  speak  tor  brevity,  "are 
independent  on  failures",  a rd  entirely  trierly  "are  independent"). 
Then  according  to  product  rule  of  profc ati 1 it ies  t.u  the  independent 
events 


P(S)-P(3,)  P(3,)  ...  P&J, 


or  in  other  designations, 


a 


(41) 

(4.2) 

i.e.  the  reliability  of  the  sinple  system,  coH)iised  ot  independent 
cell/elements,  is  e<jual  to  the  product  of  the  reliability  ot  its 
cell/eleme  nts. 

In  the  particular  case  when  all  cr  11/tleiu*- nt s possess  the 
identical  reliability 

Pi  ”Pi  — •••  “ P.  ” P. 


I ' 


P-P\P%- 


• Pm . 


it  is  shorter 


P-  n Pi, 

/—  I 
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foimula  (4.2)  takes  the  form: 

«3) 

Example  1.  simple  system  consists  cf  Je  independent 
cell/eleme nts,  the  reliability  of  each  of  wnich  u equal  p = 0.95.  To 
determine  the  reliability  ct  system. 

Solution.  On  formula  (4.J) 

P - 0.95,#  * 0,6. 

From  an  example  it  is  fvioent,  as  sharply  falls  the  reliability 
cf  simple  system  with  an  increase  in  the  number  ol  cell/elements,  if 
the  number  ot  cell/elements  n is  great,  then  ter  providing  at  least 
the  acceptable  reliability  P ot  system  each  cell/element  must  possess 
very  high  reliability. 

Let  us  raise  the  juestion;  which  reliability  p it  must  possess 
separate  cell/element,  so  that  the  system,  com  ( used  of  u ot  such 
cell/elements,  would  possess  the  assigned  reliability 


w 

I 
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Set /a  ssuaing  in  formula  (4.3)  P — !P,  we  will  obtain: 


V». 


rt.4) 


Example  2.  Simple  system  consists  cl  1000  equally  reliable, 
independent  cell/elements.  Such  reliability  must  possess  each  of 
them,  so  that  the  reliaoility  of  system  would  le  not  less  than  0.9? 


Solution.  On  formula  (4.4): 

*000/—=  1000/. — « 1 

P-  /*  = /0>.  pm  0.9999. 

It  is  expressed  the  rate  ci  failures  cr  simple  system  A(/) 
through  the  rates  of  failures  of  its  separate  cell/ele aents.  He 

have: 


P(t) 

P,(t) 


-li 

-«p(-k 


•> 


A (0  dt  ' 

(i t)dt\  (/-l,  nV 
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FOOTNOTE  *.  Here  exp{*>  — e*.  ENDFOOTNOTE. 


Let  us  substitute  these  expressions  into  formula  (4.2);  we  will 
obtain: 


fi 


exp  -\A(/)d/  - 


exp{~[iM,)d,+5*,<,)d'+  - +jx*w<ff  JJ- 

( 

"”Pl- jlM/)  + M<>  + ...  + M01*I 


or,  it  is  shorter. 


e*P  {- JA</)d/|-expj- j 2 *,«<»!. 


whence 


(4.5) 


Differential  ny  (4.5)  on  t,  we  will  obtain: 

n 

A W “ (2  ^ ((),  (4  6) 

i.e.  with  "consecutive"  sections  of  the  independent  cell/elements 
with  intensity  of  failures,  they  store/add  up. 


Page  181. 
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This  ami  it  is  logical,  since  tor  a simple  system  tae  failure  of 


Ce 11/element  is  equivalent  to  failure  system,  which  means,  that  all 


flews  of  the  failures  of  separate  cell/elener. ts  combine  into  one  flow 


of  the  failures  of  system  with  the  intensity,  equal  to  the  sura  of  the 


intensities  of  separate  flows. 


Example  3.  The  simple  system  S consists  or  three  independent 


cell/elements  3,,  3*,  3^  (Fig.  7.20),  the  densities  of  distribution 


cf  the  time  of  failure- free  operation  ot  which  are  assigned  by  the 


formulas: 


ftV)  *=2/,  0</<l 

f,(0  =*2(1—0  Vvitk 


(Fig.  7.21-7.23).  To  find  the  rate  of  failures  ct  system. 


Solution.  He  determine  the  unreliability  cf  each  cel  1/e  lenient: 


<7.(0  »<. 

0,(0 -f*.  0 </  < 1, 

0, (0  9 2/  — /*  with 


Hence  the  reliability  cf  the  cell/ele ments : 


M0-1-*. 

p»  (0  - 1 — <•.  o</<i. 

Pi(0«l-2f  + f» 


I 
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5.  Reliability  of  the  redundant  system  ("  hot  reserve"). 


One  of  the  ways  of  the  increase  of  the  relianility  of  system  is 
the  introduction  into  it  of  the  duplicating  (spare)  cell/e leme nts. 
Spare  cell/elements  are  included  in  system  as  "in  parallel"  by  the 
fact  whose  reliability  is  insufficient. 


bet  us  consider  a simplest  example  of  the  redundant  System:  two 
"in  parallel"  connected  of  cell/eleraent  3,  and  32  (Fig.  7.24).  Works 
at  first  "basic"  cell/element  ; if  it  refused,  system  automatically 
is  changed  over  to  "reserve"  cell/element  32.  Let  us  assume  that  the 
cell/elome  nts  9j  and  32  are  independent  on  failures  and  tnat  their 
reliability  (probability  of  failure-free  operation)  for  the  which 
interests  us  time  t = r are  equal  to  respectively  pt  and  p2.  Let  us 
assume  also  that  the  reliability  of  the  second  cell/element  does  not 
depend  on  that,  was  included  this  ce 11/elenent  in  work  for  time  r and 
when  it  was  included.  This  picture  is  cbserved,  for  example,  if 
ce  11/eleme nt  32  regardless  cf  the  fact,  works  it  or  not,  it  is  held 
under  operating  voltage/stress  (so  called  ("hot  reserve"). 


DOC  = 78068719 


PAGE 


Let  us  determine  under  these  conditions  the  reliability  of  the 
redundant  system  S.  Let  us  pass  to  the  probability  ot  opposite  event 
- failure  of  system  s.  Let  us  designate  the  failure  of  system  S.  So 
that  the  event  S would  occur,  is  necessary,  that  they  would  refuse 
both  the  cell/element:  and  the  first  and  the  second: 

S' -§,5,. 

Hence  according  to  product  rule  of  the  probabilities  of  the 
independent  events: 

p(3)-p(5,)p(  3,). 

Designating  the  unreliability  of  system  Q,  and  the  unreliability 
cf  ce  11/elements  q,,  g2,  we  will  obtain: 

<?-<?.  Qt.  (5.1) 

l-e-  during  the  "parallel"  connecticn/ccmpounu  of  the  independent 

ce  11/eleme  nts  of  their  unreliability,  they  are  multiplied. 

Page  3 83. 


Passing  in  formula  (5.1)  from  unreliability  to  reliability,  we 

ha  ve 

|—/>-(|  — p*)(I  — />»), 

whence 


P-1— (1  — Pi)0—  P*)- 


(5.2) 
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With  the  arbitrary  number  n of  the  which  duplicate  each  other 
independent  cell/e  lemon  ts#  the  reliability  of  block  from  such 
ce  11/elema  nts  (Fiy.  7.25)  is  computed  from  the  formula 

F-1-0 -Pl)(l -AO  ...  (1~PJ.  (5-3) 

Cl.,  it  is  shorter, 

P - 1 - n (1  -p,).  |5.4) 

In  the  particular  case  vnen  the  reliability  >r  all  ce 11/e leae nts 
are  identical: 

Pi-P»-  - -P. 

formula  (5.4)  takes  the  form: 

P — 1 — <1  -P)\  (5.5) 

Example  1.  The  protectiny  device,  whicn  ensures  the  safety  of 
work  with  materiel,  consists  ot  three  duplicating  each  other  ot 
safety  device/fuses.  Reliability  cf  each  ot  them  p = 0.9.  Safety 
device/fuses  are  independent  in  the  Sense  ct  reliability.  To  find  the 
reliability  of  entire  device. 

Sclution.  On  formula  (5.5) 

p — 1 _ (I  _ 0.9)*  — 0.999 

Until  nowr  speakiny  about  "ch any cover " to  spare  Ce ll/element,  we 
assumed  that,  either  for  this  is  not.  requireu  special  switchiny  system 
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(as  in  tiia  case  with  safety  dev ice/fuses)  , or  the  reliability  of 


switching  system  is  equal  tc  unit. 


Fiq.  7.24.  Fig.  7.25.  Fiq.  7.26. 


Faqc  184. 

If  this  not  then,  then  it  is  easy  to  taKo  into  account  its  incomplete 
re  1 iabi lit  y. 

Let  us  assume  that  the  block  consists  ot  two  "in  parallel" 
connected  cell/elements  St  and  3*  (Fiq-  7.2o).  in  the  case  when 
cell/element  3,  qoes  out  of  order,  switchinq  system  fl  system  to 
another,  spare  cell/element  3*.  The  reliability  oi  cell/elements  3,, 
3?  and  of  switch  P|  are  equal  to  respectively  p,,  o*  and  i p„  Let  us 
determine  the  reliability  of  entire  fclcck.  For  this,  is  joined  the 
switch  PI  a nd  cell/element  into  one  "consecutive"  circuit  with  the 
reliability 


r 
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Considering  this  chain/network  as  one  in  parallel  connected 
conditional  ce  ll/e  leme  n t 3'  2,  let  us  find  £1001  formula  (5.2)  the 
reliability  of  the  block: 

P - 1 -0  —Pi)  0 -Pi')  “ 1 — (1  —Pi)  (1  —pa  p,).  (5.6) 

Thus,  the  incomplete  reliability  cf  switch  can  be  tanen  into 
account  by  the  simple  multiplication  of  the  reliaoility  of  spare 
cell/element  by  the  reliability  ot  switcn. 

If  spare  cell/elements  not  one,  but  it  is  more:  ...»  3,  and 

each  of  them  is  lurnished  by  their  switch  with  reliability 

respectively  p»»,  P*,** Pi"\  then  in  formula  (5.J)  it  is  necessary  to 

multiply  the  reliability  of  each  spare  cel l/elcmeut  by  the 
reliability  of  the  switch: 

p-  1 -(1  — Pt)(l  -P8(,)  P.)  (1  -Pn(3>  P.)  - (1  -P,(n)Pj.  (5.7) 

It  can  seem  that  the  changeover  tc  any  spare  cell/element  is 
realized  one  and  the  same  switch  H (Fig.  7.^7).  Tuen  switch  P] 
together  with  entire  block  of  spare  cell/elements  can  be  considered 

as  one  conditional  cell/element  ? with  reiialility  p*2,  egual  to 

P*'  =Pn|l  — (1  — P»)(l—  P,)  ...  (1  —/>„)),  (5.8) 

a the  reliability  of  entire  bicek  will  be  computed  according  to  the 

•for  mol  ft 

P~\  -0—  Px)(\-P%’). 


(5.9) 
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Piq.  7.^8. 
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Example  2.  To  determine  the  reliability  or  the  block#  which 

consists  of  basic  cell/elenent  3i  with  tel  labilit  y pt  =0.9  and  three 

-C'/luZ 

spare  ce  11/e  lement  s:  3*  # , W*,  hawing  tin  reliability: 

Pi  - p»  - />«  " 0.9 

Switching  to  spare  cep l/ele»ents  in  the  care  of  failure  of  any  of  the 
cell/elements  is  realized  with  the  help  of  one  and  the  same  switch, 
which  has  reliability  db«o,9S  (Piq.  7.28).  To  find  the  reliability 
cf  block. 


Solution.  Is  joined  switch  with  spare  to  1 1/element.s  Ea,  Ej,  E«* 


noc 
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into  conditional  cell/ e leme  r t z with  the  reliability 
P,’  - Pn  U - (I  —Pi)  (1  ~Pi)  (1  -P.M  -0.95  (1  -0.1*)  • 0,949 

Reliability  of  entire  block: 

P~  I _(l  —0,9)  (1  —0,949)  « 0.995 

II 

Let  us  note  that  in  this  example  comparatively  low  reliability 
of  switch  virtually  depreciates  a large  quantity  (three!)  of  spare 
ce  11/e  leme  nts.  Tha  considerably  greater  reliability  of  system  wo 
would  obtain,  if  each  cell/element  was  furnished  ny  its  switch: 

P ' - 1 -(1  -0.9)  (1  — 0,95  0,9)s  sr  0,9997. 

tJntil  now,  we  examined  the  systems,  duplicating  one  basic 
cell/element.  In  the  general  case  in  the  redundant  systems,  can  bo 
applied  both  "the  consecutive"  and  "parallel"  ccnnection/compounds  of 
ce  1 1/eleme rts,  moreover  as  a rule,  are  doubled  least  reliable 
cell/element s.  During  the  estimation  of  the  reliability  of  this 
system,  it  is  necessary  tc  dismember  it  to  a scries  of  the 
"subsystems",  which  do  not  have  common  cel 1/elements,  to  find  the 
reliability  of  each  of  them  and,  considering  subsystems  as 

. 

I 

conditional  cell/elements,  to  consider  the  reliability  of  system  as  a 
whole. 
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Fig.  7.29. 
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Example  3.  To  determine  the  reliability  ot  the  system,  which 
consists  of  cell/elements  3,,  3..,  ...»  3>r  with  reliability  p t , p2# 
...»  P7  (Fig.  7.29). 

Solution.  Subsystem  I - "consecutively"  connected  cel  1/elements 
3i  and  32;  the  reliability: 

Subsystem  II  - "in  parallel"  connected  ce  ll/elements  J3  and  3,; 
the  reliability: 


Pn-I— ll-MH-M. 


-U 
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Subsystem  III  - " tonSd&uTtue.i'i  " onnected  £ and  il;  the 


re  liabi 1 it  y: 


**111  *“  PM' 


Subsystem  IV  - "in  parallel"  ccnncctod  J„  diii  3,;  the 


te 1 iab i lit  y : 


PiV  ^ 1 *”(  I — P*^  ' P») 


Subsystem  V - "consecuti vely"  connecter  3S  and  IV;  the 


reliability; 


*'v-P»  p\\ 


Entire  system  - "in  parallel"  connected  III  and  V;  the 


reliability; 


P_i_(i_Pm)(i_Pv). 


6.  Reliability  of  the  redundant  system  ("  cold"  and  the  "lightened" 
reserve)  . 


To  the  these  on  we  examined  only  the  oast  when  the  reliability 


1 
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cf  each  duplicating  cel l/eleme nt  on  defends  on  that,  when  was 
include/connected  in  work  this  cell/element.  Tnis  case  waich  we 
conditionally  named  "hot  redundancy",  idle  time  itself  of  all 
possible.  Is  much  more  complex  the  case,  when  space  cell/element 
before  its  starting  not  at  all  can  reject  ("cold"  redundancy)  or  can 
reject,  hut  with  other,  fcy  less  probability  density,  than  after 
connection/inclusion  (the  "lightened"  redundancy). 

In  the  examination  of  the  tasks,  connected  with  the  cold  or 
liyhtened  redundancy,  to  us  insufficient  will  introduce  the 
reliability  of  system  dnd  cell/elements  for  one,  previously 
fix/recorded,  the  values  of  tiire  r;  will  have  tc  analyze  entire 
random  process  of  the  functioning  ct  syston. 


Let  us  consider  several  tasks,  which  relate  to  the  cold  and 
lightened  redundancy. 


Task  1.  General  case  of  the  calculation  oi  t iic  reliability  of 
the  redundant  system  (the  "lightened"  cr  "cold"  reserve).  System 
(block)  consists  of  "in  parallel"  connected  ce  1 1/eioraonts  Si  and 
(basic  and  spare).  The  intensity  of  flew  of  the  failures  of  the  first 
cell/element  X,(t)  ; with  the  failure  cf  the  first  cell/element  occurs 
automatic  and  reliable  chdngeovor  to  spare  (/r>n— 1).  The  intensity  of 
flow  of  the  failures  of  spare  celi/eleir«?nt  iefore  its  inclusion  into 


[ V. 


i 


After  its  starting,  at  the  moment  or  the  failure  of  the  first 
cell/element,  the  intensity  instantly  tuns  up  (Fij.  7.30)  ana  becomes 
equal  to  the  intensity  X2,  which  it  is  logical  to  assume  not  only  on 
the  current  time  t depending,  but  also  from  that  period  tj,  during 
which  the  ce 11/ela ment  operated  in  the  lightened  condit lons/mode: 

A,  «=  k,  (<//,). 

It  is  required  to  find  the  reliability  of  system  P(t). 

Let  us  consider  the  set  of  two  random  variables: 

, - torque/momen t of  the  failure  of  basic  cell/element, 

T 2 - torque/moment  of  the  failure  of  spare  cell/element. 


Event  A (fail  ure- free  operation  cf  system  to  torque/moment  t — 
lies  in  the  fact  that  at  least  one  of  values  T,,  r2  will  take  value. 


is  larger  than  t (at  least  one  cell/element  will  work  up  to 


torque/moment  t).  The  probability  of  opposite  event  - the  failure  of 
system  to  torque/eoment  t - will  be 


i 


1 


* 


ft 
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Let  us  rind  the  combined  density  of  distribution  of  random 
variables  T,  and  T2,  desiqnating  its  f(tlr  t2).  Random  variables  T1# 
T 2 are  dependent,  and 

/«!•  »■)-/»  (6.1) 

where  ft(ti)  - unconditional  density  of  distribution  of  value  T,, 
f(t2/t1)  - conditional  density  of  distribution  of  value  r2  (when 
value  T,  it  took  value  tj). 


Let  us  find  both  densities,  on  for*ula  (3.4)  $3 

i i U i)  * (fi)  Pi  (f i). 

where  Pi(ti)  - the  reliability  of  cell/eleient  , by  the  force  of 
formula  (3.6)  it  is  equal  to 

Pi('i)  = exp|  ~l  K(t)dt 


Hence 


/i  Ui)  =^i(fi)cxp 


-$  M*>  at 


(6.2) 


l 


— 
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Let  us  find  the  conditional  density  f(t2/t,).  Th3  conditional 
of  failures  of  spare  cell/element  when  Tj  = t(,  will  be; 


MV'i)  - 


\(^l)  LL'lfcfj  /|>/|. 


(6.3l 


At  this  intensity  Let  us  find  the  conditional  density  of 


distribution  of  the  time  of  the  failure-free  operation  or  the  spare 
cell/eleme  nt : 
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A*  (/,)  exp  j — 5 k,(()d/J  * np  /,</„ 

(tifti) exp | ^ )^(t)dt—  J Xt (///,) rfrj  n$i  /,>/,. 


(6.4) 


Key:  ( 1)  . with. 


Thus,  the  con  billed  density  of  distribution  of  tne  system  of 

random  variables  r1#  T2  is  found: 


6> 


IV..V  = tt  Vi)/ (/,/*,)- 

KfU)dt  j upn  t,<tu 

KVJKVt'ti)  ex^j-^  MO dt~^  Kw*1'  — 5 KVlti)dt 


(6.5) 


0 

npH  ft  > /, 


Key:  ( 1)  . with. 

Knowing  this  combined  density,  it  is  possible  to  find  the 

failure  probability  of  system  to  torgue/moEcr. t t: 

P(A)=.P<T,  </,  Tt</)- 

= $i  § / (*i»  t%)  d*\ 

o o 

whence  the  unknown  reliability  of  system: 


I I 

P(0=l-SS/(/„  tt)dtl(Ut. 


(66) 


not 


7B068719 
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Fig . 7.31.  Fig.  7.32. 
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During  calculation  on  formulas  (6. 5)  - (b.  f>)  it  is 
keep  in  mind,  uhat  expression  ot  function  t’ltj/t^)  is 
one  ami  .mother  side  from  the  straight  line  t.^  ~ t,  - 
the  first  guardant  (Fig.  7.31).  Ranges  ot  int.egrati.on 
ate  noted  by  different,  shading.  In  range  I tunction  l 
expressed  by  the  first  of  formulas  (h.b),  rn  rang*  II 


necessary  to 
dissimilar  by 
bisect ri x of 

in  Fig.  7.31 
is 

, - t he  second 


consequent ly 
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X exp  | — \ A,  (n<A-  - 

+55  (/i)^(v^i)  x 


, (/)  ci/,  rf/-  -h 


xexp 


it  i. 


rf/,  dtt. 


(67) 


With  the  assigned  concrete/specif ic/actuai  t or w of  the  function 
ii(t)«  \ ^ ( t)  , X2(t/t,)  integral  (6-7)  can  be  calculated,  in  the 
simplest  erases  ana  1 yt  ical  1 y , more  frequent  - numerically. 

Let  us  note  that  the  feund  by  us  solution  cf  the  problem  of 
estimating  the  reliability  for  the  case  of  the  "lightened"  reserve  is 
related  also  to  the  case  of  "cold"  reserve  - i r.  tnis  case  \2(t)  = 0, 
so  that  in  formula  (6.7)  there  remains  only  ore  integral  - the 
second,  yes  even  that  also  will  be  simplified. 

Me  see  that  in  the  case  even  of  the  one  s ) ar e cell /element, 
working  in  the  lightened  (cr  cold)  reserve  the  task  of  estimating  the 
reliability  of  system  is  sufficiently  complex.  Eut  it  the  number  of 
spare  cell/elements  is  more  than  ono,  task  even  .nor*'  is  complicated. 
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However#  task  can  be  highly  simplified,  it  one  assumes  that  the 
flews  of  malfunctions#  which  function  cn  all  cc  ll/elements  (basic  and 
spare) , represent  by  themselves  simplest  flows,  the  intensity  ct  each 
of  which  is  constant  (this  assumption  is  equivalent  to  the  fact  that 
the  law  of  the  reliability  or  each  cel  1/e  lemon  t - exponential,  and 
starting  cel l/element  varies  only  the  parameter  of  tais  law),  with 
this  assumption  the  reliability  of  system  S oar.  be  round  by  the 
method  of  solution  of  differential  equations  for  the  pioaabilities  of 
its  states. 


Task  2.  System  with  ccld  reserve  and  the  simplest  flows  of 
failures.  The  redundant  system  (block)  S consists  of  basic 
cell/element  and  two  spare:  33.  with  the  failure  >£ 

cell/element,  3,  in  work  is  included  3? , w it  h the  failure  of  3*-3j 
(Fiq.  7.32). 

Faqe  l‘)0. 

Pefore  connection/inclusion  each  of  the  spare  cell/elements  is 
located  and  "cold"  reserve  and  refuse  it  cannot,  rhe  intensity  of 
flew  of  the  failures  of  basic  Cell/element  X,;  the  intensity  of  flow 
of  the  failures  of  each  of  the  spare  cell/eicments  when  they  work#  is 
identical  and  equal  to  \?.  All  flews  cf  failures  are  simplest.  It  is 


required  to  determine  the  reliability  of  system  S. 
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Let  us  present  the  process,  which  takes  place  in  system  S as 
Markovian  process  (see  chapter  4)  with  continuous  time  and  with 
discrete  states: 

S,  - works  basic  cell/element  31? 

S j - works  spare  cell/element 

53  - works  spare  cell/element  33, 

5 4 - works  not  one  cell/element. 

The  tjraph/count  of  the  states  of  system  is  snown  on  Fig. 

7..13.  Since  the  ra storation/reduct ions  cf  cel  1 /element s does  nQt 
occur,  all  arrow/pointers  on  jraph/count  conduct  to  one  side. 

The  system  of  equations  ot  Kolmoqctov  ror  the  pr obaui li ti es  of 
states  will  be: 


I 


I 
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~~  — — ^"2  Pi  + \ Pit 

at 


dp, 

d I 


^iPt  + ^tP». 


dt 


(6.8) 


To  them  it  is  necessary  to  adjoin  the  nor nalizing  condition: 

Pi  + P.4-P.  + P*-!.  (6.9) 

From  the  first  equation  we  express  pt  as  function  t; 

Pt(0  =*-*■'  (6.  JO) 

(initial  condition  by  which  n«  integrated  this  equation,  p t ( 0)  = 1). 

Substituting  (6.10)  in  the  second  equation,  we  will  obtain: 

+ (6.11) 

Let  us  integrate  this  equation  with  t he  initial  condition  p*(0) 


0;  we  will  obtain: 


D oc 
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Fiq.  7.33. 


This  function  lot  us  substitute  into  tuiid  equation  ( t. . ti ) ; 


will  obtain: 


?£*  - — X,p,  4.  Vt.g-Ao ^jii_ 


Equation  (b.  13)  it  is  necessary  tc  inteqrato  also  under  the 
initial  condition  Pj(0)  = 0;  we  will  ottain: 

-,T^I (6.14) 


For  the  determination  ct  function  )4(t)  it  is  not  necessary  to 
in  teqr  ate  last/latter  equat ion  (b.H)  - it  it  is  possible  to  find  from 
corn!  i tion  (r>.  9)  ; 


P«(0-»  1 - P(t\  - I -U(0  4-p,(/)  + p,  (/))- 

■ j til t.-v  _ [Vr2*!  S_  *i  M 

I (1,-X,)*  i,-i,  J 


i 


* 

' 


m 
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Task  1.  System  with  the  lightened  reserve  and  the  simplest  flows 
cf  failures.  The  redundant  system  (block)  5 consists  of  uasic 
ce  11/e  lema  nt  3,  and  three  spare:  3?,  33,  3*  (tig.  7.14).  3asic 
cell/element.  undergoes  the  simplest  flew  of  failures  with  intensity 
X(;  each  of  the  spare  before  their  connection/inclusion  undergoes  the 
flow  of  failures  with  intensity  x2  ; after  the  connect ion/i nclusion  of 
spare  cell/element,  this  intensity  instantaneously  luiis  up  to  value 
X 2 . With  the  failure  of  basic  cell/element,  is  included  in  work 
spare  32,  with  the  failure  of  32-33  and  i.e. 


1 


It  is  required  to  determine  the  reliability  of  system. 


Let  us  label  the  states  of  system  ty  two  indices:  the  first  is 
equal  to  unit.,  if  basic  cell/element  works,  and  zero  - if  on  works; 
the  second  is  equal  to  the  number  of  exact  spare  cell/eiements: 

S13  - basic  cell/element  is  exact  (it  works),  everything  three 
spare  exact; 

S 1 2 - basic  cell/element  it  is  exact  (it  works),  of  three  spare 
one  it  refused,  two  were  exact; 

S 1 1 , basic  celi/element  is  exact  (it  works),  of  three  spare  two 


they  refused,  one  was  exact; 
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S10  - basic  eell/element  it  is  exact  (at  wcrxs),  everything 
three  spare  refused} 

S 03  - basic  z ell/e le rnent  it  refused,  works  one  of  the  spare, 
remaining  two  are  exact} 

S0i  - basic  cell/eloment  it  refused,  works  one  of  spare,  of  the 
ethers  spare  one  is  exact,  another  refused} 

S01  - basic  cell/element  it  refused,  operates  one  of  the  spare, 
the  ethers  two  spare  refused} 

S00  ~ ^11  cel  1/element s they  refused- 


a_£l»  = _(3A,-|-Al)p1„ 

dt 

^21  = — (2A*  -f  Aj)  pu  + 3A,  />,». 

dt 

a—  = — (As  q-  A2)  pu  -|-  2 A,  plt, 

dt 

^2"  — — A|P10  + A,  pUl 
dt 

= -(A. + 2At)p0, + 

dt 

= — (A,  -r  A.)  pa>  A,  pi,  q-  (A*  ■+■  2At)  p0j> 

dt 

^2.  — — A.,  p01  + At  pu  + (A,  + At)  p02, 
dt 

d-~-  =*  A,  pl0  -(-  A,  pn . 

at 

To  these  equations  it  is  necessary  to  supFiement  condition: 

Pis  + Pia  -r-Pli  + Pio  + Pos  l-Pf+Pu+Poo**  1. 

makinq  it  possible  to  ro  ject/t  hrow  any  of  equations  (6.15)  . 

The  integration  of  system  (o.  15)  can  tc  realized  ir.  the 
following  order:  from  the  first  equation  we  find  ptj(t): 

Pjt(t)  = e-<3*’ + *•*'.  (6-16) 

This  expression  is  substituted  in  the  Jeccrd  equation  which  now 
contains  only  one  unknown  function  Pi2(t)  5 w,?  fin*  it,  wo  substitute 
in  the  third  equation,  and  so  on. 
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Fig.  7.35. 
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At  each  step/pitch  of  this  process  the  new  junctions  we  express  as 
already  known,  thus  far  finally  it  is  net  reached  po0,  wuich  we 


express  as  all  others: 


r»  U)=]—  ( Pi t (l)  + (/)  -f  pu  (/)  + plt(t)  + 

+ Pn  (t)  -f-  Pm  (0  + Pn  (/))• 


After  calculations  arc  produced  and  functions  pl3(t),  ..., 
Foo(t)  found,  it  is  possible  to  find  the  reliability  of  system  P(t) 
It  is  obvious,  it.  is  equal  to  the  sum  cf  the  prebabil  ities  of  all 


states,  in  which  the  syste#  woiks: 
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cr,  which  its  the  same  thing. 


/></>  = ! -P.0  <0. 


7.  Reliability  of  system  with  restorat  icn/rcduction- 


Until  now,  examining  the  tasks  of  reliability,  we  proceeded  from 
the  fact  that  the  refused  cell/element  goes  out  of  order  finally  and 
no  restoration/reduction  of  its  tuncticns  it  is  produced.  Is  of 
interest  research  of  the  tasks  of  reliability  cn  the  assumption  that 
the  refused  cell/e  leiuents  are  Lestcred  - they  are  i/istantly 
substituted  new  or  they  are  overhauled. 


During  the  solution  of  this  type  of  tasKi.,  wo  will  assume  that 
all  flews  of  events,  which  translate  system  ficra  state  into  state, 
simplest  (otherwise  we  such  tasks  will  not  manage) . 


Let  us  preliminarily  do  the  following  observation:  all 
processes,  connected  with  the  reliability  cr  the  systems  which  we 
examined,  until  now,  it  was  substantially  unsteady;  since  the 
restoration/reductions  of  cell/clements  was  not,  it  is  logical  that 


with  t 


• the  reliability  of  system  vanished,  and  tna  "maximum 


conditions/mode"  of  system  it  was  simply  "it  dees  not  work". 


i 
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In  tasks  with  restorat icn/red ucticn  us  they  will  interest  not 
cnly  transient  processes  in  system,  tut  also  the  steady-state 
conditions/modes,  attained  with  t — » In  this  paragraph  we  will 

consider  several  tasks  ct  the  range  cf  the  reliability  of  systems 
with  restoration/reduct  ion. 

Task  1 (task  of  spare  cell/eleraents)  . 

Works  the  simple  system,  which  consists  of  one  cell/e le me nt 3, 
which  undergoes  the  simplest  flow  cf  failures  witn  intensity  X.  With 
failure  the  ce ll/element  is  instantly  substituted  new  with  the  same 
characteristics.  Available  is  N of  spare  ceil/e  lenient  s,  wnich  are 
located  in  "cold"  reserve.  To  determine  probability  tnat  this  number 
cf  spare  cell/elements  to  us  will  suffice  for  operational  provisions 
of  system  for  a period  of  time  t (in  ether  words,  to  find  reliability 
P(t)  of  system  with  restoration/reduct icn)  . 

Page  3 94. 

Solution.  It  is  not  difficult  to  note  that  stated  problem  is 
eguivalent  to  the  task  cf  estimating  the  reliability  of  the  redundant 
system  with  N by  the  spare  cell/elements,  working  in  cold  reserve 
and,  as  such,  it  can  be  solved  by  the  metheus,  proposed  above.  But  we 
is  solved  by  its  somewhat  different,  simpler  method. 


Let  us  consider  on  axis  Ot  the  "flew  cr  restor at i on/r ed uc t ions", 
i.e.,  the  sequence  of  the  moments  of  time  at  which  they  jo  out  of 
order  and  instantly  are  restored  cell/elements  (Fig.  7.3b).  it  is 
obvious,  this  - the  simplest  flow  with  intensity  The  reliability 
of  system  P(t)  is  probability  that  up  tc  torgue/moment  t the  system 
will  work,  for  this,  it  is  necessary  that  cn  the  section  (0,  t)  it 
would  refuse  not  more  than  N cell/elements  (one  utsic  and  N- 1 spare). 

Me  know  (see  §4  chapters  4) that  tie  number  of  events  of  the 
simplest  flow,  which  fall  to  section  with  a lengtn  of  t,  is 
distributed  according  to  the  law  ot  Poisson: 


where  a = Xt , i.e.  , 

P, «=»— ^ (m-0.  1,  ...)•  (7.1) 

ml 

Let  us  find  probability  that  the  number  ot  points  (events),  that 
fall  to  section  (0,  t)  , will  be  not  more  than  N.  This  probability 
will  be  the  reliability  of  the  system 

P(/)-P0+P,+  +?»• 

cv,  it  is  shorter. 


P<0«  £ Pm- 

0 


(7.2) 


I 
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Calculations  on  formulas  (7.5)  oc^7.^)  it  is  convenient  to 
produce,  using  the  tables  of  Poisscn  distribution  Pm  (or 

m—  | 

probabilities  Rm  = • — 2 Pn,  which  somewhat  more  conveniently  are 

n-0 

tabulate d)  . 


In  A)  pendix  (lable  2)  gives  delays  from  the  tables  of  Poisson 
distribution  (probability  />m)- 


Example  1.  Is  examined  the  work  of  cell/e lemant  with 
restoration/reduction  (task  1) ; the  intensity  ct  clow  of  failures  X 
2 (failure  in  hour),  in  our  disposition  N = 6 spare  ce 1 1/elemen ts 

lo  determine  the  reliability  of  system  P(t)  in  the  function  of  time 
to  t = 5 hour  (maximum  operating  time). 


Solution.  He  will  use  Table  2 applicat icn/appendices.  The 
first  column  of  the  table  where  P7  is  excellently  from  <:ero  - these 


1 


!1 

1 


I 


i 

I 

. 
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are  the  column,  which  corr espo nds  to  a •=  1,  i.e.,  t = 0.5. 

Set /assumi n j t = 0.5  and  stcre/addiri'j  up  all  pr CDabilit ies  for  m > 6 
(of  them  is  different  from  zero  only  P7),  we  obtain: 

P( 0.5)  “ I — 0.0001  - 0.9999 

For  t = 1 (a  = 2)  we  have: 

P(l)  •=  1 — (0,00d7  + 0.0009  + 0.0002)  - I — 0.0048  = 0.9952  =.  0.995. 

For  t = 2 (a  = 4)  : 

P(2)  - I — (0,0595  -t  0.0298  + 0.0132  + 0.0053  + 0.0019  4-  0,0006  + 

0.0002  + 0,0001)  «=  I - 0.1106  » 0.889 

For  t •=  3 (a  = 6)  already  more  convenient  to  not  pass  to 
opposite  event,  but  to  compute  probability  tnat  tue  number  of 
failures  will  be  lesser  than  seven: 

P(3)  - 0,0025  - 0,0149  + 0.0466  + 0.0892  + 0.1339  + 0.1606  + 0,1606  = 

0.608 

For  t = 4 (a  - «)  : 

P(4(— 0.0003  + 0,0027  + 0,0107  + 0.0286  + 0.0572  + 0.0916  + 0,1221  as 
0,313. 

For  t = 5 (a  = 10 ) : 

F(5|  — 0.0000  + 0.0005  + 0.0023  + 0,0076  + 0,0189  + 0,0378  + 0.0631  «. 

0.130 

It  is  applied  the  obtained  values  for  ^raph  {Pi].  7.  J7). 
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Task  2.  Systa m consists  not  of  one  as  of  tas*  1 , but  ot  several 
Cell/elements;  among  their 


(/) 

n,  3jTOMeHTOB  rpynnw  I, 
n*  saemeHTp^  rpynnu  2, 

(79  • • 

mcmchtob  rpynnu  k. 


Key:  (1).  the  cell/elements  of  group. 


Each  of  the  cell/elements  of  any  group,  independent  of  others, 
it  can  reject;  tha  intensity  of  flow  ot  failures  for  the 

cell/elements  of  different  groups  is  equal  respectively;  A,,  A*,  A*. 
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Fig.  7.37. 


Page  306. 

Ail  flows  of  failures  - simplest.  The  refused  cell/eleaen t is 
i ip  mediately  substituted  new.  In  supply  there  is  N , , n2#  ...»  V*  the 
ce 11/r leme nts  of  the  corresponding  groups,  iho  absence  of  spare 
cell/element,  with  next  failure  indicates  the  railure  of  device.  It  is 
required  to  determine  the  reliability  cf  system  P (t ) . 

Solution.  Since  the  absence  of  the  spare  celi/element  of  dny 
group  is  equivalent  to  the  failure  of  device,  let  us  consider  groups 
as  "consecutively”  connected  ce  11/eleme rts ; then  the  reliability  of 
system  is  equal  to  the  product  of  the  reliability  of  all  groups.  The 
reliability  of  the  i group  is  defined  as  in  task  1: 

e“V  V {h  -)" 


( 7.5) 


I 
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Multiplying  these  reliability,  we  will  obtain  tne  raliability  of 
the  system 

/J  </)  = /*' )(/>./><*»(/).  ... 

or,  it  is  shorter, 

* 

P(0=  n pi‘>(t).  (7.6) 

I » I 

Let  us  note  that,  using  the  brought  out  formulas,  it  is  possible 
to  not  only  consider  the  reliability  of  system  with  the  assigned 
number  of  spare  ce 11/elements,  but  disc  to  determine  that  how  many 
spare  coll/elements  it  is  necessary  to  have  available  so  that  the 
system  with  assigned  t would  have  the  speciric  reliability. 

Example  2.  To  determine  the  nunfcer  or  spare  cell/e lements  N 
which  must  be  had  available  so  that  the  system,  wnich  consists  of  one 
basic  cell/element  and  N cf  sp'are  with  the  intensity  of  flow  of 
failures  X = 0.5,  would  have  with  t = 8 reliability  not  less  than 
C.  95. 


Solution.  He  have  a = Xt  = 4.  In  column  Table  2 
application/appendices,  appropriate  a - 4,  wo  store/ald  up  all 
probabilities,  beginning  with  the  latter,  until  sum  reaches 

l _ o,95  - 0,05. 


1 

I 
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We  obtain: 

0.0001  + 0,0002  + 0.0006  -+■  0,0019  + 0,0053  + 0,0132  + 9. 0298  - 0,0511. 

Thus,  probability  that  the  number  cf  refused  cell/ele ment s will 
be  more  than  seven,  is  equal  tc  0.0511,  i.e.,  N = 7 does  not  satisfy 
cur  requirement;  but  i f we  take  N = 8,  then  the  probability  of  the 
deficiency  of  cell /ele men ts  will  be  less  than  0.05: 

0.0001  + 0,0002  + 0.0006  + 0,0019  + 0.0053  + 0,0132  =•  0,0213 

fience,  the  number  of  spare  cell/elements,  which  satisfies  the 
condition  of  task,  N = 8. 

><^all  examined  above  tasks  the  restoraticn/ceduction  of 
cell/element  occurred  instantly;  new  we  will  ccnsider  the  task  where 
it  is  detained. 

Task  3 (system  of  one  cell/elcment  witn  the  delayed 
restoration/reduct  ion)  . 

System  consists  of  one  cell/eleme  r.t  3,,  the  loCatirij  under 
action  simplest  flow  of  failures  with  intensity  The  refused 
cell/element  immei  iatel  y beqins  to  be  restored  (to  be  overhauled). 


1W  I .aii.j.  II  vilip 
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Flew  of  rest.ordtion/reducti0ns  - simplest),  wit!  intensity  p.  The 
supply  of  resources  tor  d repair  is  not  limited. 


Faye  398. 

It  is  required  to  determine: 

- generalized  reliability  of  system  p ( t ) - probability  that  in 

torque/inoment  t the  system  will  wotk^ 

- limitiny  value  by  generalized  p - probability  that  in  the 
arbitrary,  sufficiently  distant  from  beginning  torque/moment  the 
system  will  work^ 

-probability  P (t)  of  the  fact  that  to  tne  specific  t er  que/moinent 
the  system  will  work  generally  smoothly  (i.e.  will  be  not  one  outage 
fer  restor at  ion/re  duct icn) . 

Solution.  The  states  of  system  (ir  this  case  of  cell/elenent) 
will  be; 

S o - works, 

S,  - is  restored. 
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The  graph/count  of  states  is  shown  on  tig.  7.38. 
Fquate/coraparing  the  graph/count  of  states  7.38  with  the  graph /count 
cf  the  sta  tes  of  the  single-ch  dimel  system  of  xjss  maintenance  with 
the  failures  (see  §3  chapters  5,  Fig.  5.1),  we  see  that  they 
coincide;  that  means  they  coincide  and  the  probability  of  states, 

| 

M . 1 


A»(f) 


^ 4 ti  ^ -4“  u 


MO  - 1 -p,(0  ° (1  -*-**+•» ). 

*4  ^ 


(7.7) 


The  generalized  reliability  of  system  - probability  that  in 
torque/moment  t it  will  work: 

i 


p(0-p,(0“  ^=-+^=-e“'k+,,,'. 

i»  *+»» 


(7.8) 


With,  t — > - this  reliability  approaches  the  limiting  value: 

i«  e.  it.  is  equal  to  the  relative  percentage  of  the  intensity  of  flow 
cf  restora ticn/red uctions  in  the  total  intensity  of  flow  of 
restoration/reductions  and  failures. 


A/ 


Probability  P (t)  of  the  fact  that  to  torque/moment  t will  occur 
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not  on*-'  failure*  let  us  determine  as  follows.  Let  us  assume  that 
there  aro  no  restoration/reductions  of  the  retusoa  cell/element* 
i.e.,  the  graphs  of  states  has  the  form*  shown  on  Fig.  7.J9.  The 
unknown  probability  ?(t)  will  be  equal  to  {.rotatility  p0(t)  that  that 
system  with  the  graph/count  of  states,  shown  on  Fig.  7.J7,  it  will  be 
up  to  torg  ue/iaomen  t t in  state  S0;  this  prcLability  will  be  obtained 
by  the  solution  of  the  differential  equation 

it 


< 


whence 


w 
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Fi'j#  7«33«  Fig.  7 . J 9 . 


Page  39d. 


Th  usf 


/>(/)=e-A''.  (7.9) 

Task  a (system  from  several  ccll/element  s with  the  delayed 
restcration/reduct  ion)  . 


System  £ consists  of  n of  the  cell/elements  each  of  which  is 
located  under  the  action  of  the  simplest  flow  cf  railures  with 
intensity  X.  With  the  failure  of  any  ce  11/ele me nt , the  system  is 
disco nnect/turned  off  and  begins  the  r estorat icn/reduction  of 
cell/e  lenient.  In  the  inoperative  system  the  cell/elements  reject 
cannot.  The  intensity  of  flew  cf  restciation/reductions  is  equal  to 
p.  All  flows  - simplest.  To  find: 


- the  generalized  reliability  system  P (t ) (probability  that  in 


torque/momen t t system  will  work)  j 
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- Determination  the  generalized  reliability  of  system  py 

- probability  P (t ) of  the  fact  that  tc  t or gue/moment  t of 
failures  will  not  at  all  be. 

Solution.  System  may  as  before  to  le  only  in  two  states: 

SD  - works, 

S i i^  turned  off,  is  restored  one  cell/el t »ont  *. 

FOOTNOTE  1 . Simultaneous  breakdown  of  two  ct  mere  cel 1/ele ment s is 
ret  examined  by  the  force  of  the  ordinariness  cl  the  flow  cf 
failures.  ENDFOOTNOTE. 


The  graph/count  of  states  is  shew:  on  Fig.  7.40.  As  is 
evident,  it  differs  from  graph  in  Fig.  7.38  0nl>  in  tens  of  the  fact 
that  instead  of  x stands  nx.  Hence,  on  the  rasis  ,u  the  solution  of 
the  previous  problem. 


Pit) 


«X+M 


pwmTT~' 
+ n 

P(t)  = e— w. 


(7  10) 
(7.  II) 

(7.12) 
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Another  picture  we  will  obtain,  if  let  us  assume  that  during  the 
restcrutio n/rea uct ion  cf  one  cell/element  ethers  ire  continued  to 
work,  and  they  can  gc  out  cf  cider. 

Task  S.  System  5 consists  of  n of  the  cell/elements  each  of 
which  is  located  under  the  action  cf  the  flow  cf  tailures 
(malfunctions)  with  intensity  X. 
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Fig.  7.40. 


Page  399. 


*ith  the  failure  of  ce  11/element,  it  immediately  begins  to  be 
restored,  remaining  ce  11/ele  ire  nt  s are  continued  to  work  (it  is  active 
cr  in  hot  reserve).  The  intensity  of  flew  ci  the 

restorat  ion/reduct  ions  of  the  cell/ele  aent  (independent  of  the  number 
of  simultaneously  reducible  cell/elements ) is  equal  to  p. 


To  find: 


- probability  P(t)  of  the  fact  that  at  t or gue/moment  t all 
cell/elements  will  be  exact  j 


- the  maximum  probability  p of  the  same  event,- 


- the  average  number  of  exactly  working  ct  ll/elements  for 
maximum  conditions/mode  (with  t »)  . 
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Solution.  Let  us  label  the  states  cf  systen  according  to  the 
number  of  defective  cell/elements : 

S0  - all  cell/elements  are  exactj 

S,  - one  cell /element,  is  restored  the  others  are  exactj 

S* — k of  cell/elements  are  restored  the  ethers  are  exact,. 

S>.  - all  n of  ce  11/elcments  are  restored. 

The  graph/count  of  the  states  of  system  is  snown  on  Fig.  7.41. 

Eg uate/compa ring  him  with  the  graph/count  or  the  states  locked  SMO  in 

yru 

the  case  when  Mauh  number  of  workers,  that  operate  machine  tools,  is 
egual  to  number  n of  the  machine  tools  (see  §8  chapters  5),  we  see 
that  they  coincide.  Consequently,  tor  fceth  graph/counts  coincide 
differential  equations  ter  the  probabilities  of  stages,  and  maximum 
probabilities.  Differential  equations  take  the  form: 
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^1=,  — l(rt — l)?.  + n|p1+nXp0  + 2np„ 
<xt 


— «=  — |(n  — Ar)>.  + A^|p„  + (n  — Ar-f  l)Xp*^,+(*  + l)|&p*+i> ! 

d/ 


^5-_nnPn  + Xpn_„ 

0/ 


plus  the  condition 


Pj  + P»+**'"f  P»“l* 


In-tIA  ^ * r^~ — -\ln-klA  A 


Zji  kfd  (k  * 1)ji  njt 


Fi'z.  y.Hi. 
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The  unknown  probability  F(t)  there  is  nothing  els  a but  p0  (t),  which 
we  will  obtain,  integrating  system  of  equations  (7.1j)  under  the 
initial  conditions: 


The  maximum  probabilities  of  states  we  find  through  the  formulas 


of  S 8 of  Chapter  5,  set/assuming  m = n,  X/p  = p : 

1 


Pu 


. « n (n  — 1 ) . ..  (n  — r + I)  , n (n  — I ) ...  2- 1 

l+TTf.+  ...  + P'+-  + *» 


I 


I 


I + Cn‘  p+  ...+CYp'  + ...  +C„V  (1  +p)n  ’ 
Pr  = Cnrprp0\  r = 1 n. 


The  unknown  maximum  probability  p will  be  e^ual  to  the  mixiinum 
probabilit  y p0. 


The  average  number  of  exactly  working  ce 1 1/elements  H will  be 
equal  to  the  number  of  cell/elements  n,  multiplied  by  probaoility 
that  the  separate  cell/element  works  exactly.  This  probability  for 
maximum  co nd itions /mod e is  equal  to  p/X  ♦ p,  whence 

— nji  n 

X + p l+p’ 


J 


I 
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Tlit*  examined  problems  and  examples  show  that  the  mathematical 
apparatus,  used  for  the  analysis  of  the  reliability  of  technical 
equipment/devices,  in  essence,  coincides  with  the  apparatus  of 
queueing  theory,  and  research  of  the  processes,  waicn  taka  place  in 
systems  with  unreliable  cel  1/e  leme  nts,  under  known  conditions  can  be 

fc 

carried  out  by  the  methods  of  the  theory  of  continuous  darkov  chains. 
For  this,  it  is  necessary,  in  order  to  the  tiows  of  events,  which 
translate  cell/elements  from  state  into  state,  they  wara  (it  is 
accurate  or  approx  imatel  y)  Foisson.  These  flows  not  necessarily  must 
be  stationary,  but  in  any  case  similar  so  that  the  intensities  of 
flow  of  events  would  not  depend  on  the  random  tor que/raoiaen ts  of  the 
transitions  of  system  from  state  into  state.  For  the  simplest, 
stationary  case  this  means  that,  in  particular,  all  laws  of 
reliability  must  be  exponential,  and  the  laws  of  time  allocation  of 

(i 

restoration/reduction  - by  also  exponential  or  close  to  exponential. 


8.  Account  to  the  dependence  of  failures  during  the  estimation  of  tne 
reliability  of  technical  equipment /devices. 


Until  now,  analyzing  the  reliability  or  the  tecnnical 


equipment/devices  (systems),  comprised  cf  cell/elements,  we  assumed 
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that  the  fdilui.es  of  these  cel  1/e  lenient  s occur  independently  of  each 
ether.  ( 

I 

I 

Page  40  1. 

i 


Tniii  assumption  not  is  always  correct:  in  a series  of  cases  of 
failure,  of  ce 11/e leme nts  can  be  dependent. 

I 


Tne  dependence  between  failures  can  be  two  typo's. 

I 

1.  failure  of  any  celi/el  einon  t varies  mod*  oi  .operation  of 
system  (tor  example,  can  arise  short  circuit  or  sharp  fluctuations  of 
stress;  or  breakdown  of  one  cell/e leme nt,  which  is  regulator,  varies 
mode  at  operation  of  others). 

/ 

2.  On  entire  set  of  ce 11/elewents , functions  some  random  factor 
(temperature,  vibration,  etc.)  , which  simultaneously  affacts 
reliability  of  all  cell/e lements  or  part  ot  tnem. 


Let  us  pause  briefly  at  the  methods  of  the  account  of  both  types 
of  dependence. 


Let  there  be  presently  the  dependence  ot  rirst  type  failures  - 
» 

breakdown  at  one  cell/element  it  affects  tin  operating  made  and. 
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which  means,  that  to  the  reliability  of  the  others.  It  is  obvious,  if 
we  deal  with  simple  (unreserved)  system  in  tne  aosence  of 
restoration/reduction,  then  first  type  dependence  cannot  pronounce  on 
the  reliability  of  system.  But  if  system;  is  reserved  (or  occurs 
restoration/reduction)  , a dependence  of  sucn  type  must  ua  considered. 


Example  1.  System  consists  of  two  cell/elements:  basic  and 
spare  at  worker  of  "hot  reserve"  (Eiq.  7.42).  With  the  failure  of 
basic  cell/element,  the  system  is  automat  ical  1 y switched  to  spare. 

The  intensity  of  flow  of  the  failures  of  both  cel r/eiemen ts  in  normal 
woc<ir*sj  order  is  identical  and  equal  to  X.  Breakdown  of  aasic 
ce  1 1/eleme nt  affects  the  mode  or  operation  of  spare  so  that  the  rate 
of  failures  X increases  by  value  f (t-t,),  wnere  t,  - torque/moment  or 
the  failure  of  basic  cell/element.  Thus,  the  conditional  rate  of 
failures  of  spare  cell/element  when  the  basic  refused  at 
torque/iuoment  t4,  was  equal  to: 


«//,)-  | 


X (0  npw  l <lj, 

X + /U—  /|)0  npn  l>/,. 


Ke  y : ( 1 ) . with. 


It  is  required  to  determine  the  reliability  of  system  P(t). 


Solution.  This  problem  is  reduced  to  already  solved  is  earlier. 
It  is  real/actual,  set/assuminq  Xt  (t)  = \a  (t)  = X*(t/t,)  = X ♦ 
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we  come  to  that  diagram  which  was  examined  in  problem  1 of 


The  first  type  of  the  dependence  cf  failures  (effect  of  the 
failures  of  some  cell/elements  on  the  reliability  of  others)  is 
observed  and  then,  when  some  cell/eleme  nt  s (regulators)  are  intended 
for  maintaining  the  noraal  mode  of  the  work  or  ethers. 
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Fig.  7.42.  Fig.  7.43. 


Page  4 02. 


Example  of  2.  System  S consists  of  two  "in  parallel"  connected 
cell/elements:  basic  3,  and  spare  3t,  that  is  located  in  the 
lightened  reserve  (Fig.  7.43).  Regulator  3P  is  intended  for 
supporting  the  of  normal  mode  of  the  work  or  both  cell/elements:  9, 
and  3,.  In  the  normal  mode  or  the  rate  of  failures  or  worker  and  not 
working  (exact)  of  cell/elements  are  egual  to  respectively  and  X2. 
with  the  failure  of  regulator,  these  intensities  instantly  increase 
and  become  egual  to  T,  and  X^.  The  intensity  of  ilow  of  the  failures 
cf  regulator  itself  is  egual  to  >T  All  flows  of  events  - simplest. 

To  determine  the  reliability  or  diagram. 

Solution.  At  constant  failure  rates  the  process,  which  occurs  in 
system  - Markov. 

Let  us  label  the  states  of  system  by  three  iuuic-»s:  the  first  is 


I 


r 
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equal  to  zeto,  if  is  exact  regulator,  and  it  is  ejual  to  unity,  if  it 
lpft  the  systea.  The  second  index  is  equal  to  zero,  it  is  exact  basic 
cell/eloment  3,.  and  to  unity,  if  it  left  the  system.  Tha  third  index 
- the  same  f cr  a spare  cell/eleuen t 3,. 

The  states  of  system  (Fiq.  7.44): 


sooo  “ all  three  cell/element s are  exact; 

soio  ~ regulator  is  exact,  cell/element  3,  left  the  system, 
works  3,; 

sooi  “ regulator  is  exact,  cell/element  3|  exact,  it  works;  3 
left  the  system; 

soii  ~ regulator  was  exact,  both  cel  1/ele  ment  3,  ani  3,  left  the 
system ; 

smo  ~ regulator  left  the  system;  both  ce  1 l/eleinant  3i  and  3, 
were  exact,  of  the  ■ 3,  works; 


siio  “ regulator  left  the  system,  cell/element  3,  laft  the 
system,  works  3y; 
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Sjoi  ~ regulator  it  left  tne  system,  cell/eleaent  3,  works,  3, 
failed  ; 

siii  ~ all  three  cell/elements  left  the  system. 

After  comprising  for  this  graph/ccunt  the  system  or  the 
differential  equations  (we  let  this  to  do  for  rearer)  and  after 
solving  these  equations  under  the  initial  conditions: 

( = 0;  Paoc“  L P . Pn] ™0, 

we  will  obtain  the  probabilities  of  states.  The  reliability  of  system 
P(t)  will  be  expressed  as  sum  of  the  probabilities  of  all  states, 
except  Sox  j and  St  u,  in  which  works  none  or  tne  cell/eiem ents  3,  and 
3,: 

/>(/)_  *.,</).  (8.1) 

Let  us  pause  now  at  the  second  type  of  the  dependence  between 
failures.  This  type  of  ^dependence  is  caused  i>  y the  presence  of  some 
random  factors,  which  affect  simultaneously  the  work  of  all 
cell/elements.  Let  us  consider  that  these  factors  determine  one  or 
another  mode  of  operation  of  system. 

I 
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Fig.  7.44. 

Page  403. 

Let  us  consider  first  the  siaiplest  case  when  the  .node  of  operation  of 
system  does  not  vary  in  the  course  of  its  operation,  but  it  remains 
constant.  Tnus,  for  instance,  it  is  possible  to  count  that  the 
meteorological  conditions  dc  net  vary  ci  little  vary  in  the  process 
cf  rocket  flight  of  "2cml  - Zeml's  class". 

Let  be  possiDle  several  operating  modes: 

^i»  •••»  Rh 

with  the  probabilities,  equal  to  respectively 

P(Rt).  P(R%) P(Rk) 
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There  is  certain  system  S whose  reliability  depends  on  the 
condit  ions/mole , by  which  it  works.  Let  us  uesiguate  the  conditional 
reliability  of  system  during  i conditicns/mode 

PVR,)  (»  = l k ). 

Let  us  find  now  the  f ull/t ot a 1/cob  fie te  ( unconditional) 
reliability  of  system  i (t ) . On  the  formula  of  the  composite 
(•reliability: 

P(i)  = P (Ry)  P (i  Ry)  + P[RJ  P (t!Rt)  + -..  + P (Rk)  p l tiRk ). 
or,  it  is  shorter, 

P(t)  = S P(R,)P  (t.Ry).  (8.2) 

■ — i 

Example  3.  System  S consists  of  two  "consecutively"  connected 
cell/elements  3,  and  3a  and  can  work  in  one  or  the  three 
conditions/modes:  R,,  R2,  R3,  probability  ot  which 

/>(/?,)-  0.4;  P(P,)-0, 3;  />(*»)- 0,3 

During  condit ions/node  Rj  of  the  intensity  of  flow  of  the 
failures  of  elements  3,  and  3,.  are  equal  to  0.1  and  0.2  (failures  in 
hour),  during  coni  itions/mode  R,,,  they  are  equal  to  0.3  and  0.4, 
during  conditions/mode  S3  - 0.4  and  0.5.  To  determine  the  reliability 
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of  system  and  to  compute  it  for  t - 2 hour. 

Solution.  During  the  "consecutive"  connect  ion/compound  of  the 
cell/elome  nts  of  failure  rate,  they  store/auu  up.  We  find  the 

conditional  reliability  of  system  during  three  couditions/modes: 

O-'+o.tw  J=e-0.»11 

P(HRX)  = e-H°. 3+0.4)  '„e-°.r  I, 

He  nee 


P (0  = 0,4  e-0-3  '+0,3e'°'7' +0.3  e-0-9'. 


Set/assuming  t = 2,  we  will  obtain: 

P (2)  =0.4  e— 0,6  — 0,3  e-1,4  4-0,3e~ 1,8  «= 
= 0,4-0,549  — 0,3.0,2474-0.3-0,165  = 0,343. 
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Of  analogous  with  the  examined  discrete  uiagram  several 
conditions/modes  it  is  possible  to  determine  the  reliability  of 
system,  if  the  mode  pf  operation  is  cha ta c ter  1 zed  by  certain 
continuous  random  variable  H (let  us  say,  tuat  by  temperature),  that 
has  known  density  of  distribution  t (r) . Then  in  formula  (8.2)  instead 
of  the  sum  will  figure  the  integral: 

P(t)~  ^ P (t!r)i  (r)dr,  (8.3) 

IH) 

where  P(t./r)  - conditional  reliability  of  system  when  R = r;  f (r)  - 
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the  density  of  distribution  of  pdraaietec  R. 

Integral  extends  to  entire  range  (R)  01  tne  possible  values  of 

parameter  R. 

Example  4.  System  S consists  of  two  ce  11/ elements  3,, 
connected  "in  parallel";  spare  cell/element  a,  is  located  in  "hot" 
reserve.  The  intensity  of  flow  of  the  failures  of  each  cell/element 
is  constant  in  time,  but  it  depends  cn  the  mode  of  operation  of 
system  - temperature  3,  this  dependence  is  expressed  by  the  formula 

l<6)=-l„  + ae. 

The  density  of  distribution  of  temperature  j is  constant  in 
range  from  3*  to  d2: 

/<«>  — 1/(0.—  Oil  !^>M  0,  <3<0.. 

Key;  ( 1)  . with. 

To  determine  the  reliability  of  system. 

Solution.  He  determine  the  conditional  reliability  of  system  at 
the  assigned  value  e = 3; 

P (</<»«,  1 _() 
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On  formula  (8.3) 
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P(t)~ 


-f'- 


JO 


hr?'*-- 

0,-#J 

0» 


«*•>']  = 


-<r.+a«,)  _ o* -<>••+«*• 1 + 

2 


_ ! fie 

«(♦,-«,)/  l 

+ _Le-*(>W+«».»'j  . 

Let  us  note  that  the  disregard  of  the  dependence  of  failures,  if 
it  is  and  it  is  essential,  it  can  lead  to  larqc  errors,  especially, 
if  system  consists  of  many  cell/el emen+ s. 


Example  of  5.  System  S consists  of  S 0 uniform  cell/elements, 
connected  "consecutively",  and  it  can  woe  It  rn  cne  of  the  two 
condi t ions /modes: 


Ri  - normal, 

R 2 ~ abnormal. 

The  probabilities  of  these  condit iens/modes  are  ^^uil 
respective ly : 

/>(«,)-  0,9;  P (/?,)- 0,1. 

In  normal  mole  the  reliability  or  each  ce 1 1/eleaent  (for  the 
specific  time  r)  is  equal  p = 0.998,  in  the  abnormal  p’  = O.9.,  To 
determine  the  full/total/complete  reliability  or  system  S and  to 
compare  from  that  that  would  be  obtained,  ir  cell/elements  went  out 
cf  order  independently. 
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Solution.  Conditional  reliability  of  system  duriny  the  first 
co  nd i t ions/m ode : 

with  the  second 


— 0,9*  » 11,004. 

F ull/total/conple to  reliability  of  the  system: 

Pa.0,9.0  9U4+0. 1.0,004 -n,8H. 

Lot  us  count  TU  reliability,  considering  the  failures  of 
ce  1 1/e  le  me  nt  s independent  variaolos  and  assiyninj  to  eacn  of  them  the 
reliability,  equal  to 


V— o,9p-t-o.  Ip*  «!',hp8. 

Multiplyiny  the  reliability  of  SO  cel  1/el  cutouts,  we  will  obtain: 

p»0,98K»*fc  0,561 


As  ci n be  scan  from  an  example,  neylect  ol  the  dependence  of 
failures  duriny  the  "consecutive"  connect icn/ccropounl  of 


j 
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cell/elements  can  load  to  tho  essential  u n dors  t at  in  g of  coliability. 
During  the  "parallel"  connecticn/ccmpound  or  cell/elements,  the  same 
disregard  of  dependence  leads  not  to  the  understating  or  reliability, 
tut,  on  the  contrary,  to  its  overestimate. 

Example  of  t>.  The  redundant  system  consists  n basic 
cell/element  3j  and  three  spare:  3«.  3„  3„  working  in  "hot" 

reserve.  System  can  work  in  one  of  the  two  cond it. ions/inoies:  - 

normal  and  it  ? - abnormal  with  probabilities  P ( H , ) = 0.7  and  P(R?)  = 

0.  3. 


The  reliability  of  all  cell/elements  identical;  in  normal 
mode  it  is  egual  p = 0.79,  in  abnormal  p*  = 0.4.  To  determine  the 
full/total/complete  reliability  or  system  p and  to  compare  by  its 

wV 

that  p which  will  be  obtained,  it  we  consider  failures  independent 
var lables. 

Solution.  Conditional  reliability  of  system  during  iich 
conditions/mode: 

PH  -I  — (1  -0,99)**  1,000,  (I— 0,4)*  *0,870. 

Fuil/total/complete  reliability  of  tne  system: 


Pm  0,7. 1,000  + 0,3*0,870  * 0.961. 
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It  we  consider  the  failures  of  cell/el* me nts  independent 
variables  and  to  ascribe  to  each  or  them  the  reliability 


p—0,7-0,99-r  h, 3-0,4  »0.813, 

1 

I 

then  the  reliability  of  system  it  will  te  another: 

P.|_(|_p)‘ss0.999, 

i-e.  considerably  higher  than  true  reliability  o.  Jol. 

I 

The  overestimate  of  the  r el  ia  bi  li  t y o t t In  reserved  block  which 
is  obtained  neglecting  of  the  dependence  ox  failures,  is  greater,  the 
greater  the  number  or  spare  cell/elements. 

It  technical  system  consists  of  the  cell/e lements,  connected 
loth  "consecutively"  and  "in  parallel"  (tor  example,  if  are 
d u pi  icate/back  up/r  ern  forced  only  most  import  • r.  t node/units),  then 
nrjlect  of  the  dependence  ct  failures  can  ltad  loth  to  tne 
overestimate  and  to  the  understating  of  reliability. 

Filially,  let  us  consider  the  case  when  rn  tin  process  of  the 

I 

work  of  sy  steal  conditi  ons/mcde  can  vary  randomly. 

Page  4 0b. 


connected  cel 1/ele mont s,  can  wot*  in  one  ot  tin  two  condi tions/modes: 
R,  and  R2.  The  transition  ot  system  frca  cond  i t ions/mole  r , into 
conditions/node  R2  occurs  under  the  action  ot  the  simplest  flow  of 
events  with  intensity  Xl2;  reverse  transition  - under  the  action  of 
t he  simplest,  flow  of  events  with  intensity  a2  , . 1'u  conait  ions/ mode 
R i , the  intensity  of  flow  of  the  failures  or  the  rirst  cel 1/elenent 
is  equal  to  r,"'  the  second  V1*;  in  conditions/m ode  R2  these 
in  to  ii i ties  are  equal  to  *1*’.  l'sSl  All  flows  - simplest.  To  determine 
the  reliability  of  system  P(t). 

Solution.  The  states  of  system  will  be; 

- condit  ions/mode  R,  , both  ec  ll/element  are  exact; 

S,„  - conditions/mode  R1#  at  least  one  cell/element  is 
de  feet i ve; 

5,*  - condit  lons/inode  R2,  both  cell/eleuunt  are  operative; 

5*h  - con  dit  ions/uiode  R2,  at  least  one  cell/eleaent  is 
de  f ect  i ve. 

Tho  qraph/count  of  the  states  of  system  is  snown  on  Fiq.  7 
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)Nk  'lho  ar tow/pointe rs,  which  translate  system  trow  state  S,„  in 
S,H  and  vice  versa,  are  not  shewn,  since,  it  system  is  not  exact,  to 
us  nevertheless,  which  conditions/mode  occurs. 


The  equations  of  Kolmoqorov  for  the  proba L ilit ies  of  states  will 


1*  “ - **■• 

(8.4) 

* ■'  — + + 

Other  probabi lities  us  in  this  case  do  not  interest,  since  they 
co r res j ond  to  defective  (not  working)  system. 


It  we  know  that  in  which  cond  it  ions/aoae  (Ht  or  R*)  the  system 
beqins  work,  then  equations  (6.  4)  will  he  integrated  mder  the 
completely  determined  initial  conditions,  for  example,  if  system 
begins  work  in  coaditions/mcde  Rt,  initial  conditions  will  be: 

f-*0,  p,,— 1,  p„— 0.  (8.6) 


Let  us  integrate  system  (d.4),  foi  example,  at  the  numerical 
values  of  the  parameters: 

k,t-l.  k„-3,  xy»-2.  X\*»-2.  Xp-v 
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Equations  (8.  h)  take  the  torn: 

*?!■  . 
dt  ■ «Pl»+3*-. 

4/>n  (®  61 

“i — *■-«*■• 

het  us  first  of  all  find  t ha  t with  which  x t.ne  pair  of  functions 
Cr~Kl.  De~kl  odn  satisfy  equations.  The  substitution  ot  this  pair  into 
system  (8.6)  qives : 

-1C-  -4C+3D.) 


— _ — 4C-f  3D,| 
— U)-C— tt>  / 


fi— 4)C+M>-0, 
C + (i- 9)  D— 0. 


So  that  the  system  of  equations  (8.7)  would  .jave  any  solution 


r ix 
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(C , \>)  , Upsides  zaro,  it  is  n*>cesi>aiy  and  sufficient  so  that  would  by 
equal  to  zero  detamiuant  from  t.ie  coefficients  ol  tins  system: 

(X-4|  (X— 9)  — 1 >3al) 


or 


X«_l3l  + 33-0. 


Solving  this  equation,  we  find  two  values  X; 


1,-6. 5-)  $,5»— S3js3.«59, 

X(-6.5  + K6<&1— 9.541 

At  value  X = Xt,  solution  of  system  (8.7)  i.  ^iven  oy  the 
l oimul a 


iWCo,' 


w I on  x = x,  - by  formula 

It  hence  follows  that  the  general  view  or  the  solution  of  the 

system  ol  differential  equations  (6.7)  - this  (Mir  or  the  functions; 

*.  ,o-C< " +C<*>  •-••‘4 ' \ 

p,a  (0  — 0, 180C,,)  ' _|.M7C<,,*“»*4M. 

Initial  conditions  we  can  satisfy  by  the  a ( prop!  l a t » selection 
ct  arbitrary  constants  c,u  and  c{,K  So  that  would  uo  implemented 

condition  »»■(<))•*  I.  i>t»  (0)  — o,  it  is  necossary  tnat  it  would  33 

C«'»+C<#*-  i. 

o,iaoc<,»— 


From  second  aquation  C***  — ©.wye41*;  substituting  this  m the 

first,  «>■  obtain: 

CO>- 1/1,007-0, 01*  d^-O.OM. 

Fage  40rt, 


It  is  final: 


P„,  (O  — O,  IM  (f— 3.459  I _p— ».  .<  I 


The  reliability  of  system,  obviously,  will  bo  equal  to  the  sum 
of  the  probabilities  of  the  exact  work: 

r< ' ’ (0 - p\  i,»  (0  + r£\t)  -1.076  e-*  4®* ' -0,076  e“ 9,54 1 », 

where  superscript  (1)  shows  that  they  are  calculate.!  for  the  specific 
initial  conditions/mode  Rt. 


It  is  analogous,  for  the  initial  corn!  it  ions/. node  R2: 

4*>fO-0,«9  («-S-4&9  -«-9-®4r'), 

off  (0  - 0,069  e~* 459  ' + 0,911  *-9>®41 

7>,,’< <)  - p‘*>  <0  + p£'  (/)-0.582*~*-4®*  +0,418e-*’*41 

If  the  initial  mode  of  operation  cf  system  in  accuracy  is 
unknown,  and  are  known  only  to  probability  of  ccnditions/a odes  Ri  and 


i 

i 


v . 
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R*  in  tne  heyinninj  of  process,  the  reliability  or  system  can  be 
counted  on  the  formula  of  the  composite  pr or  a i i lit y : 


where  P(P|),  P ( R - probability  of  the  fact  that  at  the  initial 
Boaent  occur  conditions/inodes  R.  and  R2  respectively. 
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3.  SIMULATION  OF  OPERATIONS  BY  STATISTICAL  TESTINGS. 

1.  Method  of  statistical  testings  (Monte- car lo)  . 

In  a number  or  the  previous  chapters  vie  became  acquainted  with 
the  nethods  of  the  construction  ot  some  ma tue ma tica 1 models,  which 
give  possibility  to  establish/instal  1 analytical  (rormulu) 
communicat ion/conn ection  between  the  assigned  conditions  ot  operation 
(among  other  things  by  accepted  us  solution)  and  the  result  (issue) 
cr  operation,  that  are  characterized  by  one  or  several  parameters  - 
indices  of  efficiency.  It  in  tiie  course  of  operation  there  are  mixed 
m random  factors,  then  it  represents  by  itself  random  process,  and 
the  index  of  efficiency  - probaoility  of  some  event  or  mathematical 
expectation  of  sole  random  value.  Sometimes  to  construct  the 
analytical  model  of  random  process  (for  example,  the  system  of 
differential  equations  for  the  probabilities  of  states  or  algebraic 
equations  for  the  maximum  probabilities  ot  states)  ana  it  is  possible 
tc  connect  the  assigned  conditions  of  operation  with  its  issue  with 
analytical  dependences.  However,  this  accomplishes  hardly  ever, 
trail,  ly,  when  the  random  process,  which  takes  place  in  the  system  in 
question,  .larkov  or  close  tc  Markov. 
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In  practice  b y no  means  all  random  processes,  observed  in 
operations,  are  larkov  or  close  to  then.  Fct  example,  in  the  real 
systems  of  mass  maintenance  the  flow  ot  claims  m any  way  is  not 
always  Poisson;  even  more  rarely  is  observes  exponential  (or  close  to 
it)  time  allocation  of  maintenance.  For  the  arbitrary  flows  of 
events,  which  translate  system  from  state  into  state,  analytical 
solutions  are  obtained  only  for  isolated  special  cases,  out  in  the 
general  ca  s<-»  of  the  satisfactory  methods  or  the  ;n  itheaatica  1 
description  of  the  corresponding  processes,  mere  does  not  exist. 

When  the  construction  cf  the  analyticax  model  of  phenomenon  on 
cne  or  the  other  reason  is  is  difricultly  realizable,  is  applied 
another  method  of  simulation.  Known  by  the  name  method  of  statistical 
testings  or,  otherwise,  the  Monte- Car 1 c metnod. 

At  ['resent  during  the  simulation  ot  operations  and  jeneraliy 
random  processes,  the  Monte-Carlo  method  is  applied  very  widely. 

Page  4 10. 


This  wide  acceptance  of  method  is  connected,  mainly,  with  the 

^digital  computer],  which  maiee  it 


appearance  of  ETsV  M 


DOC  = 78  J fit)  7 20 


PAGE 


possible  within  the  foreseeable  periods  to  implement  mass 
calculations  according  to  this  method  (without  machines  wary 
laborious).  However,  in  principle  the  Mcate-Carlo  metnod  can  be 
applied,  also,  without  aid  of  £TsVM.  In  this  parajraph  we  is 
presented  the  essence  of  method,  i Lres pec t i vo 1 y or  the  method  of  its 
realization. 

The  idea  of  the  Monte-Carlo  method  is  extremely  simple  and 
consists  it  oi  following.  Instead  of,  describing  of  random  phenomenon 
with  the  help  of  analytical  dependences,  is  produced  "drawing"  - the 
simulation  of  random  pnenomenon  with  the  help  cf  certain  procedure, 
which  gives  random  result.  Just  as  in  life  the 

concrete/specific/actual  realization  of  process  store/adds  up  each 
time  differently,  that  gives  random  result.  Just  as  in  life  the 
concrete/specific/actual  realization  of  process  otorc'adis  up  each 
time  differently,  so  and  as  a result  of  "drawing"  we  obtain  one  copy 
- one  "realization"  of  randcm  phenomenon.  Ait*-r  producing  this 
"drawing"  the  very  large  number  once,  we  will  cttun  the  statistical 
material  - many  realizations  of  random  phenomenon,  which  can  be 
developed  by  the  usual  methods  of  mathematical  stitistics. 

Frequently  this  method  proves  to  le  more  simply  than  the  attempt 
to  construct  the  analytical  model  of  phencsK_non  and  to  trace  the 
dependence  between  its  parameters  on  this  model.  For  the  complex 
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operations  in  which  participates  the  1 ary e nu m bci  of  cell/elements 
(machines,  systems,  people,  collectives)  ana  in  wuom  rani  on  factors 
complexly  interact  between  themselves,  the  method  or  statistical  | 

testings,  as  a rule,  proves  to  be  more  simple  than  analytical. 

In  essence,  by  the  method  of  "drawing"  can  ne  solved  any 
probabilistic  problem;  however  justified  it  becomes  only  in  the  case 
when  the  procedure  of  "drawing"  is  simpler,  but  are  not  more  complex 
than  the  application/use  analytical,  computational  methods. 

Let  us  consider  an  elementary  example.  Is  solved  tha  problem:  on 
some  target/purpose  Ts,  is  produced  four  independent  variables  of 
shot  each  of  which  falls  into  it  with  probability  p = 0.5.  For  damage 

i 

(destruction)  to  the  target  or  one  incidance/impingement, 
insufficiently,  is  required  not  less  than  two  incidonce/iinpingenents. 

To  determine  kill  probability  to  target/purpose. 

Stated  probabilistic  problem  can  be  solved  by  two  methods;  a) 

I 

analytically  and  by  b)  "drawing". 

Is  first  solved  problem  analy tically.  i\ i 1 1 probability  to 
target/purpose  W let  us  compute  through  the  probability  of  opposite 
event.  - nondestruction  of  target/purpose.  The  probability  of  the 
nondestruction  of  target/purpose  is  equal  to  the  sum  of  the 

' • 

L : jj 
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pr cbabilities  not  of  one  inci dence/imp i ng e ment  ana  it  is  exact  one 
incidence/  impingement;  the  probability  not  ot  cue 

incidence/impi ngeae nt  is  equal  to  G.  54  ; the  probability  exactly  of 
era  incide  nce/i mpi  ngeuient  is  equal  to  C4*  «0. 5 1 »0.  » 3 - 40.  r>4, 
theref ere, 

W - 1 -(0.5*  + 4 0.54)  as  0,688. 

Now  let  us  try  to  solve  l’U  problem  "drawing".  Let  us  simulate 
the  procedure  ot  shooting  with  the  help  of  other,  also  random, 
procedures.  Instead  of  four  shots  on  target/purpose,  let  us  throw 
four  reins:  the  appearance  of  a coat  of  arms  will  conditionally 
indicate  " incidence/impingement" , and  tail  - "error".  Ir  of  four 
deserted  coins  not  less  than  two  fall  ty  coat  of  arms,  this  will  mean 
that  the  t ar get/p j r pose  "is  struct",  "experiment"  or  "drawing"  in  our 
case  will  be  the  throwing  of  four  coins;  ly  "result"  either  by  the 
"issue"  of  this  experiment  - "aamage/defceat"  or  "nondestr uct ion"  ot 
ta  rget/pur pose. 

Fa  ge  4 11. 

Let  us  repeat  this  "experiment",  which  consists  of  the  throwing 
of  four  coins,  very  there  are  many  times  in  a icw.  Then,  according  to 
Bernoulli's  theorem,  frequency  of  "damage"  the  target/puirpose  almost 
for  sure  will  differ  little  from  the  probability  ot  this  event  W; 


1 
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that  means  if  we  is  thrown  four  coins  the  large  number  once  N and  let 
us  divide  the  number  of  "damage"  tc  target  into  N,  we  almost  will 
obtain  for  sure  the  number,  close  to  W,  i.e.,  tc  O.ndH. 

In  this  example  the  determination  cf  probability  w jy  drawing 
was  incomparably  more  difficult  than  analytical  calculation.  However, 
hardly  ever  this  is  thus.  It  very  frequently  picvos  to  ua  that 
cbtainiiuj  the  probability  of  event  (or  average  v iluti  of  random 
variable)  by  analytical,  calculation  is  so  complicated  and  it  is 
cumbersome  that  more  simply  proves  to  be  the  drawing. 


Let  us  consider  an  example  of  this  problem.  Let  be  producea  the 
bombing  on  some  target/purpose  Ts  (Fig.  d.  1)  ; the  zone  of  the 
destructive  effect  of  bomb  takes  the  fcrm  or  the  circle  of  radius  r. 
Is  discarded  n of  bombs.  For  damage  to  ta  Diet  (her  breakdown)  it  is 
necessary  to  cover  with  destruction  not  less  tban  ko/o  target  area. 
It  is  required  to  find  kill  probability  to  tar get/purpose  W. 


i 


In  spite  of  visible  simplicity  of  the  tor  uiulat  ion  of  the 
problem,  its  analytical  solution  is  extremely  complicated.  It  will 
much  simpler  solve  problem  by  "drawing".  For  this,  will  have  to 
"play"  coordinate  n of  impact  points  (as  this  to  do  - will  described 
subsequently);  around  each  impact  point  describe  the  circle  of  radius 
t and  count  the  common/general/total  affected  tat  get  area  (in  Fig.  8.1 
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it  is  shaded).  If  this  area  render/showed  mere  ko/o  target  area, 
to  consider  that  the  t arget./p  urpose  "was  struck",  it  less  than  ko/o 
"was  not  struck".  This  "experiment ",  which  is  cf  "throwing"  n of 
tomls,  must  be  repeated  very  many  times,  noting  tich  tima  by 
arbitrary  symbol  (for  example  "♦")  the  experiment,  in  wnich  the 
target/purpose  was  "struck".  With  the  large  number  of  "experiments" 
in  N,  the  kill  probability  to  target/purpost  w can  be  approximately 
estimated  as  frequency  of  "damage"  to  the  target: 

(1.1). 

where  -M  - a number  of  the  "experiments",  noted  by  plus. 

It  proves  to  be  that  even  tor  the  examined  by  us  comparatively 
elementary  problem  the  procedure  of  "drawing"  (obtaining  probability 
the  Monte-Carlo  mathod)  will  be  considerably  simpler  than  the 
determination  of  the  same  probability  analytical,  calculated  method. 
Example  is  a good  spec  i sen/sample  cf  typically  "Monte  Carlo"  problem 


Fig.  8.1. 


Fa  ge  4 12. 

Let  us  note  that  by  statistical  testings  ( Mont e Carlo)  it  is 
possible  to  find  not  only  piobabil it ies  of  tVents,  but  also  average 
value  (mathematical  expectations  of  random  variables.  In  this  case, 
we  will  use  no  longer  Bernoulli's  theorem,  nut  law  of  large  numbers 
(by  Chebyshev  theorem).  According  to  this  theorem  with  tie  large 
number  of  independent  experiments  arithmetic  mean  of  the  observed 
values  of  random  quantity  almost  diifers  little  for  sura  from  its 
mathematical  expectation. 

So,  if  we  under  conditions  of  the  last/iatter  example  (bombing 
on  target/purpose  Ts)  it  is  required  ter  us  to  find  not  Hill 
probability,  but  the  mathematical  expectation  of  tne  area  of 
destruction  ^p: 
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then  it  it  is  possible  to  define  appro x imately  as  arithmetic  mean  of 
the  areas  of  destruction  in  the  la  rye  number  N of  the  played 
"e  xperiinents": 


N 

V 

“ i 


2 sp< 


(1.2) 


where  Sp(  - a value  of  the  area  of  destruction  in  the  i-th 
"e  xperintent”. 

Analogously  can  be  found  not  only  mathematical  expectations,  but 
also  the  dispersions  of  which  interest  us  random  values.  We  will  not 
forget,  that  the  dispersion  of  random  variable  is  nothing  else  but 
the  mathematical  expectation  of  the  square  of  central  random 
variable;  it  can  be  approximately  found  as  arithmetic  mean  of  these 
squares  in  separate  "experiments".  So,  in  our  example  the  dispersion 
of  the  area  of  destruction  can  be  approximately  found  from  the 
for mul a 


Disri=/w[(sp-;p)*i^'tLi 


V (Spj-ipV 


ol # that  simpler,  through  the  second  initial  t or jae/momen t : 

N 

D |Sp]  = M |S*|  — s*  ;» 


(1.3) 


mmm w 
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Thus,  the  Monte-Carlo  method  in  operations  research  is  a method 
of  the  mathematical  simulation  of  random  phenomena,  in  wnich  very 
chance  directly  is  included  in  the  process  of  simulation  represents 
by  itself  its  essential  cell/element.  &ach  time,  when  in  the  course 
of  operation  is  add/interfered  one  or  the  ether  random  factor,  its 
efrect  is  imitated  with  the  help  of  the  specially  organized  "drawing" 
or  "coin  toss"-  Thus  is  constructed  cne  realization  of  random 
phenomenon,  which  represents  by  itself  as  ii  result  of  one 
"experiment". 

Fa  ge  4 1 J . 


With  the  large  number  of  realizations,  the  winch  interest  us 
characteristics  of  random  phenomenon  (probability,  mathematical 
expectations)  are  located  sc,  as  they  ate  located  from  tue 
experiment:  probability  - as  frequencies,  mat  hematical  expectations  - 
as  arithmetic  mean  of  the  values  of  corresponding  random  variables. 

The  simulation  of  random  phenomena  by  the  Moute-Carlo  method  has 


common/general/total  features  with  the  process  of  the  set  of 
experiment  by  separate  people  and  human  collectives.  And  here,  and 
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that  oacn  separate  realization  is  randcm;  stable  laws  are  discovered 
cnly  during  the  repeated  observation  of  phenomenon,  during  vast 
experiment . 


The  large  number  of  realizations,  union  requires  during  the 
api lication/use  of  Monte-Cailo  method,  is  made  it  by  generally  bulky 
and  laborious.  Before  starting  the  Monte-Carlo  method,  always  makes 
sens*'  to  attempt  to  solve  problem  analytically,  and  only  if  this  it 
were  possible,  to  resort  to  statistical  simulation.  Useful  proves  to 
be  at  least  the  approximate  preliminary  analytical  solution  of 
problem  - this  helps  to  reveal/detect/expose  the  uasic  factors  on 
which  depends  the  result,  and  to  plan  the  plan  ct  further  work. 

The  simulation  of  random  phenomena  by  tiit  Monte-Cailo  method  is 
frequently  produced  for  purpose  or  checking  competence/val id  it y in 
this  case  of  one  or  the  other  mathematical  apparatus,  always  based  on 
some  assumptions.  Let,  for  example,  examining  the  system  of  mass 
maintenance,  we  approximately  replace  ncn-Poisscn  ilow  of  claims 
Poisson  and  nonindicative  servicing  time  - exponential.  The 
simulation  of  the  same  process  by  the  Mcnte-Cario  method  will  show 
that  are  permissible  these  simplifications,  to  wnich  errors  they 
lead,  and  it  will  make  it  possible  tc  introduce  into  calculation 
formulas  the  appropriate  corrections. 


I 


i 
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2.  Single  toss. 

basic  cell/elemeut  from  set  of  whi~h  store/aids  up  the  Monte 
Carlo  code  1 , is  one  tan Joi  realization  of  t tie  pneaomenon  being 
simulated,  for  example:  cne  " ocmba  rd  men  t"  or  targ  it/pur  pose,  one  "day 
cf  the  work"  of  transport,  one  "epiaemic",  etc. 

Realization  represents  by  itself  as  one  case  of  realizing  the 
random  phenomenon  (process)  being  simulated  with  ail  which  are 
inherent  in  it  chances.  It  is  developed  witn  the  aelp  oi  the 
specially  worked  out  procedure  or  the  algorithm  ia  which  important 
role  plays  strictl y the  "drawing"  or  the  "tnrowinj  of  toss".  Each 
time  when  in  the  course  of  the  process  beinj  simulated  there  is  mixed 
in  a chance,  its  affect  is  considered  not  by  calculation,  but  the 
throwing  of  toss. 

Let  us  assume  that  in  the  course  cf  the  process  being  simulated 
did  appear  the  tor gue/ moment  when  its  further  development  (but  that 
means  and  result)  does  depend  on  that,  did  appear  in  this  stage  event 
A cr  ir  did  not  appear?  For  example:  did  occur  tne  hit?  Is  discovered 
certain  object?  Is  exact  equipment?  Did  appear  claim  for  maintenance? 
and  so  forth. 


- - - — - - 
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Then  it  is  njce^saiy  by  the  "throwing  ci  toss"  to  ^jlve  the 
question:  appeared  event  A cr  aid  not  appear?  For  this,  it  is 
necessary  to  give  into  action  certain  random  mecuanism  or  the  drawing 
(let  us  say,  tnat  to  throw  the  die,  either  several  coins  or  to  select 
number  from  the  table  of  random  numbers)  ana  tc  agree  against  which 
result  of  toss  indicates  appearance,  and  which-noaappearance  of  event 
A.  delcw  we  will  see,  that  the  drawing  always  can  be  organized  so 
that  the  event  A would  have  any  preassigned  probability. 

Besides  the  events,  which  appear  Landciuiy  , u course  and  issue 
cf  operation  can  also  affect  various  random  vaiiaoles  (for  instance, 
the  servicing  time  of  claim  by  the  chann^-l  bMO;  coordinates  of  the 
impact  point  of  projectile;  the  time,  during  wiiicn  it  is  implemented 
the  voyage  of  truck;  the  number  or  left  tue  system  r.oae/units,  etc.). 
With  the  help  of  toss  it  is  possible  to  play  the  value  of  any  of 
random  variable  or  the  value  part  cf  several  random  variables. 

let  us  agree  to  call  single  toss  any  element iry  experiment  in 
which  is  solved  one  of  the  questions; 

1.  Did  occur  or  did  not  occur  event  A? 


L 


o 
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2.  which  of  possible  events  A,,  A*,  ....  did  occur? 


3.  Which  value  took  random  variable  X?. 


4.  Which  value  part  did  take  system  of  random  variaales 

x,‘  x, X,? 


Fach  realization  of  random  phenomenon  oy  the  Honte-Carlo  method 
consists  of  the  ch  ain/net  work  of  single  tosses,  wnich  interrupt 
themselves  by  routine  calculations.  By  calculations  is  considered  the 
effect  of  the  issue  of  single  toss  on  the  coarse  of  operation  (in 
particular,  to  the  conditicrs  under  which  it  will  be  realized 
following  single  toss) . 

Let  us  consider  the  methods  ot  organizing  ail  varieties  of 
single  toss.  As  it  was  already  said  abcve,  during  any  organization  of 
single  toss,  must  be  started  to  course  some  mechanism  of  random 
sampling  (coin-tossing,  bones,  removal  cf  badge  from  rotiting  drum, 
number  from  the  set  of  numbers  and,  etc.)  . Such  mechanisms  can  be  the 
most  diverse;  however,  any  cf  them  can  be  replaced  by  tne  standard 
mechanism,  which  makes  it  possible  tc  solve  one-only  proulem:  obtain 
random  variable,  distributed  with  constant  density  from  d to  1.  Let 
us  agree  for  brevity  to  call  this  randcm  variable  "random  number  from 
0 to  1"  and  to  designate  R (from  English  random  - random). 
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Let  us  show  that  any  problem  or  sinqle  toss  can  be  solved  with 
the  hell  of  the  standard  mechanism,  which  q^ves  number  rt. 

1.  Did  appear  or  there  is  no  event  A? 

Let  the  probability  of  event  A be  equal  p: 

P{A)  = P. 


Let  us  select  with  the  help  of  standatu  mechanism  random  number 
P and  will  consider  that  if  it  is  lesser  than  p,  event  A occurred,  if 
more  p - did  not  occur  1 . 

FOOTNOTE  *.  Obtain inqs  3,  in  the  accuracy  o i the  equal  to  p,  let  us 
consider  virtually  impossible.  ENDFOOTNCrE- 

Fa qe  4 15. 

It  is  real/actual,  if  8 - random  number  from  0 to  1 , then 

P(R<p)=y(r)dr, 

wher^  (r)  = 1 with  0 < r < 1,  or 

P (R  <p)  = ^dr  =p=mP(A). 
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2.  Which  of  several  possible  events  did  appear? 


let  there  be  the  £ u il/t ot a 1/com pi e te  croup  of  the  antithetical 


events : 


•••*  ^ii 


with  the  probabilities 


Pi>  Pv  Pk • 


Since  events  are  incompatible/inconsistent  ana  fora 
full/total/complete  group,  then 


Pi  + P»  + •••  + Pk  “ 1 • 


Let.  us  divide  entire  range  from  0 to  1 into  k.  cf  sections  with  a 
length  of  Pi.  P*.  •••t  P*  (Fig.  8.2).  If  random  n unmet  R,  given  out  by 
standard  mechanise,  hit,  for  example,  to  section  p3,  this  means  that 
appeared  event  A3. 


3.  Which  value  did  talce  random  variable? 


Let  we  need  "to  play"  the  value  of  ransom  variable  X,  which  has 
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the  known  law  of  distribution.  The  case  when  value  x is  discrete 

(t»e*  it  has  separate  values  *i,ti *n  «ita  pr cnabilities 

P\>  Pi Pk)  examine  we  will  not,  since  it  is  reduced  to  previous 

Foint/iten  by  2.  It  is  real/actual,  if  we  designate  At  the  event, 
which  consists  of  the  fact  that  value  X did  take  value  xt<  then  the 
drawing  of  the  value  of  rando*  value  X is  reduced  to  the  solution  of 
the  question:  which  of  events  Av  . 4, Ak  did  appear? 


Let  us  examine  the  case  when  random  variable  X is  continuous  and 
has  the  assigned  continuous  tunction  of  distribution  F(x)  (Fiq.  8.3). 

Let  us  demonstrate  the  following  assertion:  n we  take  on  the 
axis  of  ordinates  random  number  R (from  0 to  1)  ana  to  find  the  value 
of  X at  which  F (X)  = R (see  ar row/point er s m Fiq.  8.1),  then 

obtained  random  variable  x let  us  have  function  ot  distribution  F(x). 

1 t is  reai/aotual,  let  us  take  random  variable  x and  let  us  find 
its  distribution  function,  i.e.,  the  probability 

P(X<x). 

Figures  8.3  shows  that  so  that  would  be  i 14  lamented  the 

inequality  X < x,  value  R must  take  value  is  less  than  F(x): 

p(x<*)~P(R<F(x)). 
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BUt  random  number  R has  constant  density  of  distribution  f (r)  , 
eiu.ti  to  1 on  segment  (0,  1);  that  means 


P(X<x) 


I ( r ) dr 


r 

' 5 


Thus,  the  drawing  of  the  value  of  random  variable  X with  the 
assigned  function  of  distribution  F ( x ) is,  reduced  to  following 
{ rcced  ure. 

To  obtain  random  number  R from  0 to  1 and  as  value  of  X to  take: 

X~F~ '(/?). 

where  f’”1  - function,  reverse  with  respect  to 

4.  Which  value  part  will  take  the  system  of  random  variaDles? 

Let  there  be  the  system  of  random  variables: 

*»•  (2.2) 

with  combined  density  of  distribution 

f (Xf  x^). 


L 


It  i a n dom  variables  at'e  independent.#  then 

l(Xl . *. *»)  =/i  (*■)/»(*»)  M*»). 

and  the  drawiny  of  the  value  part  of  system  (2.2)  is  reduced  to  play 
each  of  them  individually,  i.e.,  to  organize  n or  single  tosses  of 
the  type,  described  in  p.  3. 

If  random  variables  (2.2)  are  dependent,  then 
/(*!.  JC» Xn )=M*i)/(V*»)f(V*i  *»)•••• 

where  each  subsequent  density  cf  distribution  is  taken  conditional, 
when  previous  random  variables  took  the  specific  values.  With  the 
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drawing  of  the  sequence  of  the  values  of  ranuoir  variables  (2.2)  is 


! 


obtained  first  the  value  x,  of  random  variable  X| ; this  yalue  is 
taken  as  argument  in  the  conditional  density  f (x2/X|);  is  developed 
value  x2  of  random  variable  X2,  both  values  xlr  are  taken  as 
arguments  in  the  conditional  density  f(xj/xl#  x2)  and  so  forth. 


Let  us  consider  several  examples  ter  the  orjanization  of  single 
toss.  Exampla  1.  The  flight  vehicle,  wnich  accomplishes  flight 

above  the  territory  of  enemy,  arter  sheeting  at  it  can  render/show  in 
cne  of  the  following  states: 

A | is  unharmed,  is  continued  flight; 

A^  is  injured,  is  continued  flight; 

Aj  - completed  forced  landing; 


A 4 was  fciased/fceat  en . 


The  probabilities  of  these  four  events  are  assigned: 

Pi- #><*,) -0.4;  /»,-/» (-4.) -0.15;  *-/>(*«) -0.35. 

To  construct  the  procedure  of  single  toss  for  the  drawing  of  the 
result  of  bombardment. 


1 


i 


i 
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Solution.  Ia  divisible  section  (0*  1)  cn  tom;  parts,  as  shown  in 
Fivj.  to  8.4.  with  the  incidence/impi n^enent  ot  random  number  H to 
section  trow  0 to  0.4  to  consider  that  occurred  vent  At,  to  section 
from  0.4  to  0.5  - event  A*  and  so  torth. 

Example  2.  Handom  variable  X is  distributed  accordinj  to 
exponential  law  with  a density  of: 

To  construct  the  procedure  of  single  toss  tor  obtaining  the 
value  cf  X. 

Solution.  Through  the  assigned  density  i(x)  we  find  the 
distribution  function: 

F (x)-J/(x)Wx-  jie-^  4m  - J _«-*•  (jr>0). 
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Plotted  function  F(x)  is  vgiven  in  F i . to  d.  j.  Graphically  the 


ol  random  variable  X it  is  pc 


random  number  from  0 to  1 on  the  axi 


ct  ordinates  and  to  find  that 


corresponding  to  it  the  value  of  ubscis 


X (see  arrow/pointers  in 


Fig.  3.  3)  . This  can  be  done  not  graphically,  but  ay 


alcjlatron,  if 


and  to  sol ve  this  equation  relative  t°  x (l.o.  to  find  inverse  with 


respect  to  F function).  We  have 


Formula  (2.4)  can  be  simplifitd;  let  us  recall  that  if  K 


random  number  from  0 to  1 


then  ( 1 — K ) - also  random  number  from  0 to 
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1;  therefore  instead  of  (2.4)  can  be  taken 


X — — — In  R.  (2.5) 

Thus,  the  procedure  cf  drawing  is  reduced  to  following:  to  take 
random  number  from  0 to  1,  to  take  the  logarithm  it  with  the  natural 
foundation  for  changing  sign  and  dividing  ca  X. 


Example  of  3.  To  construct  the  procedure  of  tne  drawing  of  the 

value  of  randoa  variable  x,  density  of  distribution  of  which 

— '/tCo»«  Vpl  — n/2  < x < n/2  (2.6) 

(Fig.  8.  6)  . 


Solution.  We  find  the  distribution  function: 


F(*)—  J '/,  cc*xdx  - l/i  (I in  » + I). 


The  plotted  function  of  distribution  is  given  in  Fig.  to  8.7.  There 
is  shown  the  procedure  cf  the  drawing  cf  the  value  ot  random  variable 
X.  Analytically  this  is  expressed  as  fellows: 


(tin  X + I), 


whence  inverse  function 


X — »rc  tin  (2/?  — |) 
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Thus,  for  the  drawing  cf  the  value  of  iandoi  variable  X with 
density  (2.6)  it  is  necessaiy;  to  take  candcm  numoer  troi  0 to  1, 
double  it,  to  subtract  unity  and  (tom  result  tc  taxe  arc  sine. 

Let  us  note  that  in  examine!  by  us  examples  of  2 and  3 functions 
of  distribution  F random  values  easily  allcw/assuiaed  obtaining  in  an 
explicit  form  of  inverse  function  F~l;  in  practice  this  hardly  ever 
is  thus.  If  we  explicit  expression  for  inverse  function  it  is 
impossible  obtain,  it  is  possible,  as  shown  in  Fij.  to  8.3,  to 
determine  this  inverse  runction  by  a graph;  but  it  calculation  is 
produced  not  by  hand,  but  by  ETsVI,  it  is  possible  to  use  the  method, 
proposed  by  N.  P.  Buslenkc  [15];  it  lies  in  the  fact  that  the 
function  of  distribution  F (x)  is  replaced  by  function  F*(x), 
comprised  of  the  segments  of  lines  (Fig.  8. a) ; this  can  be  done  with 
any  assigned  degree  of  accuracy.  For  each  oi  suc.i  linear  sections 
inverse  function  is  found  easily. 

Example  4.  There  is  a system  of  dependent  random  variables  Xj 
and  Random  variable  X,  is  distributed  according  to  the  law  of 
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right  triangle  on  section  from  0 to  1 ( Fi  sJ  - 8.3): 

— ir,  J|m»  0<x, 

« 

Key:  ( 1)  . with. 

Handoin  variable  X2  is  distributed  with  constant  density  on 
section  with  a length  of  2,  with  center  at  t.oir.t  x,  , where  x,  - 
value,  accepted  by  random  variable  Xj  (Fig.  8.10).  To  organize  the 
procedure  of  single  toss  for  the  drawing  of  the  pair  of  the  values  of 

i#  ^ z- 


random  values  X 
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(Fig.  8.11).  Value  X,  we  will  obtain  as  invtrse  unction  with  respect 
to  (2.7)  from  Let udoa  a usher  R: 

tf-A,*;  Aj~ V&-  (2.8) 

After  is  played  value  X,,  it  no  longer  is  random;  let  us 
designate  it  xt.  At  the  known  value  xt  , we  construct  the  conditional 
function  of  distribution  F(xi/x1)  of  random  vmiiul^  X2  ( F i «j . 8.12). 
The  expression  of  this  distribution  function  will  be; 

— '/«<*«— *i+  D^npn  I <*,<*,  + !.  (2.9) 


Key;  ( 1)  . with. 


Lot  us  take  the  new  random  number  R • from  0 to  1 and  let  us  find 


from  it  the  function,  reverse  (2.7): 


‘/.(A.-xj+l),  X,-2«'+*,_l. 


Thus,  the  procedure  of  drawing  is  reduced  to  following:  is  taken 
tandem  number  R from  0 to  1 and  from  it  is  extracted  the  root;  the 
obtained  value  vr  is  the  played  value  of  first  random  variable  Xi  = 

v 

x,.  Is  further  taken  still  ciie  random  number  R from  i)  to  I,  it 
doubles,  to  it  is  adjoined  that  previously  obtained  x,  and  is 


subtracted  unity;  is  obtained  the  played  value  of  second  random 
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3.  Drawing  ot  the  value  of  roinally  listributed  random  variable. 


Let.  us  pause  specially  at  one  very  frequently  encountered 
problem:  the  drawing  of  the  value  of  random  variable  X,  distributed 
according  to  the  normal  lam  (it  is  shelter  - "normal")  with 
mathematical  expectation  mx  and  r oot- mean-sg  u are  deviation  °*  The 
density  of  distribution  of  random  variatle  x takeo  the  form: 

(* -■"«)* 

<3» 

According  to  general  rule  it  was  necessary  to  act  tnus:  to 
construct  the  function  of  distribution  F(x)  and  to  find  for  it 
inverse  function  F“‘,  then  to  this  conversion  tc  subject  random 
rubber  R from  0 to  1. 
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However,  conveniently  to  act  otherwise:  to  pass  from  random  variable 


X ar.d  another,  to  so-called  " 


va  r iab le 


to  play  the  value  of  this  random  vuriafle,  and  then  to  already  from 
it  find  X.  This  is  convenient  because  the  mathematical  expectation  of 


va  lu  e 


is  equal  to  zero,  and  its  root  — mean-square  deviation  - to 


un  ity 


ary  only  one  time  and  to  forever  find  inverse  function 


It  is  real/actual,  let  us  designate  the  density  of  distribution 
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cf  standardized  value  Z 


l,,(z)~v^e  T* 


(3.3) 


The  normalized  distribution  function  will  fce: 

2 ,» 

F„(z)=  J ^Lt~Tdz -0,5  + 0) (z),  (3.4) 


wh  ere 


<D(Z): 


kJ 


* 2 

e * dz 


/2 H 


- the  function  of  Laplace. 


Plotted  function  Fn(z)  is  given  in  Fig.  3.13.  There  by 
lif leuan/pointers  is  shown  obtaining  random  number  X vitn  density 
(3.3).  Analytically  this  is  written  out  in  the  form: 

R =0,5  +<I>  (Z), 

Z=0-'(K—  0,5),  (3.5) 

where  <j>-i  - function,  inverse  Laplace  functions  <t>. 


After  playing  the  value  of  standar  diz  ea/ncr;aa  lized  random 
variable  Z,  let  us  pass  frca  it  tc  value  X on  the  rormula 

X-o„Z-f-m„.  (3.6) 

Thus,  the  value  of  noriral  random  variable  X with  characteristics 

mx,  o,  is  played  on  the  foriula 


X - ax  O- 1 (R —0,5)  -(-  mx. 


(3.7) 
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i.o.  it  is  necessary  to  take  random  number  n trom  0 to  1,  to  subtract 
ticm  it  0.5,  to  take  trom  result  inverse  function  ot  Laplace,  to 


multiply  on  o,  and  to  adjcin  ma. 
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rage  4 2 2. 

In  the  case  when  gaming  ot  normal  ljihIcib  variable  is  realized 
not  by  hand,  but  in  machine,  usually  is  applied  another  method,  based 
cn  the  central  limit  theorem  of  the  probability  theory.  According  to 
this  theorem,  during  the  addition  ot  the  suriiciently  large  numher  or 
the  independent  random  quantities,  congruent  in  their  dispersions,  is 
obtained  random  variable,  distributed  approximate! y according  to 
normal  law,  moreover  this  law  is  that  nearer  to  normal,  the  more 
random  variables  stoie/adds  up.  Experiment  shows  mat  for  obtaining 
the  virtually  normal  distribution  of  the  surticiently  comparat  i vel y 
small  number  of  terms.  For  example,  during  the  tdiition  a total  of  of 
six  random  numbers  from  0 to  1 is  obtained  random  variable,  which 
with  the  accuracy,  sufficient  tor  the  majority  ci  applied  problems, 
can  be  considered  normal. 

Hence  appears  this  method  ot  the  drawing  ot  normally  distributed 
random  variable  X:  to  sum  six  random  numbers  from  0 to  1;  to 
standardize  this  sura,  i.e.,  to  obtain  stun  cut  dizeu  value  G , and  then 
from  it  to  pass  to  X on  formula  (J.b). 
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Lit  us  convert  the  appropriate.  Let  us  uesijnate 

V = *,  + /?,+  R,  + /?.  + /?,  + Rt, 

whir*'  I* j , ...»  K0  - six  independent  copies  ot  random  number  from  0 to 
1.  Lot  us  find  mathematical  expectation,  dispersion  anu  the 
root -moan-square  deviation  ct  union  variable  V.  According  to  the 
theorem  of  the  addition  ot  t hi  mat  homat  ica  1 expectations 

Af  I V\  — m,  — m,t  + m,f  + ...  + mv 

where  mr m,,  — the  mathematical  expectations  ot  valuas  R,,  ..., 

K*.  it  is  obvious,  they  continually  are  identical  and  equal  to  0.5, 
he  nee 

m,  -6-0,5  -3. 


The  dispersion  of 
of  ti.e  addition  of  the 


random  variable  v let  iu  t l nd  from  the  theorem 
di spersions : 


Or  — Dlf  -f-  Dr>  + ...  -f-  Drt, 


where  D, D,%  — tne  dispersion  of  values  R,,  ...,  R*.  It  is  known 

that  the  dispersion  of  random  variable  R,  iistributed  with  constant 
density  on  section  (a,  p)  , equal  to 

' 12 


in  our  case  this  wili  b€  Dr  «»  1/12,  prom  u^hxiji 


Z>_- 6- 1/12 -1/2, 


and  tt>e  root -mean-sq uare  deviation 


i 


1 
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Wc  standardize  value  V,  i.e. , let  us  yass  from  it  to  value 


Z -(V —Z)Y2- 

o. 


(3.8) 


further  from  value  z,  let  us  pass  to  the  necessary  to  us  value  X on 
the  formula 

X — o,  Z + (3.9) 

Substituting  in  this  formula  tor  7 its  exjtession  ( 1.  rt)  , and  in 


(J.8),  in  turn,  instead  ot  V its  expression 


we  will  obtain  tin  ally: 


A ■•o,  }/  2 ( 2 + mr- 


(3.10) 


In  such  a way  as  to  play  the  value  of  normal  random  vanabU  X 
witr.  du  t he  mu  tica  1 expectation  /n,  and  root-iuea  r -s  ^uare  deviation  oB 
it  is  necessary:  to  take  six  random  number  trom  0 to  1,  sum  them  up, 
trom  the  sum  subtract  J,  result  tc  multiply  on  *>V2  and  to  adjoin 
than  mx. 

Now  let  us  assume  that  we  should  play  tne  value  not  of  one,  but 
several  normally  distributed  random  variables.  It  random  variables 
are  independent,  problem  simply  is  reduced  to  the  realization  of 
several  tosses  on  the  procedure  described  auove.  dut  if  values  are 
dependent,  then  with  each  rollowinvj  drawing  it  is  must  brother  not 
simply  the  law  of  the  distribution  of  next  tandem  variable,  but  its 
conditional  law  of  distribution  (when  previous  random  variables  they 
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took  namely  those  values  which  were  obtained  drawing). 

Example.  System  two  random  magnitude  Ia.  i)  is  iistributed 
according  to  normal  law  with  the  characteristics: 


my  °*'Oy>r> 

where  r - a correlation  coefficient.  Tc  construct  the  procedure  of 
the  drawing  of  tne  pair  of  values  X,  X . 

Solution.  We  develop  tirst  value  of  on*  or  random  variables,  for 
example  X,  according  to  the  procedure,  descriitd  it  is  aoove  for  one 
normally  distributed  random  variable  with  characteristics  and 

o*.  The  value  of  another  random  variable  y we  develop  already  on 
conditional  law  of  distribution  1 with  ma  theira  t ica  1 expectation  and 
the  root.-mean-sgua  re  deviation: 

tW°> 


where  x ~ the  value,  accepted  by  ran, loir  variable  X as  a result  of  the 
previous  t css. 


FOOTNOTE  i.  See,  for  example,  [7],  FN D FOOT  NOT F . 


f 


I 

1 


4.  Jiit  aining  random  number  R non  0 to  1. 

If  He  Atonic  - C*~r)c  method  is  realized  o y hand  (without  the  aid  of 
machines),  then  for  obtaining  the  randcm  number  non  0 u 1 most 
frequently  are  appliea  the  so-called  taller,  or  random  nmoers.  These 
tables  are  given  in  many  managemen t/manua Is  on  mathematical 
statistics  and  computer  technology  (see  for  example,  [ Id,  19])  . 
Tables  contain  alternating  in  randcm  order  numerals  0,  1,  2,  ...,  9. 

During  the  composition  of  the  tables,  are  accepted  the  measures 
for  that,  so  that  each  of  these  numerals  would  he  encountered 
approximately  equally  frequently  and  independent  oi  others. 


Using  the  table  or  random  numbers,  it  is  jcssinle  to  easily  play 
random  number  R from  0 to  i with  any  number  or  decimal  points  after 

l 


comma . 
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Let,  for  example,  be  required  to  obtain  numoor  K with  four  signs 
after  comma.  Let  us  turn  to  the  table  cf  random  numbers  md  let  us 
take  from  there  any  group  of  lour  series  oi  tiie  signs  confronting, 
for  example  7643.  Let  us  consider  that  cur  random  number  took  value 
as  0.7ti4  3.  Following  time  when  it  is  necessary  to  throw  single  toss, 
let  us  take  following  four  numerals.  Let  they,  for  example,  will  be 

3312  - that  means  that  the  following  random  number  will  oe  0.3312, 

and  so  forth.  It  is  possible  to  take  the  numerals,  which  stand  not 

together,  but  through  one;  either  in  tie  beginning  and  at  the  end  of 

the-  column,  or  rows  - in  a word,  by  any  raetnod,  provided  the 
principle  of  selection  was  not  in  any  way  connect m with  the  values 
cf  numerals  themselves. 

For  the  drawing  of  random  number  R,  it  is  possible  to  apply  by 
hand  not  only  tables  of  random  numbers,  out  also  other  sensors,  for 
example  the  disk,  calibrated  completely  in  the  small  divisions, 
labeled  by  numbers  from  0 to  1 (Fig.  8.14).  In  the*  center  of  disk,  is 
attached  the  well  balanced  arrow/pointer,  given  in  the 
rotation/revolution,  for  example,  by  t K eKctiic  motor,  included  by 
pushing  of  knob.  After  the  release/tempering  o;  r i f leaan/g unner * s 
knob/button,  it  is  stopped  in  random  position,  and  its  end  indicates 


lardcir  number  R. 


If  the  Monte-Carlo  method  is  realized  not  by  hand,  out  by  ETsVM, 
then  for  the  selection  or  random  number  from  0 to  1 tney  can  be  j 

applied  both  physical  random- number  transducers  and  the  c o m put.  at  ional 
algorithms  tor  obtaining  the  so-called  "pseudorandom"  nuuiQers. 

Fage  4 2 5. 

Let  us  pause,  first  of  all,  at  physical  sensors.  As  a rule,  they 
arc  based  on  the  conversion  of  random  signals  (noises),  either  of 
natural  or  artificial  origin.  Let  there  oe  the  random  noise  (i.e. 
randomly  varying  stress  U(t)  (Fig.  8.15),  wnich  we  compare  with 
certain  fixed  1.',  >1  u0.  This  noise  can  be  placed  as  the  oasis  of  the 
rule  of  the  con sui ption/produc t ion/gen erat ion  cf  random  number  from  0 
to  1.  Let  us  assume  that  ETsVM  works  in  the  binary  code;  then  random 
number  from  0 to  1 represents  by  itself  the  binary  proper  traction, 
in  which  on  each  place  are  equally  probable  signs  0 or  1.  Let  us 
agree  to  consider  that  the  next  bit  of  random  numoer  will  be  0,  if 
for  certain  time  interval  T noise  U (t)  exceeded  level  un  even  number 
cnce,  and  1 - if  odd.  Now  let  us  assume  that  n ct  such  sensors  work 
si  mu] taneo usly  and  send  random  signs  to  0 ana  1 in  n of  the  bits  of 
the  register  of  certain  number  p.  Then,  if  time  interval  T to  take  is 
sufficient  large  then  so  that  on  it  would  be  placed  sufficiently  many 
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fluctuations  of  noise  U (t)  , the:,  even  and  odd  nuraaers  oi  exceedance 
of  level  u0  they  will  be  encountered  or.  the  average  equally 
frequently,  and  n-  discharge  binary  number  -ill  be  distributed 
approximately  evenly  on  section  0.1. 

It  is  possible  to  propose  ether  principles  of  the  formation  of 
random  numbers  on  the  basis  ot  one  or  the  ether  pnysical  random 
process;  they  all  require  equipment  ETsVM  Ly  special  r a nd o m-^nu  mber 
transducers.  For  that  not  specialized  tlsVM,  only  incidentally  drawn 
on  the  simulation  of  operations  by  the  Monte-Carlo  method,  this 
equipment  itselt  does  not  justify.  Much  more  frequent  during 
simulation  ay  the  Monte-Carlo  method  they  use  the  so-called 
pseudorandom  numbers.  So  are  called  the  numbers,  developed  (computed) 
Ly  machine  itself  according  to  certain  rule  (algorithm),  constructed, 
so  that  signs  0 an d 1 would  be  encountered  un  the  average  equally 
frequently,  and,  furthermore,  so  that  t lie  dependence  born  between  the 
separate  signs  and  between  the  formed  ct  them  it  ui  ti  ple-ai  g it  numbers 
would  be  virtually  absent.  For  obtaining  the  pseudorandom  numbers, 
they  use  different  methods.  For  example,  it  is  possible  to  multiply 
twe  arbitrary  n-  marking  binary  numbers  a,  and  a^  and  from  product  to 
take  n of  average/mean  signs  - this  will  number  ij ; then  multiply  a2 
and  a3  and  repeat,  procedure,  etc. 
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Fig.  8.14. 


Key:  (1).  Launching/starting. 


Page  4 26. 

There  are  methods  of  obtaining  the  pseudo rand cs  numbers,  nased  not  on 
the  multiplication  of  numbers,  but  on  their  shirt/shoar  relative  to 
each  other  on  sevaral  discharges;  after  shirt/shear  is  produced  the 
addition  and  then  selection  from  sum  n of  aver  age/ mean  signs  and. 


etc.  The  different  methods  ci  obtaining  the  pseudorandom  numbers  are 
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described  in  detail  in  the  special  management/ manuals  (far  example, 

*■ 

see  [15,  '2  7 ])  . 


It  must  be  noted  that  the  pseudorandom  numbers,  strictly 

e 

speaking  rando'th  are  not  (entire/all  their  sequence  can  ba  predicted 
cn  the  basis  of  initial  material).  In  particular,  any  algorithm  of 
the  calculation  of  pseudorandom  numbers  is  cyclic,  i.e.,  through  some 
large  number  Ts  of  the  manufactured  thus  numbers,  they  unavoidably 
will  begin  to  be  repeated.  However,  if  during  the  simulation  of 
operation  for  us  it  is  necessary  tc  use  a quantity  of  drawings  less 
than  Ts,  this  cyclic  recurrence  no  value  has. 


At  present  during  the  simulation  of  operations  by  tne 
Monte-Carlo  method  by  ETsVM  they  usually  use  pseudorandom  numbers, 
cheesing  one  of  the  well  inspected  and  checked  algorithms,  that 
ensures  sufficient  length  of  cycle,  acceptable  uniformity  and  the 
independence  of  numbers  with  comparative  simplicity  of  their 
calculation.  The  advantages  of  pseudorandom  numbers  include  the  fact 
that  they  allow/assume  the  possibility  of  tne  secondary  control  error 
of  the  same  realization  of  random  process;  other  methods  of  the 
formation  of  random  numbers  (physical  sensors)  this  possibility  do 
not  allow/assume. 
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b . Examples  of  the  simulation  of  random  processes  by  Monte-Carlo 
ire  f hod  . 


lii  this  paragraph  will  bo  examined  some  examples  o!  the 
practical  problems  which,  by  virtue  ct  the  i i comparative  complexity, 
are  unattainable  for  analytical  soluticr  aim  require  simulation  by 
Monte-Carlo  method.  In  each  example  we  will  construct  tne  diagram  ot 
simulation,  i.e.,  the  sequence  of  calculations  and  single  tosses,  and 
also  the  method  of  treating  the  realization:. 

Example  1.  Technical  equipment/device  consists  of  turee 
is  sc  mb  lies : h,  , u2  and  W3.  The  ’X  act  ycik  a assem  i lies  U t and  lx  2 is 
unconditionally  accessary  for  the  work  ot  . ,u  t pm.«nt /d <*v ice  5 assembly 
lx  j is  intended  for  maintaining  the  normal  modi  ot  the  worn  ot 
assemblies  ixt  and  ix2.  Equ  i j me  nt/dc  vice  must  work  tor  a period  ot  time 
r.  Tle>  tune  of  the  tai 1 ure- ftt e operation  or  < jea  assembly  is  random; 
tor  assemblies  Ut,  lx2,  U3,  it  has  density  ot  ditiibution 
respectively  f j (t)  , f^(t),  t s (t ) . Availabl  at  r *o  snare  copies 
assemblies  It,  and  three  spare  copits  ot  i--.  .i  t ly  u...  burrnq  the 
malt  unction  (failure)  of  assembly  h,  tcchnUal  < , t i patent  /d  ev  ice  is 
stopped  at  the  random  time,  distributed  w i t n density  /,(t)  , after 
which  assembly  is  suns t it ut*  d spate  (it  they  still  not  all  are 
spent),  and  the  work  ot  equipment/device  i . i»iuwaa.  With  the  tailute 
of  assembly  the  egu  ipmert/dev  ice  also  is  stepped  at  the  random 

time,  distributed  with  density  *.»(t),  assembly  is  substituted  spare 
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(if  such  still  ara  in  the  presence),  after  which  the  work  of 
equipment/device  it  is  renewed.  If  simultaneously  no  not  work 
assemblies  Ux  and  2 12  , the  work  of  equipment/device  is  renewed  only 
after  is  finished  the  replacement  of  last/latter  assembly.  If  it  left 
the  system  (it  refused)  assembly  Zt3,  it  do  not  suos^it  ute,  but  the 
law"  o.f  time  allocation  of  the  failure-tree  operation  of  assemblies  U x 
and  u2  varies  if  t o breakdown  of  assemfly  Z<3  assembly  ux:  it  studied 
time  ij,  then  the  conditional  density  of  distribution  of  the 
remaining  time  of  the  failure-free  operation  or  assembly  will  be 
1 1 ( t / 1 , ) ; assembly  U2  - f*(t/t*). 

Faye  427. 

It  is  required  to  find  the  following  performance  characteristics 
cf  the  equipment/device: 

- probability  of  the  exact  work  of  equipwent/device  p,(t)  as 
functicn  of  timej 

- probability  that  the  final  failme  or  equipment/device  of  more 
earlily  time  r will  occur  because  of  the  deiiciency  of  tne  spare 
assemblies 

- the  mean  time  fr  of  the  operation  cl  system,  i.e. , the  mean 
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time  which  equ  ipms  nt/d  e vice  will  carry  out  i:\  wcrxing 


- the  iverdjs  number  y , 01  the  spare  assemblies  Zit  which  will  be 
spent,  and  also  the  average  number  y2  and  tne  spent  spare  assemblies 


Solution.  Since  the  laws  ot  distribution,  winch  rigure  in 
problem,  are  different  from  the  exponential,  tc  apply  for  describing 
the  phenomenon  the  diagram  ct  Murkcv  processes  we  not  can.  We 
construct  the  diagram  of  simulation  of  random  t recess  by  the 
Monte-Carlo  method,  first  of  all,  we  deter  sunt  «y  drawing  the  time  of 
the  failure-free  operation  cf  assembly  Uj  (wnich  is  not  restored). 

For  this,  we  find  the  function  ot  tne  distribution 


i /,<n<r. 

h 

we  take  random  number  H from  0 to  1 we  subject  t ) its  conversion 
F-»j(H)  (Fig.  8.16)  ». 


FCCTN0T12  1 . F“l  3 - function,  reverse  Fj.  t NnFOOTNOTF. 


If  as  a result  of  this  drawing  value  Tj  t t nier/s howe J lesser  r, 

then  we  record/fix  Tj  as  torque/moment  of  tne  failure  oi  assembly  U3i 

but  if  it  turned  out  that  T3  > r,  we  consider  that  for  time  r 

assembly  did  not  fall.  Let  us  assume  that  the  first  (more  complex) 
variant  took  place,  and  assembly  refused  at  torque/moment  < » . 
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Lot  us  consider  four  parallel  axes  Ot  with  jih-  countdown  (Fig. 
d.  17)  . On  axis  (1)  we  will  rote  the  state  ci  the  first  assembly  (by 
heavy  line  - "works",  fine/thin  - "refused")  . c»  axis  (2)  also  are 
noted  the  states  of  the  second  assembly,  on  axis  [ ))  - the  third,  on 

axis  (4)  - a state  ot  system  as  a whole  ("works",  "it  does  not 
work")  . 


Since  the  tor gue/women t of  failure  Tj  ol  node/unit  us  to  us  is 
known,  then  we  can  immediately  fill  axis  (1).  After  this  let  us  fill 
(1)  and  (2).  Let  us  first  play  time  Tj  , during  which  will  work  the 
tasic  unit  K,  - for  this  we  we  will  use  the  function  of  the 
dist  r ibuti cn 

F,  (O-f/i  V)di.  (5.1) 

b 

Further,  let  us  play  the  time  r,,  during  which  this  unit  will  t» 
replaced  spare.  For  this,  we  will  use  the  function  ot  the 
d ist  r i fu t i on 

I 

®il0-f?i(0*l.  (5.2) 
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It  111  tor  9 m.1/ in  omen  t Tj  ♦ r,  the  t erw  i nat  i c n of  this  replacement 
the  third  unit  still  works  ( T x ♦ rx  < 1 3)  , then  wo  again  develop  the 
value  cf  the  operating  time  01  the  first  spare  unit  Tt  with  the  help 
cf  function  (5.1)  and,  after  this  - again  tne  time  of  the  replacement 
of  this  unit  r1#  with  the  help  of  function  (5.2).  Let  us  assume  that 
the  torgue/moment  of  the  termination  of  this  replacement  (as  shown  in 
Fig.  8.17)  it  render/showed  after  torgue/moraent  Ij: 

T'i'Mi  + TV  + *i*  >f».  (5.3» 

Then  with  the  drawing  of  the  new  value  cf  the  time  of  the 
failure-free  operation  of  unit  Y,  we  must  lot  us  use  no  Longer 
function  (5.1)  a the  new  conditional  function  cf  the  distribution 
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assuming  that  to  the  t oique/momeii  t of  the  failure  of  unit  U3  the  new 
unit  2li  cid  uot  wort  (t|  = 0).  Let  this  played  value  he  equal  to  T". 
Lot  us  assume  that,  as  shown  in  rig.  8.17. 

fi  + 'i+fi'+ti'  + ri*<t.  (&.5i 

This  means  that  at  the 

torque/moment,  noted  in  figure  by  asterisk,  unit  H,  left  the  system, 
to  replace  it  already  with  something  (a  total  cf  two  spare  units) 
and,  which  means,  that  at  this  moment  tinally  reiused  whole 
equipment/device.  Obviously  further  this  Feint  of  news  drawing  not  it 
is  necessa  ry . 

We  will  be  occupied  axis  (2),  on  which  will  oe  refloated  the 
state  ot  the  second  unit  U 2 . For  this  axis  let  us  lead  tne  second, 
the  analogous  by  the  first,  series  of  drawings,  with  that  difference 
that  the  functions  of  t hr  distributions  by  which  converts  random 
number  F(,  will  be  others: 


MO-  J/,«)Wr, 

(6.  a 

®><0-  ^<r,  to  dt. 

(5  7) 

«W‘*>-  J/i  «/l,)  dt. 

0 

(5.  Hi 
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Let  us  assume  upon  expiration  of  the  time  of  the  second 
replacement  of  r*  2 we  play  value  or  T"  2 the  operating  true  of  the 
second  spare  unit  and  it  tender/showed  similar  that  torque /moment 

13  of  breakdown  of  the  third  unit  arrived  for  the  operating  cycle  or 
the  second  unit. 
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Pij.  8.17. 


Faqe  4 28. 


Since  durin-j  the  malfunction  of  the  third  assembly  of  the  condition 
of  the  work  of  the  second  unit  they  deteriorate,  it  is  necessary  into 
value  T"  2 "to  introduce  correction"  during  the  period  of  the 
failure-rree  operation  of  this  copy  u2  ; to  take  into  account  that  it 
already  studied  time  t2,  and  the  residue/remainder  of  time  T"  2 after 
torque/moment  T3  to  play  ane*,  already  according  to  the  changed 
(conditional)  law  of  distribution  (5.8). 


The  obtained  thus  value  T"  2 it  is  necessary  to  ada  to  already 
passed  time  t2. 
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f After  this  is  developed  the  time  of  replacement  r"  2 this  unit 
(according  to  the  law  (5.7)  ) and  rinally  time  I'''2  or  the 
ta  il  u re-fr  ee  work  of  the  last/latter  (the  third)  spare  unit  l/[z  ; since 
unit  2/3  already  refused,  then  in  this  case  we  use  law  (5.d)  with  t2  = 
0.  If  the  played  value  of  time,  in  sum  with  all  previously 
deposited/post  pone  d on  axis  (2)  tines,  it  ends  more  to  the  right 
Foint,  noted  by  asterisk,  then,  which  meant,  that  the  reason  for  the 
failure  of  equipment/device  in  this  case  was  the  deficiency  of  the 
spare  units  /UX.  If  the  series  ct  the  intervals,  deposited  on  axis 
(2),  ends  more  left  than  the  point,  noted  c>  asterisk  - that  means 
that  in  this  realization  as  the  reason  for  the  failure  or 
equipment/device  was  used  the  deficiency  01  the  spare  units  1(z . 

Finally,  let  us  fill  last/latter  axis  ) , in  which  is  reflected 
the  work  of  equipment/device  as  a whole.  According  to  condition  the 
eq  uipnient/device  works  only  in  those  tcique/moments  when  work  two 
units  Hi  and  V2  simultaneously.  Tnttefcre  on  axis  (4)  we  note  by 
heavy  line  only  those  sections  of  time,  for  wiiicn  t ne  qreasy/fatty 
sections  of  axes  (1)  and  (2)  coincide. 

Thus,  is  played  one  realization  of  our  random  process.  It  qoes 
without  saying  that  if  simulation  is  produced  by  ETsVN,  iny  graphs# 
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axes  and  sections  to  construct  not  is  necessary;  drawing  is  ensured 
by  bringing  into  action  of  the  machine  calculated  algorithm  which 
combines  single  tosses  - drawings  with  the  comparison  between 
themselves  of  the  torg ue/moments  of  realizing  the  different  events 
(which  occurred  more  earlily  - the  restcration/re iuction  of  the  first 
(the  second)  unit  or  breakdown  of  the  third?). 

Let  us  assume  that  in  this  or  seme  other  way  you  ootained  a 
large  quantity  (N)  of  realizations  of  random  process.  Then,  using  the 
limit  theorems  of  the  probability  theory  ana  substituting  the  unknown 
probabilities  by  frequencies,  but  mathematical  expectations  by 
arithmetic  means,  we  can  ap proxi ma to ly  answer  all  the  placed  in 
problem  questions. 

Probability  p»( 0 of  the  exact  work  or  equipaent/device  at 
torque/raoment  t can  be  counted  as  tcllcws;  ror  each  (the  i-th) 
realization  to  introduce  into  examination  the  random  function  of  time 
\ :,(/).  which  is  equal  to  zero,  when  equi  pme  nt/de  vice  does  not  work, 
and  to  unity  - when  works.  The  possible  form  of  the  separate 
realization  of  random  function  A'i(0  is  shown  cn  r'ig.  8.13.  The 
piobability  of  the  exact  work  ct  equipnent/ae v ice  at  t orq ue/moment  t 
is  nothing  else  but  the  mathematical  expectation  or  random  function 
X (t)  or,  approximately,  arithmetic  mean  of  realizations 
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P « <0  * 


(5  9) 


The  possible  form  of  probability  Pm(0  is  saown  on  Ei<j.  8.1'}. 

The  decrease  of  function  p^o  is  connected  with  tae  fact  that  in  the 

i 

course  of  time  increases  the  failure  probability  oi  the  third  unit 
and,  furthermore,  rise  chances  by  the  fact  that  spare  units  it  will 
be  insufficient. 


4 


Fig.  8.18 


Fig.  8.  18. 


Faye  h 10. 


Let  us  find  probability  that  the  failure  of  equipment /dev ice 
will  occur  because  of  the  deficiency  of  the  spare  units  . Let  us 
consider  event  A,  consisting  in  the  fact  that  the  failure  of 
eg ui pment/de vice  of  more  earlily  time  r will  occur  tor  this  reason. 
Let  us  connect  with  each  realization  random  variaule  Kt,  egual  to 
unity  if  in  this  realization  event  A occurred,  and  zero  - if  did  not 
cccur.  With  the  large  number  of  realizations  N , probability  P ( A)  of 
event  A is  approximately  egual  to  its  freguency,  uut  the  latter  there 
is  nothing  else  but  the  ratio  of  the  sum  of  all  random  variables 


to  the  number  of  realizations  N: 
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Let  us  deter*  ino  the  mean  time  fp,  which  equip  merit  /device  will 
carry  out  in  working  state.  For  this,  it  is  necessary  for  each 
realization  to  determine  its  operating  time  / “>_  "‘tie  sum  of  the 
lengths  of  all  working  sections  of  axis  (4)  to  torque /moment  r - and 
to  find  their  arithmetic  mean: 


i— i 


(5.11) 


Finally,  the  average  number  y,  cf  snare  units  Z<,  which  will  be 
spent,  will  be  located  as  arithmetic  mean  of  the  numbers  of  spent 
units  for  all  realizations: 


I- I 


where  ir</)  — the  number  of  spare  units  m , spent  in  tne  i 
realization. 
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Analogously  it  is  determined 


/-i 


(6.13) 


t. 


i 

! 
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Thus,  we  constructed  the  pattern  of  the  simulation  of  process  by 
the  Monte-Carlo  method.  Let  us  note  one  characteristic  feature  of 
method.  In  example  1,  we  assigned  the  mission  of  ietermining  a total 
of  of  five  values:  Pu(t),  P(A),  lv,  y,  and  y2.  However,  t.ne  volume  of 

calculations  barely  would  be  increased,  if  we  wanted  besides  these 
five  values  to  determine  even  a whole  series  of  others,  for  example 
{reliability  that  both  unit  Ux  and  Tiz  will  stand  (not  to  work)  is 
simultaneous,  either  the  average/m°an  sens^  oi  tn  a operating  time  of 
the  first  and  second  units,  or  tne  dispersion  of  the  time  of  the 
exact  work  of  equipment/device,  or  any  cthei  { rcnabil istic 
characteristic  of  process.  It  is  real/actuai,  during  simulation  by 
the  Monte-Carlo  method  the  lien  fraction  or  titre  it  occupies  very 
simulation  of  realizations  and  only  negligiile  port ion/fcact ion  - 
their  treatment/working.  Therefore,  organizing  the  simulation  of 
operation  on  EVM  [ - computer]  by  the  Monte-Carlo  method, 

always  has  sense  to  care  abcut,  "deducing"  licit  tae  macnine  a little 
more  of  the  information  about  each  realization  and  to  count  the  a 
little  more  characteristic  parameters,  without  teing  limited  to  the 
calculation  of  the  only  cne  index  cf  efficiency. 
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Example  2.  Let  as  consider  the  problem,  similar  to  that  that 


has  already  been  mentioned  in  •§  1.  is  produced  shooting  n by  rockets 


at  the  area  target  of  complex  configuration  (F.ig.  a. 20).  The  zone  of 


fractures  from  one  rocket  represents  by  itself  the  circle  of  radius 


r.  As  a result  of  n of  shots,  will  be  struck  some  part  sn  of  target 


area  (see  the  shaded  range  on  Fig.  8.2C)  Ts,  which  composes  some 


portion/fraction  of  full/total/complete  target  area 


In  order  to  avoid  the  unnecessary  overlaps  of  lethal  areas,  aiming  n 
by  rockets  is  produced  not  on  one  point,  but  on  n to  different 


On  Are  assigned  the  characteristics  of  missile 


points : Ot , o2 , 


dispersion  the  root-mean-sguare  deviation  along  tne  axes  ox  and  Oy 


egual  to  o„  o.  Systematic  error 


each  impact  point  ar«  independent  of  each  other  and  rrom  coordinates 
of  other  impact  points.  It  is  required  with  the  assigned  location  of 


On  to  compute  tne  following 


aiming  points  Ox,  02, 
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average  por tion/f uacticn  of  the  affected  target  area: 

|t/|; 

- dispersion  of  the  port  i on/f  l act  i on  or  the  tffected  target 

area : 


- probability  that  will  be  struck  not  less  assigned 
pcrticn/f raction  u of  target  area: 


P{U>  w); 

- mathematical  expectation  F0  of  thy  number  at  rockets  which 
caused  the  target./purp  ose  ot  no  damage  (t  ho^  ui*  by). 

Solution.  It  we  make  no  simplifying  assumptions  about  the  form 
of  target/purpose  and  lethal  area,  the  analytical  solution  ot  stated 
trcblem  is  extremely  complicated  and  it  is  it  is  virtually 
unrealizable;  it  will  simpler  solve  by  its  Monte-Jurlo  method.  Each 
realization  will  represent  by  itself  the  "bombardment"  of 
target/purpose  n by  rockets,  in  which  t ho  impact  points  of  rockets 
are  played  on  toss.  The  simulation  of  each  realization  will  consist 
cf  n of  single  tosses,  plus  the  calculation  ot  rue  affected  area  S„ 


I 
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In  each  single  toss  is  developed  the  impact  point  of  one  (the 
j-th)  locket,  i.e.  , two  random  variables  X*  Y t,  distributed  according 
to  normal  law  with  the  characteristics 


m»..  ®*.  ®» 


where  »n*^.  mv—  the  coordinate  of  pcint  o,  (correlation  coefficient 
is  equal  to  zero,  since  values  XhYt  accoruing  tj  condition  are 
in dependen t) _ 


let  us  assume  that  the  simulation  13  produced  by  El'sVK.  Then  the 
most  convenient  mathod  of  the  drawing  ct  tne  pair  of  normal  values 
Xt,  Yj  will  be  described  in  § 3 addition  ot  several  independent 
random  numbers  from  0 to  1 witii  the  subsequent  renormalization,  with 
this  method  of  the  coordinate  of  the  j impact  [cint,  they  can  be 
played  on  the  formulas: 


Xy-o.fT^  #»-s)  + «v 


<5.H> 


where  Kj,  R ^ , ...,  R12  - 12  separate  independent  copies  >f  random 
number  from  0 to  1 *. 


FOOTNOTE  >.  it  joss  without  saying  that  for  the  drawing  of  the 
coordinate?  of  each  new  impact  point,  it  is  necessary  to  take  now  of 
12  random  numbers.  £*or doj non.  . 

Faye  4J2. 

Let  us  assume  that  this  stage  of  simulation  is  carried  out,  and 
we  ootained  n of  impact  points  in  this  realization.  Now  it  is 
necessary  to  count  the  affected  area  sn  for  this  (the  i-th) 
realization.  For  this,  it  is  necessary  around  tacu  impact  point  to 
describe  the  circle  of  radius  r and  tc  count  the  ar^a  of  that  part  of 
the  target/pur pose , which  is  covered  at  least  witn  one  of  the 
circles.  If  drawing  was  produced  by  hand,  it  wculd  be  possible  to 
determine  this  area  by  planimetry.  During  simulation  in  machine,  they 
enter  otherwise:  entire/all  ta rget/pur f cse  is  divided  into  the  large 
number  of  surface  elements  dS  (Iig.  d.21)  anu  for  each  of  them  is 
determined  that  is  how  its  distance  oj  from  the  impact  point  of  the 
•j  rocket  (j  - 1,  ...,  n)  . If  at  least  ter  oi.^  cf  the  impact  points 
this  distance  render/showed  lesser  than  r (effective  casualty 
radius),  then  area/site  ds  is  considered  afiected,  after  which  is 
produced  the  addition  (integration)  of  affected  area/sitas  ds„  on 
the  entire  target/purp ose : 

Sn  — 2 d*n  ■ 

u 
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Dale  the  obtained  in  the  i realization  value  si,}  for  the  target 
area,  we  obtain  the  [ ortion/f raction  ot  the  affected  area  in  this 
real iz  at io  n : 


I 

lf 


Incidentally  with  value  U(l)  for  each  realization,  wo  compute 
'o'*—  a guantity  ot  Lockots,  a distance  from  the  impact  points  of 
which  to  target/purpose  it  exceeds  l (in  this  realization  these 
rockets  did  not  cause  the  damage  to  tar  get /pur  peso) . Having  these 
data  tor  the  large  number  ot  realizations  N,  we  can  answer  all  the 
placed  juestions. 


Average  porti o«/fr action  o£  the  at  feettd  area: 


"i.  a - ^ 


Dispersion  of  tne  portion/fraction  of  the  affected  irea: 


7d068721 


Probability  that  the  port  ion/ fraction  of  t no  affected  area  will 


te  not  lesser  than  u,  is  deter mined  a 


follows:  WLth  each  realization 


is  connected  the  nuaber  Xi.  equal  to  one,  if  in  this  realization 


Then 


P(U>u) 


The  mathematical  expectation  r0  of  the  number  of  ro-xets,  which 


did  net  cause  the  damaqe  to  tarqet/purp  cse , will  oe  located  frem  the 


for mul a 


f 
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whete  'it1  — the  number  of  rockets,  which  did  tot  cause  the  damage  to 
target/purpose  in  the  1 realisation. 


6.  Determining  the  characterist ics  of  stationary  random  process  by 
Forte-Carlo  method  from  one  realization. 


During  the  statistical  simulation  of  operations,  fraguently  it 
is  necessary  to  meet  the  care,  when  the  random  process  being 
simulated  is  stationary  it  cccur/f low/1 asts  unlimitedly  for  long, 
having  t irae- indepe ndcn t probabilistic  c ha r act e r ist ics. 


As  an  example  let  us  consider  operation  n-  ot  the  cnannel  system 
cf  mass  maintenance  with  m places  in  the  turn  the  graph/count  cf 
states  of  wnich  is  shown  on  Fig.  8.22.  Let  ts  assume  that  the  flow  of 
claims,  which  translates  system  from  state  mtc  state  (from  left  to 
right),  stationary,  but  not  Poisson,  fcr  example  the  flow  is  palm 
with  the  arbitrary  law  of  distribution  t(t)  ot  time  interval  T 
between  claims.  The  servicing  time  of  c no  claim  is  also  distributed 


not  according  to  exponential  law,  but  according  to  arbitrary  law 


doc 


7006872  1 


PAGE 


*(t).  Since  the  process,  which  takes  place  in  system,  non- Markov 
(tlows  or  events  _ non~Poiss°n) , then  it  cannot  no  described  with  the 
help  oi  the  standard  mathematical  apparatus  01  tue  Markovian 
processes  - ordinary  differential  equations  for  tue  probabilities  of 
states  and  algebraic  equations  - tor  tie  maximum  probabilities  of 
states.  And  generally,  the  attempt  to  describe  this  random  process 
with  the  help  of  analytical  dependences  would  leal  to  the  excessively 
bulky  of  equipment,  hot  justifying  itself  in  practice.  By  the  only 
virtually  suitable  method  of  the  study  of  similar  non-Marxov  systems 
is  the  simulation  of  process  the  Monte-Carlo  method. 


Fig.  8.22. 


Page  4 34. 

If  speech  occurs  about  the  stuuy  of  t ho  initial,  unsteady  period 
of  functioning  of  system,  then  simulation  is  produced  in  the  usual 
way  - it  is  developed  many  realizations  of  process,  and  necessary  to 
us  probabilistic  characteristics,  for  example,  failure  probability, 
the  average  number  of  occupied  channel*,  the  average  nuaoer  of  claims 


1 
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in  turn,  etc.,  ate  located  by  the  treatment  of  "experimental" 
material  as  statistical  average  through  many  r t al izations. 


However,  when  speech  occurs  about  the  study  not  of  transient, 

initial  period,  but  steady,  steady-state  state,  attained  with  t -w  •. 

the  situation  changes.  In  fact,  when  simulating  steady-state 
random  processes  we  can  usually  use  not  a great  number  of  realiza-  „ 
tions,  but  one  sufficiently  long  realization. 

Here  the  probability  characteristics  of  the  random  process  of 
Interest  to  us  can  be  obtained  not  as  the  means  for  a large  number 
of  realizations,  but  as  the  time  means  for  one  sufficiently  long 
realization. 

Strictly  speaking,  stability  of  the  process  alone  is  insuffic- 
ient for  this.  The  process  should  also  possess  the  so-called  ergodic 
property.  In  an  elementary  Interpretation  the  essence  of  this 
property  is  that  the  limiting  mode  which  is  established  in  the  system 
often  some  time  of  its  operation  does  not  depend  on  what  the  initial 
conditions  and  the  initial  period  of  the  system's  operation  were  - 
each  separate  realization  is  a sort  of  "plenipotentiary  representa- 
tive" of  the  entire  class  of  realizations.  This  means  that  whatever 
realization  we  may  choose,  with  /-*•  oo  ue  obtain  process  with  on«? 

and  the  salt  by  characteristics. 


m 


I 


It  is  possible  to  give  an  example  of  the  process  of  stationary, 

but  not  possessing  ergodic  property-  Let,  for  example,  oa  examined 
the  system  with  the  graph/count  of  states,  shown  on  Fig.  d.23.  All 
flows  of  the  events,  which  translate  system  frcm  state  into  state,  we 
consider  stationary.  Let  at  the  initial  moment  t = 0 system  are  be 
located  in  state  S0;  from  it  it  can  pass  eithei  into  state  S,  or  in 
Sj.  After  passing  into  state  St,  system  will  negin  "to  circulate"  due 
to  states  Sx  and  S Because  of  the  stability  cf  the  flows  of  the 
events,  calling  this  circulation,  in  sufficient  time  of  probability 
Pi  (t)  and  p*  (t)  states  Si  dnd  S2  they  will  oeccito  constants,  but  the 
process  of  circulation  - stationary: 


Pi  (0 -►  Pi  * const;  Pi  (/)-*■  p,  — const 
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Fig.  8.28. 
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Bat  if  from  state  S0  system  passed  not  in  s, , but  in  S3,  then  it 
will  circulate  not  due  to  states  8,,  S2,  but  d u ^ to  states  Sj,  S*; 
the  prcbah ilities  of  these  states  will  also  a^toich  constants: 

pt  (/l  -►  p,  = const;  pi  t/)  -*■  pt  — const, 
but  already  for  others,  than  pt  and  p2. 

Thus,  in  the  given  example  the  process,  which  taxes  place  in 
system,  will  be  stationary,  but  ergodic,  ana  its  probabilistic 
characteristics  depend  substantially  cr  initial  period  (initial 
behavior  of  system).  It  is  clear  that  the  simulation  of  this  process 
with  the  help  of  one  (at  least  and  by  very  long)  realization 
insufficient  for  obtaining  its  probabilistic  characteristics. 


f 
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Fortunately,  ergodic  random  processes  to  happiness,  the  ergodic 
random  processes  in  practice  are  encountered  mere  frequently  than 
nonergodic  ones  and,  as  a rule,  the  simulation  or  one  realization 
makes  it  possible  to  obtain  all  the  pr eba b ili s tic  characte ristics.  In 
particular,  ergodic  prove  to  be  the  processes,  which  take  place  in 
the  systems  the  graph/count  ot  states  ct  which  is  relate!  to  the 
pattern  of  "death  and  multiplication",  as  shown,  tor  example,  on  Fig. 
8.22.  Here  system  can  through  some  number  or  step/pitches  pass  from 
each  state  of  each  another  and  the  "split t ing/ f iss ion"  or  the 
process,  similar  occurring  in  system  with  graph/count  Fig.  8.23,  does 
not  occur. 

If  system  has  an  infinite  multitude  of  possible  states,  then,  we 
knew  that  even  with  the  stability  or  all  flow.-,  cr  events,  maximum 
co  nd  i t ions/m  ide  with  t • it  can  not  exist  - w,  this  saw  lased  on 
the  example  of  the  system  of  mass  maintenance  wita  t«e  unlimited  turn 
(see  § o of  Chapter  r>)  , where  with  t * - turn  when  x>l  increases 
unlimitedly.  However,  if  maximum  condit  ions/mode  exists,  then  during 
the  simulation  of  process  by  the  Monte-Carlo  metnod  it  is  possible  to 
te  bounded  to  one  realization. 


To  demonstrate  the  existence  of  maximum  ccnditions/mode  we 
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strictly  speaking,  can  only  for  a Markcv  system,  and  simulation  by 
the  Monte-Carlo  method  is  applied,  as  a rule.,  tc  systems  non-Markov. 
However,  with  the  help  of  indirect  reasonings  frequently  and  of  this 
case  it  is  possible  to  be  convinced  of  the  existence  of  maximum 
condi t ions/mode. 


For  the  explanation  that  presented,  let  us  consider  the  example, 
which  relates  to  simulation  by  the  Mor.te-Cai.lo  method  the  operation 
of  non-Markov  system  or  mars  maintenance  with  turn. 

Example.  There  is  two-channel  (n  = 2 ) SMO  wrth  turn.  The  number 
cf  i laces  in  turn  m = 3;  the  claim,  which  came  at  the  tor  g ue/m  omen  t 
when  all  the  three  places  in  turn  are  occupied,  outains  failure  and 
leaves  system.  The  flow  of  claims  - Palmov,  i.e.,  time  intervals 
letween  claims  represent  by  themselves  the  independent  random 
quantities,  distributed  according  to  one  ana  the  same  (non i ndicati ve) 
law  f (t)  (Fig.  8.24).  Servicing  time  of  one  claim  - ilso  random 
variable,  distributed  according  to  non ind icat ive  law  *(t)  (Fig. 

3.25),  different  from  f(t),  but  identical  for  all  claims. 
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It  is  required,  simulating  the  work  of  SMC  with  the  Monte-Carlo 
method  and  disposing  of  only  one  Ly  long  realisation,  to  consider  the 
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approximately  maximum  character ist  ics  of  system  (with  t : 

- probability  of  states  (probability  cl  the  fact  that  they  will 

be  occupied  0.1,  2 channels;  the  probability  ot  the  tact  that  in  turn 
they  will  be  located  0,  1,  2,  3 claims)^ 

- the  aver  aye  number  of  occupied  channels,' 

- mean  latency  of  claim  in  turn;  the  dispersion  of  latency  of 
claim  in  turnj 

- failure  probability  (that  which  claim  will  leave  adO  not 
serviced ) . 


To  construct  the  pattern  of  simulation  and  the  set-up  of 
processing  its  results. 

Solution.  Ths  graph/count  of  the  states  of  system  takes  the 
form,  shown  on  Fig.  8.26.  The  number  or  states  is  certain;  from  each 
state  it  is  possible  to  pass  into  each;  the  flews  of  events,  which 
translate  system  from  state  into  state,  are  stationary  (although 
no ipPoisson ) ; from  this  we  consist  that  the  system  possesses  eryodio 
[reperty  and  simulation  on  cne  realization  is  [cssible. 


i 

I 

I 


I 

v 


I 


Let  us  bevj  in  simulation  from  the  fact  that  let  us  play  on  axis  Ot  the 
Clow  ol  claims,  i.  e.,  a series  of  the  random  points  t,,  t2,  t3 , ...  - 
the  tor ue/inomen ts  of  the  arrival  of  the  ccir eSf ondiny  claims  - the 
first,  the  second  and  the  like  ( F i sJ  - 8.27). 
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and  it  is  developed  the  value  of  random  variable  Tw  as  this 
described  in  § 2;  for  this  is  taken  the  function,  reverse  F,  from 
random  number  R from  0 to  1:  Tt  = F'MR). 

Distance  T*  is  plot/depos ited  from  the  ori jin  of  coordinates;  is 
obtained  torque/moment  t,  cf  the  arrival  of  the  first  claim.  Then  the 
procedure  of  drawinq  is  repeated  (it  goes  without  saying  that  already 
with  ether  R)  and  the  new  value  T2  is  p lot/uepcsit ed  from  r,,  is 
obtained  torque/moment  t2  cf  the  arrival  of  the  second  claim,  and  so 
forth  1 . 

FOOTNOTE  l.  During  simulation  in  machine  mere  convenient  not  t.o 
construct  the  chain/network  of  the  arrivals  or  clnms  previously,  but 
"tc  supply"  them  to  SMC  on  one,  with  arrival;  tor  the  purpose  of 
convenience  in  the  explanation  we  assune  that  the  claims  are 
developed  previously.  L NDFGCTNOT  E. 

Thus  we  will  construct  the  chain/n  et  work  of  the  torque/moments  of  the 
arrival  of  claims  (Fiq.  8.27).  it  qoes  without  saying  that  this 
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chain/network  mast  be  done  sutficient  lcn^,  after  playinj,  in  any 
case*  not  the  less  several  hundred  values  cl  ranujni  variable  T. 

It  is  represented  the  procedure  ot  simulation  with  the  help  ot 

pictorial  diagram  ( Fi <j » 8.28).  Above  we  will  place  time  lxis  (0)  with 

the  noted  on  it  torque/ mo  inerts  or  the  admission  or  claims.  Below  it 

we  will  place  an  additional  five  axes:  (1),  (2),  (J),  (4),  (5).  On 

axes  (1)  and  (2)  we  will  represent  the  states  oi  riLst  and  second 

channels  ( greasy/t  att  y teature  - "it  it  occupied",  fine/thin  - "is 

free").  On  axes  (3),  ( *0  , (5)  we  will  represent  the  5 tests  of  the 
first,  second,  and  third  doses  in  turn  (heavy  line  - "occupied",  - 
fine  line  - "free").  Everything  of  five  axes  have  the  same  count- 
down, as  axis  (0). 


Fig.  8.27. 


Fig.  8.28. 
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To  tor  giie/mom  ent  tt  - arrival  of  the  first  claim  - ill  channels 
and  all  ♦'he  places  in  turn  are  free.  At  t ol gue/moment  t,,  comes  the 
first  claim  and  it  occupies  the  first  channel.  How  long  it  will  be 
occupied  - it  is  solved  by  drawing.  Foi  this,  we  «ill  suuject  random 


number  R (it  goes  without  saying  that  new)  to  conversion  <X>  \R), 
where  <J>  the  function  of  time  allocation  of  the  maintenance: 
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The  first  played  value  ot  servicing  time  r w » designate  rx  and 


plot  on  *•  X / 5 


(1)  frcm  point  with  abscissa  tx,  noting  it  by 


heavy  line  (pig.  8.26)  . At  the  moment  ol  arrival  of  the  second 
claim,  the  first  channel  is  still  occupied;  claim  occupies  second 
channel.  Let  us  play  still  one  value  t,  let  us  designate  it  r?  and 
will  plot,  by  heavy  line  on  axis  (2)  from  pcxnt  witn  abscissa  1. ?. 


Claim  1 3 # which  came  at  the  t or  guc/raomtn  t.  when  both  channel  arc 
occupied,  stops  in  turn,  it  occupies  in  it  the  first  place  (axis  (3)) 
it  awaits  to  that  torg ue/aio nen t when  is  freed  one  ot  the  channels.  In 
cur  case  more  earlily  is  free/released  channel  (2)  - at  this  moment 
the  point  from  axis  (3)  jumps  to  axis  (2)  - and  again  is  developed 

the  servicing  ti®3  r3  of  this  claim.  On  axis  (2)  is  constructed  new 
greasy/fatty  section,  and  axis  (3)  it  is  continued  for  fine/thin  line 
- the  place  in  turn  it  is  free. 


We  will  not  continue  the  detailed  description  ot  the  procedure 
ct  the  drawing  of  realization  - it  is  suf  f icic  r.tly  clear  from  Fig. 
6.28.  In  this  figure  against  each  section  oi  the  employment  of 
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channel  (place  in  turn)  for  convenience  in  the  treatment  is  written 
the  number  of  the  claim,  which  occupies  this  place;  it  is  possible  to 
trace,  as  claim  "travels"  from  the  last/latter  places  in  turn  to  the 
first,  then  - for  maintenance.  The  claim,  which  outained  failure,  is 
noted  by  the  asterisk  (it  leaves  SMO  net  serviced). 

Let  us  assume  that  the  simulation  of  realization  have  is 
continued  we  sufficiently  fer  long  (sc  for  long  wnich  the  effect  of 
initial  conditions  already  ceases  to  manifest  itseli).  Let  us  look  as 
by  this  realization  to  determine  those  interesting  us  th» 
probabilistic  performance  characteristics  cr  SPC.  rrobaorl ities  p0, 
Pj,  p^  that  they  will  fce  occupied  with  0,  1,  2 channels  1 , let. 

us  find  as  follows. 

FOOTNOTE  ».  Designation  is  introduced  because  this  probability 
does  not  coincide  with  earlier  (see  Chapter  5)  the  introduced 
probability  p2,  but  is  egual  to  p3  = P2  ♦ pj  ♦ p4  ♦ p*-  E N DFCOTNOT  E. 

Let  us  divide  entire  axis  Ot  into  sections  with  respect  to  the  number 
cf  occupied  channels.  The  sections  of  time,  on  which  is  occupied  not 
one  channel,  let  us  note  by  numeral  0,  one  channel  - by  numeral  1, 
twe  channels  - by  numeral  2.  On  the  large  section  of  time  T,  let  us 


add  the  lengths  of  all  sections,  by  marked  zerc  - we  will  obtain  T0; 
the  sum  of  the  lengths  of  all  sections,  noted  by  one,  will  be  T(, 


It  is  obvious. 


i 

i 


T 


With  large  T of  probability  p0,  p1  am)  p*,  they  will  be 
approximately  equal  to  the  ratios  of  the  corresponding  times  to  the 
total  time; 

Po^Tt/T-  Pi»Tt/T,  P»=  TtIT.  (6.3) 


Page  439. 

r 

Let  us  note  that  section  1 it  is  expedient  to  count  off  net  from 
the  very  beginning  of  the  process  where  still  manifests  itself  the 
effect  of  initial  conditions,  tut  from  more  distant  for  time 
torque/moment  O',  where  the  effect  of  initial  conditions  already  in 
practice  ceases  to  manifest  itself. 

* A A /v 

Let  us  find  probabilities  p0,  pt,  p2,  p3  that  in  turn  they 

will  stand  0,  1,  2,  3 claims.  Let  us  again  uocomposp  the  large 

sect  ion  of  time  axis  T into  the  parts,  mar  xtd  C,  T,  2,  'l,  on  which  in 

turn  it  is  located  with  respect  to  0,  1,  2,  3 claims.  Store/adding  up 

the  lenjths  of  all  equally  marked  sections  and  Dale  sums  T: 

C 

will  obtain; 


on  T,  we 
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Po  ^ Pi  & fi/T;  pt»  TtlT\  p, » TtIT.  (6.4) 


The  average  number  of  occupied  channels  z will  be  obtained  in 
the  usual  way  as  mathematical  expectation  oi  discrete  random  variable 
2 - number  ot  occupied  channels: 

?=  1/3, -f-2.pl=.p,  + 2pl.  (6.5) 

Mean  latency  of  claim  in  turn  >0m  we  find  as  follows:  let  us 
consider  a series  ot  the  claims,  which  acteu  on  tne  large  section  of 
time  T the  torque/ moinen ts 

t*+  If  ••••  •••*  tk  + N, 


and  for  each  of  them  let  us  directly  ccuat  latency  in  turn  **+*t 
equal  to  zero,  if  (k  + i)  claims  it  was  immediately  accepted  for 
the  maintenance  (or  was  obtained  failure)  , and  the  sum  of  latople 
this  claim  for  different  axes  ( ( 3 ) , (4)  and  (5)),  if  it  stood  in 

turn.  Mean  latency  of  claim  in  turn  approximately  will  be  located  as 
arithmetic  mean  of  these  tiires: 


^O*  * N 2 f o». 

N jm  0 


!<*  + *> 


(6.6) 


If  us  interests  not  the  simply  mean  time  cf  waiting,  and 


' 


i 


r 


i 
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conditional  mean  time,  calculated  when  the  claim  was  accepted  tor 
maintenance,  then  arithmetic  mean  latofle  is  computed  not  for  all 
claims,  hut  only  tor  those  that  were  serviced. 


The  dispersion  of  latency  will  be  located  with  analogous  form  as 
arithmetic  mean  of  the  squares  of  latcplo  minus  the  square  of  the 
mean  time  of  waiting: 

D|r“l*T,S('“  'T-i'-  (6,7| 


Finally,  failure  probability  will  be  located  on  larqe  section  of 
time  T as  ratio  of  number  N*  of  the  claims,  marked  with  asterisk 
(obtained  failure) , to  the  total  number  N ci  the  claims,  which  acted 
for  this  t ime: 


OTK  ‘ 


N 


(6.8) 
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7.  Estimation  of  accuracy  of  characteristics  obtained  by  lonte-Carlo 
method.  Necessary  number  cf  realizations. 
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The  Monte-Carlo  method  is  based  on  the  limit  theorems  of  the 
probability  theory,  which  claim  that  with  tie  larje  number  of 
experiments  N the  frequency  approaches  its  probability,  and 
arithmetic  mean  of  the  observed  values  of  random  variable  - to  its 
mathematical  expectation.  Using  the  Monte-Carlo  method,  we,  after 
producing  the  large  number  of  experiments  (realizations), 
approximately  replace  the  probability  cf  event  with  its  frequency, 
and  mathematical  expectation  - by  arithmetic  mean. 

Logically  does  get  up  a question  - how  greet  will  be  the  error, 
which  appears  from  this  approximate  replacement?  And  how  must  be  the 
number  of  realizations  N,  so  that  this  error  witn  practical 
authenticity  would  not  leave  beycnd  given  limits?  In  other  words, 
arises  the  question  concerning  the  evaluation  of  tne  accuracy  of  the 
characteristics  of  random  phenomenon,  obtained  by  the  Monte-Carlo 
method . 

witn  answer/response  to  these  questions,  we  will  be  cased  on  the 
central  limit  theorem  cf  the  probability  theory.  According  to  this 
theorem,  with  the  large  number  of  experiments  N tneir  average  result 
(frequency  P*  of  event  A or  arithmetic  mean  X of  th^  observed  values 
of  random  variable  X)  is  distributed  approximately  accoriing  to 
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normal  law.  Let  us  give  the  relating  here  formulas. 

1.  Law  of  allocation  of  frequencies  of  event  with  large  number 
cf  experiments. 

If  is  produced  the  large  number  N of  the  independent 
experiments,  in  each  of  which  event  A appears  witn  probaoility  p, 
then  frequency  A 


P* 


(7.1) 


(where  MA  the  number  of  appearances  of  event  A in  jV  experiments) 
is  distributed  approximately  according  to  normal  law,  witn  the 
mathematical  expectation 

mp.=p  (7.2) 

and  the  ro ot.-mean- squa re  deviation 

o,.  = j/£!Lr£>.  <7.3) 

2.  Law  of  the  distribution  of  arithmetic  moan  witn  the  large 


i 


number  of  experiments. 
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If  is  produced  the  large  number  N of  tne  independent  experiments 
in  which  random  variable  X takes  the  values: 

X„  X, X/yr,  (7.4) 


the  arithmetic  mean  of  these  values: 


\ 


(7.5) 


it  is  distributed  approximately  according  tc  normal  law,  with  the 
irathem utical  expectation 


m-  — m 


(7.6) 


and  tiie  root-mean- sguaro  deviation 


o-  ■ 


(7.7) 


where  m,,  o,  mathematical  expectation  and  the  root-mea  n-sg  uare 
deviation  of  random  variable  X. 
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Being  based  on  these  laws  of  distribution  and  formulas,  we  can 
place  and  solve  several  problems,  which  relate  to  the  accuracy  of  the 
Monte-Carlo  method. 


Problem  1.  is  produced  N of  independent  experiments 
(realizations),  in  each  of  which  event  A appears  with  probability  p. 
As  a result  of  these  experiments,  is  obtained  frequency  ? * of  event 
A.  To  find  probability  that  frequency  P*  differs  from  probability  p 
nc  more  than  to  assigned  magnitude  e > 0. 


Solution.  Counting  number  N sufficient  large,  in  order  to 
set/asoume  frequency  P*  that  distributed  according  to  normal  law  with 
characteristics  (7.2),  (7.3),  we  will  cttain: 


P ( | P*  - p | < c)  = 2<D  ( 1 

VV'Pd-P)  / 


where  <J>  the  function  of  Laplace  *. 


FOOTNOTE  l.  The  values  of  the  function  cf  laj lace  see  in  fable  1 of 
applica^ion/append ix.  E NDFCCTNGTE. 
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Example  1.  Produced  N = 1000  independent  experiments,  in  each 

of  which  event  A appeared  with  probability  p = 0.3.  To  find 
{reliability  that  the  obtained  with  this  frequency  P*  of  event  A 
differs  from  probability  less  tnan  on  e = 0.02. 


Solution.  On  formula  (7.8)  we  have: 


P(\Pm— 0.3 1 < 0,02)*. 2$ 


l 0,02  31. 6\ 

( 2,5(1  o-83- 


Thus,  if  probability  p of  event  A to  us  is  xnown,  we  can 
consider  the  accuracy  of  the  ueter mi na t ion  of  this  probauility  from 
frequency  P*  and  the  dependence  of  this  accuracy  on  the  number  of 
experiments  N.  Misfortune  in  the  ract  tnat  probability  p to  us  is 
unknown:  indeed  and  themselves  experiments  we  ran  in  order  it  to 
find,  however,  for  estimatiny  the  accuracy  of  the  Monte-Jarlo  method 
to  us  not  very  substantial  to  know  a precise  value  of  probability 
itself  p - into  the  riqht  side  of  formula  (7.8)  by  it  is  possible 

to  substitute  tentative  value,  after  takiny  instead  of  p,  for 
example,  frequency  P*  of  event  A in  this  set  ot  experiments. 


\00(j 
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Thus,  we  solved  direct  problea  of  the  evaluation  of  the  accuracy 
of  the  deteraination  of  probabilities  by  the  Hcnte-Carlo  method:  if 
is  known  the  nuabar  of  experiaents  N and  the  tentative  value  of 
probability  p,  we  can  find  probability  that  frequency  P*  will  deviate 
froa  probability  not  larger  than  by  the  assigned  aagnitude  f 

Let  us  place  now  the  inverse  problea:  how  aany  experiments  N it 
is  necessary  to  produce  in  order  with  practical  confidence  to  expect 
that  the  frequency  will  deviate  froa  probability  no  aore  than  l>y  the 
assigned  aagnitude? 

Problea  2.  There  is  conducted  a series  of  the  independent 
experiments,  in  each  of  which  event  A appears  with  probability  p.  How 
aust  be  the  noaber  of  experiaents  (realizations),  so  that  with  the 
assigned,  sufficiently  high  probability  Q it  would  be  possible  to 
expect  that  frequency  P*  of  event  A will  deviate  froa  its  probability 
p less  then  op  e? 
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Solution.  Let  us  assign  any  sufficient  to  close  to  unity  by  the 
value  of  probability  Q - let  us  naee  it  the  Mlevel  of  confidence",  if 
probability  that  the  frequency  and  probability  diverge  lass  than  by 
*>  will  be  Q or  aore,  let  us  consider  problea  solved.  In  practice 
the  level  of  confidence  Q is  chosen  by  any  circular  value,  close  to 
one,  for  exaaple,  0.95  either  0.99  or  0.995  and  so  forth,  depending 
on  the  iaportance  of  the  problea  which  we  .pursue.  Let  us  assume  that 
probability  Q it  is  assigned.  Let  us  equate  to  this  value  of  Q the 
right  side  of  equality  (7.8)  : 


2<l> 


(7.9) 


is  solved  equation  (7.9)  relative  to  N: 


VT. 


\VpU 


* \ i 

~r* 


w 


/po  — p) 


<T>-  1 


(yP).  (7.10) 


•here  d>~'  - function,  inverse  functions  of  Laplace.  We  hence 

oblate  foreala  for  the  nuaber  of  experiaents  N : 

(7.11) 

If  on  foraula  (7.11)  N proves  to  fce  whole,  it  must  be  rounded 
off  to  large  side  to  the  nearest  whole. 

For  the  calculations  on  of  foraulas  (7.11)  is  convenient  to  have 
available  the  table  of  the  values  of  fanotioa  l<t>— 1 ( Table 
7. 1 gives  corrected  values  of  this  function  for  none,  a oat  typical 
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values  of  the  level  of  confidence  Q. 


Tables  7.1. 


0,905 

0,999  |o, 9995  0,9999 

7,90 

10,9  | 12,25  15,2 

Page  »43. 

Exanple  2.  Is  produced  a series  of  independent  experiments 
(realizations),  in  each  of  vhich  is  recorded  the  appearance  or  the 
nonap  pea  ranee  of  event  A whose  probability  p-0.2  how  many  experiments 
■ust  be  produced  so  that  the  frequency  P*  of  event  A with  probability 
(level  of  confidence)  Q=0.  95  would  differ  fron  p not  larger  than  on 

K - 0 01? 


Solution.  Hunber  of  ezperinents  N we  calculate  by  for  aula 
(7:11)..  On  table  7.1  for  £*0.95  we  find 

[«b-' 

Substituting  in  fornula  (7.11)  we  will  obtain: 

0. 2*0.8 

S-  ' '-*3.tM  s«H0. 

0.01* 
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i« e-  for  the  reliable  (0*0.95)  determination  of  probability  p=0.2  kPO 
for  frequency  with  error  not  aore  than  0.01  (i.e.  within  liaits  of 
0.  19-0.2 1)  is  required  to  carry  out  aore  than  6000  realizations  ».) 

FOOTNOTE  ».  The  value  pf  probability  p,  entecinq  foraula  (7.11),  in 
practice  it  is  possible  to  take  tentatively,  in  frequency  in  the 
first  series  of  realizations,  refining  it  with  the  accumulation  of 
aaterial.  BNDPOOTN OTE. 

Problea  3.  Is  produced  N of  the  independent  experiments,  in  each 
of  which  is  observed  the  valve  of  raadoa  variable  x,  which  has 
aatheaatical  expectation  m,  and  root- aean-squ are  deviation  Is 
computed  arithaetic  aean  of  the  observed  values  of  random  variable  X: 

(7.12) 

v ,t, 

To  find  probability  that  arithaetic  aean  X will  deviate  from 
aatheaatical  expectation  nt  lees  thaa  by  the  assigned  magnitude  *: 

Solution,  on  the  basis  of  central  limit  theorem,  considering  the 
number  of  experiments  large,  it  is  possible  to  claia  that  random 
variable  X is  distributed  normally,  with  characteristics  (7.6)  and 
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(7«7)'»  Hence 

P{|X-'nJ<e>“*I>  (®f) 
or 

P(|X-mJ<e)-2<X>  (7.13) 

On  foceula  (7.  13)  can  be  estimated  the  accuracy  of  the 
determination  of  aatheaatical  expectation  from  arithmetic  mean. 

Example  3.  Is  produced  Hs1600  the  independent  experiments,  in 

nhich  are  observed  the  values  of  raadoa  variable  X with 
characteristics  m*  = 2 o,-1 

Page  4 44. 

To  find  the  probability  of  the  fact  that  arithmetic  mean  of  the 
observed  values  of  randoa  variable  X mill  differ  from  its 
aatheaatical  expectation  less  than  to  0.05,  i.e.,  it  will  be  included 
in  interval  by  1.9  5*2.05. 

Solution.  Through  formula  (7.13),  using  table  1 of 
ap plica tioa/appendix,  ve  find: 


p < I x- *,  i < o.05)  - 24>  J M^40  j _ 2(D  (2)  _ 0 954 
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Let  us  note  that  foe  estimating  the  accuracy  of  the 
deterninat ion  of  aatheaatical  expectation  by  the  Honte-Carlo 
nethod  is  not  required  previously  to  know  the  quite  aatheaatical 
expectation  of  randon  variable#  then  substantial  to  know  its 
root-aean- square  deviation  which  eaters  in  the  riqht  side  of 
foraula  (7.13). 

Usually  in  practice#  beginning  the  slaulation  of  randon 
phenonenon  by  the  Honte-Carlo  nethod#  we  know  either  aatheaatical 
expectation  or  root-aean-square  deviation  of  which  interests  us 
randon  variable.  However#  for  the  approxinate  estimate  of  the 
accuracy  of  nieuiatioa#  it  is  possible  in  the  first  approximation# 
instead  of  CT*  to  wee  its  statistical  evaluation#  obtained  in  series 
itself  fron  I of  the  realizations: 

~ 2 v-**  . (7.14) 

where  X - arithmetic  nean.  If  accuracy  render/shows  insufficient#  one 
should  continue  testings#  introducing  into  average  the  quadratic 
appropriate  corrections  with  an  increase  in  the  number  of 
realizations. 

Problem  4.  Is  produced  a series  of  the  independent  experiments 
abeve  randon  variable  X.  How  nuch  it  is  necessary  to  do  experiments 
in  order  with  the  assigned  probability  (level  of  confidence)  Q to 


> 


will  deviate  fron  its  aatheaatical  expectation  not  lore  than 

on  e? 

Solution.  Let  us  place  the  right  side  of  foraula  (7.13)  equal  to 
the  level  of  the  confidence:^ 

.2a>(iiZ)_Q  (7J5| 

is  solved  equation  (7.15)  relative  to  H.  Ve  will  obtain: 

* (f«)r  ,7-16’ 


where 


[<!*— 1 — - function,  given  in  Table  7.1. 


Bxaaple  of  4.  ire  run  the  experiaents  above  randoa  variable  x 
fon  par pose  of  approximately  determining  its  aatheaatical  expectation 
The  root-aeaa- square  deviation  of  tandon  variable  X,  evaluated 
preliainarlly  (on  the  first  series  of  experiaents)  with  respect  to 
foraula  (7.14),  is  approximately  equal  to  «,so,i  which  number  of 
experiaents  I is  necessary  so  that  (with  the  level  of  confidence 
&*0.99)  arithmetic  aean  X of  the  observed  values  of  randoa  variable  x 

would  differ  froa  its  aatheaatical  expectation  not  aore  than  on 

« - o.oi? 


Page  445. 
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Solution.  Osin?  Table  7.1,  for  C*C-99  ve  find: 

Renee  on  forsula  f7. 16) 

A'-  100  6,61-661. 

In  conclusion  let  us  pause  briefly  at  the  estiaation  of  the 
accuracy  of  deteraining  tbe  characteristics  of  stationary  random 
function  froa  one  realization  (see  §6).  Since  here  there  is  no  many 
realisations,  and  there  is  only  one  long  realization,  do  arise  the 
natural  guestions: 

- which  error  in  deteraination  of  the  characteristics  of  random 
process  froa  one  realization  of  length  T? 

- which  aust  be  the  length  of  realization  T,  so  that  with  this 
lewel  of  confidence  Q error  would  not  exceed  dates  t? 

The  exact  solution  of  these  probleas  does  not  siaply  require 
fiqe/thin  reasonings,  rough-approxiaately  to  these  questions  it  is 
possible  to  answer,  after  reducing  then  to  the  questions,  already 
solved  for  nany  realizations,  if  we  conditionally  equate  on  accuracy 


v&r- 
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one  long  realization  of  duration  T to  nany  realizations  of  length  T* 
of  the  sane  connon/general/tot al  duration: 

T-Nr. 

whore  the  length  of  realization  T*  is  defined  as  such  time  for  which 
the  correlation  between  the  values  of  the  randon  function  X(t)  being 
investigated  becones  negligible. 

In  practice  during  the  simulation  of  randon  process  on  one 
realization,  frequently  does  appear  the  question:  the  pore  whether 
already  to  stop?  Did  becoae  already  stable  the  probabilistic 
characteristics  of  process?  In  such  cases  instead  of  the  tedious 
estiaation  of  the  accuracy  of  sinulation  it  is  possible  to  use 
following  rough  aethod:  to  sharply  change  the  initial  conditions  by 
which  is  produced  the  simulation  (for  exaaple,  to  assuae  that  at  the 
initial  nonent  not  "all  channels  are  free",  but  "all  channels  are 
occupied")  and  to  repeat  simulation  by  the  changed  initial 
conditions.  If  in  this  case  on  the  sufficiently  distant  from 
beginning  sections  of  tiae  are  obtained  virtually  the  same 
probabilistic  characteristics  of  process,  this  good  evidence  in  favor 
of  the  fact  that  to  thea  it  is  possible  to  entrust. 


Page  446 
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Are  worked  oat  the  special  eatheeatical  aethods,  intended  for 
the  proof  of  solat ions  under  conditions  of 

indeterainancy/unrertainty.  In  soae,  siaplest  cases  these  aethods 
aahe  it  possible  actually  to  find  and  to  select  optiaua  solution.  In 
the  ao re  coaplex  cases  these  aethods  supply/deliver  the  auxiliary 
aaterial,  which  aakes  it  possible  deeper  to  be  disaantle/selected  at 
coaplex  situation  and  to  consider  each  of  the  possible  solutions  from 
different  (soaetines  contradictory)  points,  to  weigh  its  advantages 
and  deficiency/ lacks  and  in  the  final  analysis  to  aake  a decision,  if 
not  singularly  correct,  then,  at  least,  to  end  thought  out. 

It  is  necessary  to  consider  that  when  selecting  of  solution 
under  conditions  of  indeterainancy/uncertaint y is  always  unavoidable 
the  cell/eleaent  of  arbitrariness  and,  which  aeans,  that  risk.  The 
insufficiency  of  inforaatioo  is  always  dangerous,  and  for  it  it  is 
necessary  to  pay.  However,  under  conditions  of  coaplex  situation,  it 
is  always  useful  to  present  the  versions  of  solution  and  their 
possible  consequences  in  such  fora,  in  order  to  to  do  arbitrariness 
of  selection  by  less  rough,  and  risk  - ainiaua. 


In  a number  of  the  cases,  the  problea  of  Baking  of  decision 
under  conditions  of  indeterainancy/uncertaint y is  placed  in  this 
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Are  worked  oat  the  special  aatheaatical  aethods,  intended  for 
the  proof  of  solat ions  under  conditions  of 

indeterainancy/uncertainty.  In  soie,  simplest  cases  these  aethods 
take  it  possible  actually  to  find  and  to  select  optiaua  solution.  In 
the  aore  coaplex  cases  these  aethods  sapply/deliver  the  auxiliary 
aaterial,  which  aa kes  it  possible  deeper  to  be  disaantle/s elected  at 
coaplex  situation  and  to  consider  each  cf  the  possible  solutions  from 
different  (soaetiaes  contradictory)  points,  to  weigh  its  advantages 
and  def iciency/lac ks  and  in  the  final  analysis  to  sake  a decision,  if 
not  singularly  correct,  then,  at  least,  to  end  thought  out. 

It  is  necessary  to  consider  that  when  selecting  of  solution 
under  conditions  of  indeterainancy/uncertaint y is  always  unavoidable 
the  cell/eleaent  of  arbitrariness  and,  which  aeans,  that  risk.  The 
insufficiency  of  inforaation  is  always  dangerous,  and  for  it  it  is 
necessary  to  pay.  However,  under  conditions  of  coaplex  situation,  it 
is  always  useful  to  present  the  versions  of  solution  and  their 
possible  consequences  in  such  fora,  in  order  to  to  do  arbitrariness 
of  selection  by  less  rough,  and  risk  - ainiaua. 

In  a nuaber  of  the  cases,  the  problea  of  Baking  of  decision 
under  conditions  of  indeter ainancy/uncertainty  is  placed  in  this 
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fora:  by  which  value  it  is  possible  to  pay  for  the  Biasing 
ioforaation  so  that  the  econoaic  effect  of  an  entire  operation  would 
be  aaxiaun?. 

Page  4 47. 

With  the  probleas  of  aaking  of  decisions  under  conditions  of 
indeterainancy/uncertaint y occupies  theory  of  gaaes  and  statistical 
solutions. 

In  this  chapter  is  stated  sone  basic  inforaation  from  this 
region.  Por  sore  detailed  f aailiarizat ion  can  be  reconaended  works 
[24,  25,  29]. 

2.  Object/subject  of  the  theory  of  gaaes.  / basic  concepts. 

During  the  solution  of  a series  of  the  practical  probleas  of 
operations  research  (in  the  region  of  econoaics,  of  ailitary  science, 
etc.)  it  is  necessary  to  analyze  the  situations,  in  which  they 
collide  two  (or  are  aore)  quarreling  sides,  which  pursue  different 
tacgeit/pur poses,  the  result  of  any  aeasure  of  each  of  the  sides 
depending  on  which  nodus  operand!  it  will  select  eneny.  Such 
situations  we  will  call  conflicting  situations. 
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Examples  of  conflicting  situations  are  very  varied.  Any 
situation,  which  store/adds  up  in  the  course  of  ailitary  actions, 
belongs  to  conflicting:  each  solution  in  this  region  aust  be  accepted 
talcing  into  account  the  conscious  counteraction  of  reasonable  enemy. 
To  the  saae  category  belong  the  situations,  which  appear  when 
selecting  of  the  weapon  systea,  aethods  of  its  coabat  employment  and 
generally  during  planning  of  coabat  operations.  A series  of 
situations  in  the  region  of  econoaics  (especially  in  the  presence  of 
capitalist  conpetition)  also  belongs  to  conflicting;  in  the  role  of 
the  fighting  sides,  cone  forward  coaaercial  firms,  industrial 
enterprises,  trusts,  monopolies,  etc.  Are  encountered  conflicting 
situations  also  in  legal  procedure,  sport  and  in  other  fields  of 
huaan  activity. 

Need  to  analyze  such  situations  caused  to  life  special 
natheaatical  apparatus  - theory  of  games.  The  theory  of  games  is 
mathematical  theory  of  conflicting  situations.  Problem  of  this  theory 
- consuapt ion/prod  action/generation  of  recoaaendations  regarding  the 
rational  nodus  operand!  of  the  participants  of  conflict. 

Bach  directly  undertaken  froa  practice  conflicting  situation  is 
very  complex,  and  its  analysis  is  hinder/haapered  by  the  presence  of 
aaqy  attendant,  unessential  factors.  In  order  to  do  possible 
mathematical  analysis  of  situation,  it  is  necessary  to  be  distracted 
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froi  these  secondary  factors  and  to  construct  the  siaplified, 
schematized  aodel  of  situation.  This  sode>l  we  sill  call  gaae. 

Proa  real  conflicting  situation  the  gaae  differs  in  terns  of  the 
fact  that  it  is  conducted  according  to  the  completely  specific  rules. 
Humanity  since  olden  times  uses  such  formalized  models  of  conflicts  - 
"games"  literally  (cartridge,  chess,  card  games,  etc.).  All  these 
games  bear  the  character  of  the  competition,  which  occurs  according 
to  known  rules  and  which  is  finished  "with  one  or  the  other  player's 
conquest"  (by  gain). 

Such  formalized  games  represent  by  themselves  the  aost 
convenient  material  for  illustration  and  mastering  basic  concepts  of 
the  theory  of  games. 

Page  448. 

This  mas  reflected  also  in  its  terminology:  both  sides,  participat ing 
in  conflict,  arm  conditionally  naaed  by  "players",  the  issue  of 
conflict  - by  "gain",  etc. 

Im  game  can  collide  interests  of  tan  or  sore  enemies;  in  the 
first  case  the  gaae  is  called,  "paired",  in  the  second  - "Multiple". 
The  participants  of  multiple  gaae  can  form  coalitions  (constants  or 


- . 1 
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tiae/teaporary) . Multiple  gane  with  two  constant  coalitions  is 
converted  into  paired.  Great  practical  value  have  paired  games;  we 
will  be  bounded  to  the  examination  only  of  such  gaaes. 

Let  there  be  the  paired  gone  H,  in  which  they  participate  two 
players  A and  B with  opposite  interests  1 - 

FOOTNOTE  1 . This  foraal  condition,  obviously,  gives  no  real 
advantages  to  player  A.  ENDFOOTNOTB. 

Hearth  "gane"  let  us  understand  the  neasure,  which  consists  of  a 
series  of  actions  or  "courses"  of  sides  A and  B.  So  that  the  game 
could  be  subjected  to  nathenatical  analysis,  aust  be  clearly 
formulated  the  rules  of  gane,  i.e. , the  systen  of  conditions, 
regulating : 

• possible  versions  of  the  actions  of  the  players, 

- a voluae  of  the  inforaation  of  each  side  about  behavior 
another, 

- a result  (issue)  of  gane,  to  which  leads  each  this  set  of 


courses 
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This  result  (gain  or  loss)  not  at  all  does  not  always  have 
quantitative  expression,  but  it  is  usually  possible,  at  least 
conditionally,  to  express  by  its  nunber  (for  exaaple,  in  checkered 
gaee  gain  to  ascribe  value  of  1,  to  loss  - 0,  draw  - 1/2). 

Gate  is  called  zero-sun  gane,  if  ope  player  wins  exactly  as 
■uch,  as  loses  another,  i.e.,  the  sus  of  the  gains  of  sides  is  equal 
to  zero.  Ip  zero-sun  gane,  the  interests  of  eneaies  are  directly 

I 

opposite.  Here  we  will  exaaine  only  such  gaaes. 

Let  us  designate  a player *s  gain  A,  a b - player*s  gain  B in 
zero-sun  gane.  Since  a=-b,  then  during  the  analysis  of  this  game 
there  is  no  need  for  exanining  both  these  nunber-suf f icient  to 
exaaine  gain  of  one  of  the  players;  let  this  will  be,  let  us  say, 
that  km  Subsequently  we,  for  convenience  in  the  presentation,  side  A 
will  conditionally  nane  "we",  and  side  B - "eneny"  *. 

FOOTNOTE  >.  This  fornal  condition,  obviously,  gives  no  real 
advantages  to  player  k.  ENDFOOTNOTE. 

The  developaent  of  gane  in  tine  we  will  represent  that  consist 
of  a series  of  consecutive  stages  or  "courses".  Course  in  the  theory 
of  ganes  is  called  selection  of  one  of  those  provided  by  the  rules  of 
the  gane  of  actions  and  its  realization. 
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Courses  occur  personal  and  raadoa.  By  personal  course  is  called 
conscious  selection  by  player  of  one  of  the  possible  versions  of 
actions  and  his  realization  (exaaple  - any  course  in  checkered  gane)  . 
Chance  aove  is  called  the  selection  froa  a series  of  possibilities, 
carried  out  not  by  the  decision  of  player,  but  by  any  aechanisa  of 
ragdoa  saapling  (coin- tossing,  the  selection  of  aap/chart  froa  the 
shaffled  block,  etc.).  For  each  chance  aove  of  the  rule  of  gaae,  is 
deterained  the  probability  distribution  of  possible  issues. 

Page  649. 

Soae  ganes  consist  only  of  chance  aoves  (the  so-called  purely 
gaaes  of  chance)  either  only  of  chance  aoves  (the  so-called  purely 
gaaes  of  chance)  pr  only  of  personal  courses  (chess,  cartridges).  The 
aajority  of  card  gaaes  contains  both  personal  and  chance  aoves. 

The  theory  of  gaaes  is  occupied  by  the  analysis  only  of  those 
gaaes  which  contain  personal  courses;  its  problea  - to  give 
indications  to  players  when  selecting  of  their  personal  courses,' 
i.  e.,  to  recoaaend  to  then  deterained  "strategies". 


Player's  strategy  is  called  the  set  of  the  rules,  which 


» 


I 
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deter  line  the  selection  of  the  version  of  actions  with  this  player's 
each  personal  course  depending  on  the  situation,  which  established  in 
the  process  of  gaae. 


The  concept  of  strategy  - one  of  basic  in  the  theory  of  games; 
let  us  pause  at  it  in  sonewhat  lore  detail.  Usually,  talcing  part  in 
gaae,  player  does  not  fellow  sone  rigid,  fixed/recorded  rules: 
selection  (solution)  with  each  personal  course  is  accepted  by  it  in 
the  course  of  gaaa,  depending  on  the  establishing 
concrete/specif ic/ actual  situation.  However,  theoretically  aatter 

j 

will  not  be  changed,  if  we  visualize  that  all  these  solutions  are 
accepted  by  player  previously  ("  if  it  is  sunned  certain  situation,  I 
I will  act  such  a one").  In  the  principle  (if  not  virtually)  this  is 
possible  for  any  gaae.  If  this  systea  of  solutions  will  be  accepted, 
this  will  aean  that  the  player  selected  specific  strategy.  Now  he  can 
and  not  participate  in  gaae  personally,  but  replace  his  participation 
by  the  list  of  the  rules  which  for  it  it  will  apply  the  disinterested 
face  (judge).  Strategy  can  be  also  assigned  to  aachine-aut oeat  in  the 
fora  of  the  prograa  (precisely  so  they  play  the  chess  electronic 
coaputers)  . 

Depending  oa  the  nunber  of  possible  strategies  of  gaae,  are 
divided  into  "final"  and  "infinite". 

I 


the  target/purpose  of  the  theory  of  gaaes  is  the 
cogsuaption/produc tion/generation  of  r ecoaaendations  for  players's 
reasoaable  behavior  in  conflicting  situation,  i.e.,  the  ie tern ination 
"optical  strategy"  for  each  of  thee. 


[ 

N 


the  optical  strategy  of  player  is  called  such  strategy  which 
during  the  aultiple  repetition  of  gate  ensures  to  this  player  a 
aaxieally  possible  average  gain  (or,  which  is  the  sane  thing, 
smallest  possible  average  loss).  When  selecting  of  this  strategy  the 
basis  of  reasonings  is  the  assuaption  that  the  eneay  at  least  poppy 
is  reasonable  as  and  we  theaselves,  and  cakes  everything  in  order  to 
prevent  us  to  attain  its  goal. 

In  the  theory  of  gaaes,  all  recoaaendations  are  developed 
proceeding  precisely  froa  these  principles;  consequently,  in  it  are 
not  considered  errors  and  players's  errors,  the  unavoidable  in  each 
conflicting  situation,  or  ccll/eleaents  of  ardor  and  risk. 


The  theory  of  gaaes  as  any  aatheaatical  aodel  of  coaplex 
phenoaenon,  has  its  liaitations.  Host  iaportant  of  thee  is  the  fact 


i 


i 
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that  the  gain  artificially  is  reduced  to  one-single  nuaber. 

Page  650. 

In  the  aajority  of  conflicting  situations  when  selecting  of 

reasonable  strategy,  it  is  necessary  to  take  into  attention  not  one, 
but  several  nuaerical  paraneters  - indices  of  efficiency.  Strategy, 
optiaua  for  one  index,  uill  be  not  necessarily  optiaun  for  others. 
Realizing  these  liaitations  and  therefore  without  adhering  to  blindly 
the  recoaaendations,  obtained  by  play  net hods,  it  is  possible  all  the 
sane  reasonable  to  use  a aatheaatical  apparatus  of  the  theory  of 
gaaes  for  consuapt ion/production/generation,  if  not  in  the  accuracy 
of  optiaua,  then,  in  any  case  of  "acceptable"  strategy. 

3.  Payoff  natrix. 

Let  us  consider  the  final  gaae  in  uhich  player  A ("  we”)  has  ■ 
of  strategies,  and  player  B ("eneay")  - n of  strategies.  This  gaae  is 
called  gaae  a x n.  Let  as  designate  our  strategies  A,,  A*,  ....  A^; 
strategy  of  eneay  - Bt,  B* , ...,  B^.  Let  as  assuae  that  each  side 
selected  specific  strategy:  we  selected  A,,  eaeay  - B,  if  gaae 
consists  only  of  personal  courses,  then  tike  selection  of  strategies 
Bi  uniquely  deteraines  the  issue  of  gaae  - our  gain  (positive  or 
negative);  let  us  designate  it  au ■ 
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If  gave  contains  besides  personal  chance  aoves,  then  gain  with 
the  pair  of  strategies  there  is  a value  randoa,  that  depends 

on  the  issues  of  all  chaace  aoves.  la  this  case  the  natural 
estivation  of  the  expected  gain  was  the  aatheaatical  expectation  of 
randoa  gain.  He  will  designate  one  and  the  saac  siga  au  both  gain 
itself  (in  gaae  without  chance  aoves) and  its  aatheaatical  expectation 
(ip  gaae  with  chaace  aoves). 

Let  us  assuBa  that  to  us  are  known  the  values  ^ u with  each  pair 

of  strategies.  These  values  can  be  registered  in  the  fora  of 

rectangular  array  (aatrix/die)  whose  rows  correspond  to  our  strategies 
jlid' 

Mi)>  £ coluans  - to  strategies  of  eaeay  ( B ,): 


This  table  is  called  payoff  aatrix  or  it  is  siaple  by  the 


aatrix/die  of  gaae 
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Let  us  note  that  the  construction  of  payoff  aatrix,  especially 
for  gaaes  with  a large  quantity  of  strategies,  can  by  itself 
represent  very  coaplex  problea. 

Page  451. 

For  exaaple,  for  a checkered  gaae  the  nusher  of  possible  strategies 
so  is  great,  that  construction  of  payoff  natrix  (even  with  the 
enlist  sent  of  conputers)  is  thus  far  virtually  unrealixable.  However, 
in  principle  any  final  gane  can  be  given  to  aatrix  fora. 

Let  us  exaaiae  several  eleaentary  exaaples  of  ganes  let  us 
construct  for  then  payoff  aatrices. 

Exaaple  1.  Gaae  "search". 

There  are  two  players  A and  B;  player  A hides,  in  B it  he  seeks. 
In  order  A,  the.o  are  two  refuges  (I  and  II),  any  of  whica  it  can 
select  at  its  discretion.  The  conditions  of  gaae  are  such:  if  B finds 
A in  that  refuge  where  A hid,  then  A pays  to  it  penalty  1 rubles;  if 
B does  not  find  A (i.e.  it  will  seek  in  other  refuge),  then  it  itself 

aust  pay  A of  the  sane  staff.  It  is  required  to  construct  payoff 

mat  rlx . 


DOC  * 78068722 


P*GB 


Solution.  Gane  consists  in  all  of  two  courses#  both  - personal. 
Of  us  (A)  two  strategies:  At  - to  hide  in  refuge  I,  Az  - to  hide  in 
refuge  II. 


Of  the  eneny  (B)  alsc  two  strategies:  Bt  - to  seek  in  refuge  1, 
Bz  - to  seek  in  refuge  II. 


Before  us  - gane  2x2.  Its  natrix/die  takes  the  form 


L_\_L 


i -> 


Based  on  the  exanple  of  this  gane#  as  it  not  is  elementary,  it 
is  possible  to  explain  to  itself  sone  important  ideas  of  the  theory 
of  ganes. 


Let  us  assunn  first  that  this  gane  is  inplenented  only  one  time 


(is  played  only  "party/batch") . Then#  cbviously#  there  is  no  sense  to 
speak  about  the  advantages  of  one  or  the  other  strategies  - each  of 
the  players  it  can  with  the  egual  basis/base  to  take  any  of  then. 
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However,  during  the  multiple  repetition  of  gaae,  position  varies. 

It  is  real/actual  let  us  assuae  that  we  (player  A)  selected  some 
strategy  (let  us  say,  that  Aa)  we  adhere  to  it.  Then,  already 
according  to  the  results  of  the  first  several  party/batches,  enemy  is 
coqjectured  about  our  strategy,  it  will  begin  always  to  seek  in 
refuge  1 and  to  win.  The  sane  will  be,  if  we  select  strategy  A*.  To 
us  to  clearly  disadvantageous  adhere  to  one  sone  strategy;  in  order 
not  to  render/show  in  loss,  we  nust  alternate  then. 

Page  452. 

However,  if  we  are  alternate  refuges  I and  II  ia  sone  specific 
sequence  (let  us  say,  that  through  one  party/batch),  the  eneoy  also 
will  be  conjectured  about  this  and  will  answer  by  the  worst  for  us 
forn.  It  is  obvious,  the  reliable  nethod,  which  guarantees  us  from 
accurate  loss,  it  will  be  such  organization  of  selection  in  each 
party/batch  when  we  thenselves  it  do  net  know  in  advance.  For 
exanple,  it  is  possible  to  throw  coin,  and,  if  falls  coat  of  arms,  to 
select  refuge  I,  if  tail  - refuge  II. 

i 

The  sad  position  in  which  render/sbowed  player  A (in  order  not 


to  lose,  to  choose  refuge  randoaly),  obviously,  it  is  been  inherent 
not  only  in  it,  but  also  to  his  eneny  E,  for  whoa  were  valid  all 


I 


f 
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reasonings  given  above.  The  op'  nal  strategy  of  each  proves  to  be 
"nixed"  strategy*  in  which  player's  twc  possible  strategies  are 
alternated  readonly*  with  identical  probabilities. 

Thus*  we  via  the  intuitive  reasonings  arrived  at  one  of  the 
essential  concepts  of  the  theory  of  ganes  - to  the  concept  of  the 
nixed  strategy  - i.e.  such,  in  which  separate  "pur e/clean"  strategies 
are  alternated  randoaly  with  sone  probabilities.  In  this  exaaple  from 
the  considerations  of  synnetry*  it  is  clear  that  strategies  A,  and  a2 
nust  be  accepted  itself  with  identical  probabilities;  in  more  complex 
exanples  the  solution  can  be  by  no  neans  trivial. 

Exanple  2.  Gaae  "three  fingers". 

Players  A and  B it  is  siaultaneous  and  independently  of  each 
other  show  one*  two  or  three  finger/pi  ns.  Gain  or  loss  solves  the 
total  ncnber  of  shown  finger/p  ins.  Gain  (In  rubles)  is  equal  to  this 
nunber;  if  it  even  - wins  A*  and  B to  it  pays;  if  odd  - vice  versa. 

It  is  required  to  construct  payoff  aatrix. 

Solution.  Of  each  player  on  three  strategy;  to  show  one*  two  or 


three  finger/pins.  The  natrix/die  of  gaae  3x3  tabes  tha  fora: 
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Re  analyze  situation.  It  is  obvious,  to  any  our  strategy  the 
eneey  can  answer  by  the  worst  for  us  fora.  For  exaaple  if  we  select 
A|  , it  answers  us  B2,  and  we  will  lose  3 rubles;  Strategy  A2,  it  us 
will  answer  B3,  and  we  will  lose  5 rubles;  to  strategy  A3  - B, , and 
we  again  lose  5 rubles.  It  is  obvious,  certain  advantage  has  strategy 
At  (with  it  loss  is  ainieal)  , but  also  it  for  us  is  clearly 
unfavorable,  since  always  it  leads  to  loss. 

Page  453. 

However,  let  us  try  to  stop  to  the  point  of  the  second  player 
(B).  Its  position  also  not  free  bright.  If  it  selects  Bt,  we  will 
answer  it  and  it  will  return  to  us  4 rubles;  if  B2  - we  will 
answer  A2  and  we  will  again  obtain  4 rubles;  also  on  B3  of  us 
answer /response  As,  which  leads  to  the  even  worse  result:  B it  will 
lose  6 rubles. 
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It  leaves,  gaae  is  unfavorable  neither  that  nor  other  of  the 
players:  each  of  then,  after  selecting  soae  specific  strategy,  is 
condeaned  to  loss  ! This  suggests,  that  also  here  output/yield  - in 
the  application/use  of  aired  strategies;  it  is  real/actual,  so  it 
there  is,  but  in  this  exaaple  aatter  is  not  as  siaply  as  in  previous, 
and  in  order  to  find  the  optiaal  strategies  of  sides,  it  is  necessary 
to  learn  to  solve  gases.  Subsequently  we  will  return  to  this  example 
and  will  find  its  solution. 

Bxaaple  3.  Gaae  is  "araaaent  and  aircraft".  Available  are  three 
foras  of  the  araaaent:  At,  A2,  Aa;  of  eneay  - three  foras  of  the 
aircraft:  Bt,  Bx,  B,.  Our  problea  - to  strike  aircraft;  the  problem 
of  the  enaay  - to  preserve  hia  that  nonaf dieted,  our  Personal  course 
• selection  of  the  type  of  araaaent;  the  personal  course  of  the  enemy 
- selection  of  aircraft  for  coabat  operations.  In  this  game  there  is 
even  a chance  aova  - application  of  araaaent.  By  araaaent  At  aircraft 
B| ^ Ba,  Bj  are  surprised  in  accordance  with  probabilities  0.5,  0.t>, 
0.8;  by  araaaent  As  * with  probabilities  Q.9,  0.7,  0. 8;  by  armament 
A j - with  probabilities  0.7,  0.5,  0.6.  To  construct  the  matrix/die  of 
gaae  and  to  analyze  situation. 

Solution.  The  aatrix/die  of  gaae  3x3  takes  the  fora: 


J 
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A,  l <'.5 

0.6 

0,8 

_ t 1 ” 

0.7 

0.8 

* i w 

0.5 

0.6 

where  the  gain  - hill  probability  of  the  aircraft  (we  attempt  it  to 
maximize*  and  eneay  - to  ainiaize)  . 

Above  this  gaae  it  is  north  thinking*  since  it  possesses  some 
special  properties*  iaperceptible  on  first  glance. 

Let  us  becoae  first  to  the  point  of  player  A and  will  sort  out 
one  fpr  another  all  his  strategies.  kt  the  eneay  will  answer  us  B,, 
and  we  will  win  0.5;  on  Ag  - Bz,  and  we  will  win  0.7;  on  a3  - again 
Bz,  and  we  will  win  0.5;  to  i2-B2*  and  we  will  win  0.7;  on  , - again 
B2*  and  we  will  win  0.5.  It  is  obvious*  certain  advantage  above 
others  has  strategy  A2  - with  it  we  let  us  win  sore,  namely  0.7. 

Let  us  becoae  now  to  the  point  of  eneay;  we  will  not  forget* 
that  it  wishes  to  return  a little  less  ! Let  it  choose  B,  - we  answer 
it  A2*  and  it  givas  up  0.9;  B2  we  answer  it  A2*  and  it  gives  up  0.7; 
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od  Bj  - A,,  and  it  gives  up  0.8.  It  is  logical,  it  will  prefer  B?  in 
order  to  return  only  to  0.7. 

Page  454. 

Be  see  that  in  this  exaaple  of  strategy  A*  and  B2  with  gain  0.7 
they  are  aost  advantageous  iaaediately  for  both  sides;  to  player  A it 
is  aore  advantageous  anything  to  choose  strategy  A2,  to  player  B - 
strategy  B2,  Ci  the  aaxiaus  gain  A coincides  with  the  aininum  loss  B. 
Is  reached  as  if  position  of  eguilibriua:  if  A selects  strategy  A2, 
then  B cannot  find  the  best  output/yield,  than  B2,  and  vice  versa:  if 
B it  selects  strategy  B2,  then  A it  cannot  find  the  best 
output/yield,  than  A2. 

Subsequently  we  will  see,  that  the  pair  of  strategies,  which 
possess  this  property,  they  are  the  optiaal  strategies  of  sides  and 
fora  the  so-called  solution  of  gaae. 

4.  Lower  and  upper  pure  value,  niniaax  principle. 

Let  us  exaniae  gaae  a x n with  the  aatrix/die 


■ 
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Letter  i let  us  designate  the  nunber  of  ear  strategy,  by  letter  j - 
nuaber  of  strategy  of  eneey. 

Let  us  reject/throv  a question  concerning  nixed  strategies  and 
will  examine  thus  far  only  pure/clean-  Let  us  assign  the  mission:  to 
deteraine  best  aaong  our  strategies  At,  Aa,  ....  A^.  He  analyze 
consecutively  each  of  then,  beginning  with  At  and  ending  A* . He 
analyze  copsecutively  each  of  then,  beginning  with  At  and  ending  A^. 
Choosing  A„  we  they  east  calculate,  that  the  eneay  will  answer  it  by 
that  of  strategies  B,.  for  which  oar  gain  it  is  ainiaal.  Let  us  find 
■inieue  froa  numbers  in  the  i row  and  will  designate  it  <v 

a,  — mma,j  (4.1) 


(sign  ein  it  designates  the  aininun  value  of  this  paraneter  at  all 
possible  j). 
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Let  us  write  oat  aeab«re  a<  (ainiaaas  of  rows)  next  to 
aetrix/die  to  the  right  la  the  fora  of  tho  additional  chair: 


Key:  (1).  (ainiaaaa  of  rows).  (2).  (Naxiaaas  of  coluana) . 


Choosing  soae  strategy  At,  we  they  awst  rely  on  the  fact  that  as 
a resalt  of  the  reasonable  actions  of  eneay  we  will  win  only  a,  It 
is  logical,  functioning  aost  carefully  (i.e.  avoiding  any  risk),  we 
aust  prefer  to  other  TO  strategy,  for  which  the  nunber  cX ■ is 
aaxiaal.  Let  us  designate  this  naxiaua  value  a: 

a — max  a„ 

or  taking  into  account  foraula  (4.  1)  , 

a — max  mlna^  (i.3) 

Value  a is  called  lower  worth  of  90a e,  otherwise  - by  aaxiain 


I 


DOC  = 78068722  PAGE  mi 


gain  or  naxinin.  Player's  that  strategy  A which  corresponds  to 
aaxinin  a it  is  called  aaxiain  strategy. 


It  is  obvious,  if  we  ace  adhere  to  ■aiiain  strategy,  then  to  us 
with  any  behavior  of  the  eneay  is  guaranteed  gain,  in  any  case,  not 
saaller  a.  Therefore  value  a is  called  "lover  vorth  of  game".  This  - 
that  guaranteed  aininua  which  we  can  to  ourselves  provide,  adhering 
to  its  aost  careful  ("  reinsurance")  strategy. 

It  is  obvious,  analogous  reasoning  can  be  led,  also,  for  enemy 
B.  It  is  of  interest  to  convert  our  gain  into  the  ainiaun;  that  means 
it  aust  loot  over  all  its  strategies,  selecting  for  each  of  them  the 
aaxiaea  value  of  gain. 


Page  *56. 

Let  us  write  out  below  natriz/die  (4.2)  aaxiaua  values  on  the 

chairs: 

p,  — maxau 


let  us  find  then  thea  ainiaua: 


(4.4) 
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Value  8 is  called  upper  pure  value,  otherwise  minimax  gain  or 
ainiaax-  Corresponding  to  gain  8 strategy  ot  the  eneny  is  called  his 
■ini wax  strategy.  Adhering  to  his  nost  careful  ainiaax  strategy, 
eneay  is  guaranteed,  that  in  any  event  he  will  lose  not  lore  than  8> 


' The  principle  of  precaution,  which  dictates  to  players  the 

selection  of  corresponding  strategies  (aaxiain  and  niniaax),  is  in 
the  theory  of  ganes  basic  ard  is  called  the  niniaax  principle.  Tt 
escape/ensues  froa  assumption  about  the  soundness  of  each  player,  who 
attempts  to  achieve  the  target/purpose,  opposite  to  the 
target/purpose  of  eneay.  Host  "careful"  aaxiain  and  ainiaax 
strategies  frequently  designate  by  coaaon/general/total  tern  "niniaax 
strategies". 


Let  us  deter  nine 
strategies,  for  three 


lower  and  upper  pure  values,  and  also  minimax 
examples,  examined  in  the  previous  paragraph. 


■maple  1.  (Gaae  ia  "search").  Determining  the  ainimuns  of  rows 


A 


««  sad  the  aaxiaaas  of  col  nans  f;„  we  sill  obtain 
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Since  va lues  a,  and  p,  are  constant  and  equal  to  with  respect 
1 and  ♦ !,  lover  and  upper  pura  values  are  also  equal  to  -1  and  ♦ 1 : 


Player's  any  strategy  A is  hia  naxiain,  and  player  b - by  his 
aiqinax  strategy.  Conclusion/derivation  it  is  trivial:  adhering  to 
any  of  his  strategies,  player  A can  guarantee,  that  he  will  lose  not 
tore  than  1 rub.;  the  sane  can  guarantee  player  8 with  his  any 


Bxanple  2.  (Sane  "three  fingers").  Writing  out  the  niniauas  of 
ro*s  and  the  naxinuas  of  chairs,  let  us  find  loner  north  of  game  a 


-3  and  upper  0=4  (are  isolated  in  table  by  bold  type). 

Page  457. 

Our  maximum  strategy  A,  (applying  it  schematically,  we  guarantee 
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that  let  us  win  not  less  than  -3,  i.e.,  let  us  lose  not  nore  than  3). 
Niniaax  strategy  of  eneay  - any  of  strategies  Bt  and  B2 ; applying 
thea  systematically,  it  can  guarantee,  that  it  will  not  return  more 
than  4.  If  we  step  back  froa  our  aaxiain  strategy  (for  exanple,  let 
us  select  A2)  ; the  eneay  it  can  us  "punish"  for  this,  after  using  Bj 
and  after  reducing  our  gain  k-5;  equally  and  the  departure  of  the 
eneay  froa  his  ainiaax  strategy  can  be  "punished"  by  an  increase  in 
its  loss  to  6. 

Let  us  focus  attention  on  the  fact  that  ainiaax  strategies  in 
this  case  are  not  stable.  It  is  real/actual,  let,  for  exanple,  the 
eneay  select  one  of  his  ainiaax  strategies  Bt  and  he  adheres  to  her. 
After  learning  about  this,  we  will  pass  to  strategy  As  and  will  win 
4.  On  this  eneay  will  answer  by  strategy  B2  and  it  will  win  5;  this 
we,  in  turn,  will  answer  by  strategy  A2  and  will  win  4,  and  so  forth. 
Thus,  the  position  in  which  both  player  use  their  ainiaax  strategies, 
is  unstable  and  can  be  broken  by  the  acted  inforaation  about  strategy 
which  applies  the  contrary  side.  However,  this  instability  is 
observed  not  always;  of  this,  we  will  be  convinced  based  on  following 
exanple. 

Exanple  3.  (Gaae  is  "arnaaent  and  aircraft").  He  deter  nine 
the  ainiauas  of  rows  and  the  aaxinuas  of  the  chairs: 


LA 
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In  this  case  lower  worth  of  gaae  is  equal  to  upper: 

a = P -=  0.7 

N|iniaax  strategies  A2  and  B2  are  stable:  if  one  of  the  players 
adheres  to  its  ainiaax  (aaxiain)  strategy,  then  another  player  in  any 
way  cannot  iaprove  his  position,  stepping  lack  from  its. 

Thus,  we  see  that  there  are  gaaes  for  which  lower  value  is  equal 
to  upper: 

a - (». 

These  gaaes  occupy  the  special  place  in  the  theory  of  gaaes  and 
they  are  called  gaaes  with  saddle  point.  In  the  aatrix/die  of  this 


gaae,  there  is  a cell/eleaent,  which  is  siaultaneousl y ainiaua  in  its 
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row  aqd  aaxiaua  in  its  chair;  this  cell/eleaent  is  called  "saddle 
point*  (by  analogy  with  saddle  point  on  the  surface  where  it  is 
reached  the  ainiaua  on  one  coordinate  and  the  aaxiaua  on  another). 


The  coaaon/ga neral/total  waive  of  lower  and  upper  pure  value 

a “ 0 = v 

is  called  pure/claaa  worth  of  gaae. 


To  saddle  point  corresponds  the  pair  of  ainiaax  strategies; 
these  strategies  are  called  optiaua,  and  their  set  - by  a solution  of 
gaae.  The  solution  of  gaae  possesses  the  following  property:  if  one 
of  the  players  adheres  to  its  optiaal  strategy,  then  for  another  it 
caanot  be  advantageous  to  differ  froa  its  optiaua  (this  deviation 
either  will  leave  position  constant/invariable  or  it  will  impair  it). 


Actually,  let  in  gaae  with  saddle  point  player  A holds  its 

cptiaal  strategy,  and  player  B - by  its.  As  long  as  this  so  - gain 

v. 

re  sains  constant  and  equal  to  worth  of  gaae^  low  let  us  assune  that  B 
allowed  deviation  froa  its  optiaal  strategy.  Since  cell/eleaent  is 
ainiana  in  its  row,  this  deviation  cannot  be  advantageous  for  B; 
equally  and  for  A,  if  B adheres  to  its  optiaal  strategy,  there  cannot 
be  profitably  deviation  frea  its. 


We  see  that  for  a gaae  with  saddle  point  ainiaax  strategies 


r 
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possess  stability.  The  pair  of  optiaaa  strategies  in  the  gane  with 
saddle  point  is  as  if  position  of  equilibriun:  deviation  from  the 
optiaal  strategy  causes  such  change  in  the  gain  which 
disadgantageously  for  the  deviating  player  forces  hia  to  return  to 
its  optiaal  strategy. 


Pure/cl eaa  worth  of  gaae  in  gaae  with  saddle  point  is  that 
value  of  gain  which  in  gaae  against  reasonable  eneay  player  A cannot 
increase,  but  player  B - to  decrease. 

Page  *59. 

Let  us  note  that  in  payoff  aatrix  there  caa  be  not  one  saddle 
point,  but  several.  For  exaaple,  in  aatrix/die  is  six  saddle  points. 


with  the  connon/general/total  value  of  ga.in  a = 0 * v * 1 and  the 

A,  t%i 

corresponding  pairs  of  the  optimal  strategies At  B, , A ,B,,  A3B4, 
A4B3,  A4B*.  It  is  not  difficult  to  dencnsbrate  (we  this  mate  will 
not) that  if  in  the  aatrix/die  of  gane  several  saddle  points,  then 
they  all  give  one  and  the  sane  value  of  gain. 


Bxanple.  Side  A (air  defense  weapon  defends  fron  the  air  raid 
the  section  of  territory*  disposing  of  two  instrunents  No  1 and  No  2 
the  zones  of  action  of  which  St*  S,  do  not  overlap  (Fig.  9.1).  Each 
instrunent  can  fire  only  aircraft*  passing  through  its  zone  actions, 

but  for  this  it  nnst  previously  (prior  to  the  entrance  of 
target/purpose  into  none)  follow  it  and  develop  sighting  data.  If 
t»rget/pur pose  is  fired*  it  is  surprised  with  probability  p = 1.  Side 
B has  available  two  aircraft  each  of  which  can  be  directed  to  any 
zone  B the  torque/ nonent  when  side  A realizes  the  target  assignment 
(it  assigns*  to  which  instrunent  on  which  tacget/purpose  of 
shooting)*  moving  target  aircraft  No  1 is  directed  to  the  zone  of 
action  St  of  instrunent  Mo  1*  and  target  No  2 - into  the  zone  of 
action  S2  of  instrunent  No  2.  However*  after  naking  of  decision  by 
target  assignnent*  each  target/purpose  can  naneuver,  after  using 
"nisleading  naneuver"  (see  broken  pointers  in  Fig.  9.1).  Problem  of 
side  A - to  convert  to  naxinun*  and  sides  B - to  convert  into  the 
niinisun  the  nunber  of  affected  target/pur  poses.  To  find  the  solution 
of  gane  (the  optimal  strategies  of  sides). 


I 
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Pig.  0.1.  Kay:  (1).  Tar  get/put  posa.  (2).  Instrument. 


Page  460. 


Solution.  Of  side  A (air  defense  weapon  four  possible  strategies 


At  - each  weapon  follows  after  directed  for  its  zone  target. 
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kg  - instrument  they  track  a target  •’cross-  cross  wise"  (each  - 
after  the  target/purpose,  which  is  directed  toward  neighbor), 

Aj  - both  instruaents  they  track  a target  No  1. 

A,  - both  instruaents  they  follow  target  No  2. 

Of  side  B (target  aircraft)  also  four  strategies: 

Bt  - both  tar  get/pur poses  do  not  vary  direction, 

B j - both  tar get/purpeses  applies  aisleading  aaneuver. 

B j - the  firat  target/purpose  is  applied  aisleading  aaneuver, 
but  the  second  no, 

B 4 - the  second  target/purpose  is  applied  aisleading  aaneuver, 
but  the  first  no. 

Is  obtained  gaae  4 « 4 whose  aatrii/die  is  given  in  the  table: 
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.4,  ft 
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1 

0 

4 V 

0 

2 

1 

1 

0 

-4,  *\ 

' 

1 

1 

1 

i _L_ 

A,  /t 

I 



' 

1 

1 

2 

2 

1 

j_L_ 

Finding  the  ainiauas  of  toms  and  the  aaxiauas  of  chairs,  Me  are 
convinced  that  the  lower  worth  of  gaae  is  equal  to  upper  pure  value: 

that  leans  gaae  it  has  saddle  point  and  solution  in  the  pure 
strategies,  which  leads  to  pure/clean  worth  of  gaae  V»1.  In  this  case 
of  saddle  points  not  one,  but  whole  four  each  of  thea  corresponds  the 
pair  of  the  cptiaal  strategies,  which  gives  the  solution  of  game. 
North  of  gaae  t)=1  aeans  that  with  the  optiaua  behavior  ot  sides  the 
aircraft  will  unavoidably  lese  one  aircraft,  and  any  contrivances 
will  aid  thea  to  lose  less,  but  to  the  air  defense  weapons  - to  bring 
down  are  nor®  than  one  aircraft.  Is  reached  this  state  of  the 
equilibriun  when  both  sides  use  their  optiaal  strategies:  instruments 
follow  both  one  and  the  saae  aircraft  (by  any),  and  aircraft  are 
directed  after  target  assignaent  for  one  and  the  sane  cone  (any). 
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the  class  of  the  gases,  which  have  saddle  point,  is  very 
interesting  both  fron  theoretical  and  fron  the  practical  point.  To  it 
belong,  in  particular,  all  the  so-called  "perfect  infornation  qanes". 

Perfect  inforaation  gane  is  called  such  gane  in  which  each 
player  with  each  personal  course  knows  the  results  of  all  previous 
courses  - both  personal  and  randoa.  As  ezaaples  of  gaaes  with 
coaplete  inforaation  can  serve:  cartridges,  chess,  known  gane  the 
"crosses  and  zeroes",  etc* 

Page  461. 

In  the  theory  of  gaaes,  is  proven,  that  each  perfect  infornation 
gaae  has  saddle  point  and  consequently,  solution  in  the  pure 
strategies.  In  other  words,  in  each  perfect  inforaation  gane  there  is 
a pair  of  the  optiaal  strategies  of  each  side,  which  gives  the  stable 
gain,  equal  to  pure/clean  worth  of  gaae.  If  perfect  infornation  gane 
consists  only  of  personal  courses,  then  during  application/use  by 
each  side  of  its  optiaal  strategy  gaae  aust  end  with  always 
coapletely  determined  by  the  issue,  equal  to  worth  of  gaae  v. 

As  an  exaaple  let  us  give  following  perfect  inforaation  gaae. 

Two  Players  they  alternately  put  identical  coins  to  circular  table, 
choosing  arbitrarily  the  position  of  the  coin  (autual  overlap  of 
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coins  is  not  allow/assuaed) . It  wins  the  one  who  will  place  the 
last/latter  coin  (when  places  for  others  no  longer  will  reaain) . It 
is  not  difficult  to  ascertain  that  the  issue  of  this  game  is  decided 
beforehand,  and  there  exists  specific  strategy , which  ensures 
reliable  gain  to  that  of  the  players,  who  puts  coin  by  the  first. 
Naaely,  he  aust  for  the  first  tine  place  coin  to  the  center  of  table, 
and  further  on  each  course  of  eneay  to  answer  syaaetrical  course.  It 
is  obvious,  no  natter  how  behaved  eneay,  to  hia  not  to  avoid  loss. 
Therefore  gaae  Bates  sense  only  for  those,  who  do  not  know  its 
solution.  In  exactly  the  saae  Banner  natter  is  with  the  chess  and 
other  perfect  infornation  ganes;  any  of  these  gaaes  possesses  saddle 
point  and,  which  aeans,  that  by  the  solution,  which  indicates  to  each 
player  his  optiaal  strategy,  so  that  gaae  aakes  sense  only,  while  is 
unknown  solution.  The  solution  of  checkered  gaae  found  (and  in  the 
foreseeable  future  scarcely  whether  it  will  be  found)  only  because 
the  nuaber  of  strategies  (coabinat ions  of  courses)  in  chess  is  too 
great  so  that  it  is  possible  foraer  to  construct  the  payoff  aatrix 
and  to  find  in  it  saddle  point. 

5.  Solution  of  gaae  in  nixed  strategies. 

Anong  the  final  gaaes,  which  are  of  practical  use,  not  too 
frequently  aeet  the  gaaes  saddle  point;  aore  typical  is  the  case  when 
lover  and  upper  pure  values  are  different'.  Analysing  the  natrix/dies 
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of  such  gases,  we  arrived  at  the  conclusion  that  if  ve  to  each  player 
let  the  selection  of  only  one  pure  strategy,  then  taking  into  account 
reasonable  eneny  this  selection  nust  be  deternined  by  the  ninimax 
principle.  With  this  player  h guarantees  to  itself  a win,  equal  to 
lower  worth  of  gane  a.  Does  arise  the  question:  it  is  not  possible 
whether  to  guarantee  the  gain,  larger  tbaq  a,  if  we  apply  not  a 
one-only,  "pure/clean"  strategy,  but  to  alternate  randoaly  several 
strategies?  Such  strategies,  which  consist  of  the  randoa  rotation  of 
the  pure  strategies,  are  called  in  the  theory  of  ganes  displaced. 

With  the  use  of  nixed  strategy  before  each  party/batch  of  gane,  is 
released  into  course  sone  nechanisn  of  randon  sanpling  (coin-tossing, 
the  die  or  calculation  by  the  nachine  of  randoa  nuaber  fron  0 to  1), 
that  ensures  the  appearance  of  each  strategy  with  certain 
probability,  and  then  is  accepted  that  strategy,  to  which  fell  the 
toss. 


i 


DOC 


780  ort  72  3 


PAGE  J0&1 


Page  4o2. 

Nixed  strategies  represent  mathematical  model  of  variable,  by 
lending  the  tactics,  with  which  the  enemy  does  not  Know,  and  it 
cannot  learn  previously,  with  which  situation  fcr  it  it  is  .necessary 
to  be  net.  Tais  random  rotation  oi  methods  (of  coarse,  without  the 
clearly  determine!  probabilities)  they  frequently  use  in  card  games. 

Let  us  introduce  special  designation  tor  mixed  strategies.  Let 
there  be  the  game  H,  in  which  of  us  (A)  ■ cf  strategies: 

.4,.  4t.  ....  Am.  and  enemy  (E)  - n strategies:  B,.  Bt fi„  Let  us 

designate 

^ A ~ (Pi • Pi*  •••»  Pn) 

cur  mixed  strategy  in  which  strategies  4,.  4t 4_  are  applied  with 

probabilities  p,.pt Pm>  moreover  Pi+P»  + ...  + p„  -1 

Analogous  designation  tor  the  mixed  strategy  of  the  anemy  will 
be 


Sfl  = (p.  qt qj. 
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whero  4, + <?«  + .. . + <7,.  = I- 


It  is  obvious,  oach  pure/clean  strategy  if  a special  case  mixed: 
all  strategies,  except  datum,  have  pro l ao i lit  1 ts,  equal  to  zerc,  and 
datum  - to  one. 


It  proves  to  be,  if  we  allow  not  cnly  tuie/clcan,  but  also  mixed 
strategy,  then  it  is  possible  for  each  linai  game  to  find  solution, 
i.  e. , the  pair  of  the  stable  optimal  strategies  01  the  players. 


The  solution  of  game  is  called  the  pair  or  optimal  strategies 
in  the  general  case  mixed,  which  possess  tae  following 
property:  if  one  of  the  players  holds  his  c^tinal  strategy,  then  to 
another  it  cannot  be  profitable  to  step  bacx  from  its. 


The  yain,  which  corresponds  to  solution,  is  called  woitn  of 
game;  we  will  (as  is  earlier  - pure/clean  value)  designate  it  •J. 


There  ps  the  so-called  fundamental  theoren  ol  the  tueory  of 
gamer-,  which  consists  of  following. 


Each  final  game  has  at  least  one  solution,  possibly,  in  the 
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cdn^e  cf  mixed  strategies. 

We  will  not  be  stopped  on  the  strict  procr  of  this  theorem, 
especially  because  subsequently  the  existence  of  che  solution  of  game 
will  be  sufficiently  obviously  from  other  considerations. 

From  fundamental  theorem  it  follows  that  eaon  final  game  has  a 
value.  Worth  of  game  v always  lie/rests  between  rower  worth  of  game 
a and  upper  pure  value  (3: 

«<v<0 

It  is  real/actual,  a there  is  the  maximum  guaranteed  gain,  which 
we  can  to  ourselves  ensure,  applying  its  only  \ ure  strategies.  Since 
mixed  strategies  contain  as  a special  case  everything  pure/clean, 
then,  allow/assuming  besides  pure/clear,  even  mixed  strategies,  we,  in 
any  case,  wrll  not  impair  our  po  ss lb il i ties ; that  means 

v^a. 


E a g e.  4 1>  3 . 

It  is  analogous,  examining  the  possib  iii ties  of  eneiy,  let  us 
demonstrate  that 
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Let  us  assume  that  in  game  m x n we  have  is  t omul  solution, 
which  consists  of  two  optimal  strategies! 

■Sa*  “ (.Pi » P%>  •••>  PmY>  Sp*wm  (<7,,  qt,  ...i  <?*). 

In  the  general  case#  seme  of  numbers  px,  p, Pm.  qt>  Qt can 

be  equal  to  zero,  i.e.,  not  all  strategies,  available  to  player, 
enter  in  his  optimum  mixed  strategy.  Let  us  call  player's  active 
strategies  those  that  enter  in  his  optimum  mixed  strategy  with 
different  from  zero  profabil i t ies.  For  the  solution  of  ,/jies  vital 
importance  has  the  following  theorem  about  active  stratejies. 

II  one  of  the  players  holds  his  optimum  mixed  strategy,  then 
gain  remains  constant/invar iable  and  equal  to  worth  of  gime  v, 
regardless  of  the  fact  the  tact  that  makes  another  player,  if  only 
that  does  not  fall  outside  the  uppariters  oi  its  active  strategies 
(i.e.,  is  used  any  of  them  in  pure  form  or  are  mixed  them  in  any 
proportions)  . 

Let  us  demonstrate  this  theorem.  let  tnero  be  the  solution  of 
game  m x n in  mixed  strategies,  in  which  some  strategies  are  active, 
tut  others  no.  Let  us  index  strategies  that  so  that  active  would  be 
first  k ct  player's  strategies  A and  first  t of  player's  strategies 


I 


f 
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B.  Solution  will  take  the  form: 

sa*  = (p„  pt P*.  0 0).  (Pi  + p*+...  + p*- 1); 

$b*  *=  (<?|.  <?*,  ....  q,,  0 0).  (qt  -fp,  + ...  -f  q,  — 1 ), 

and  its  application/use  leads  to  the  gain,  equal  to  worta  of  game  v. 

It  is  claimed  that  if  we  (a)  will  adhere  to  our  of  strategies 

S^.  the  enemy  (3)  can  apply  his  strategies  B,  (but  not 

.Bn)  i-n  any  proportions;  the  gain  in  this  case  remains  constant 

and  equal  to  v. 

Let  us  designate  v,.  vl(  ....  v,  the  gain,  forming,  if  we  use  optimal 

strategy  Si,  and  enemy  - by  pure  stra tegies  Bx,  Bt B,.  From  the 

determination  of  the  solution  of  game,  it  follows  that  one-sided 
deviation  of  enemy  from  his  optimal  strategy  cannot  be  to  it 
profitably;  therefore 

yi>v,  v,>v;  v,>v. 

Let  us  look,  can  at  least  one  of  values  v,t  v,  turn  out  to 

be  actually  more  than  v.  . it  turns  out  nc.  Actually,  is  expressed 
gain  v with  optimal  strategies  Si.  Si  through  gains  vlt  v„  ....  v,. 


Fag»  4b4. 
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Since  in  mixed  strategy  $'M  pure  strategies  Bt,  B, 8 are 

applied  with  probabilities  <h.qt <//.  then  average  gain  will  be: 

l 

v = V1  Vi  -f  v*<7»+-  + v,g,=  ^ \jQ,,  (5.1) 

/- 1 

moreover 

<7i  J <?.  + ...  -f  qt  = 1. 

It  is  obvious  that  if  cf  values  V|.  at  one  was  more 

than  v,  then  their  also  mean  suspended  value  (5.1)  would  bo  more 
than  v,  which  contradicts  condition.  Thus,  is  dexonst  rat  ed  the 
theorem,  which  we  will  use  extensively  during  tho  solution  of  games. 

6.  Simplification  in  the  games. 

Ir  game  m x n does  not.  have  saddle  point,  tue  finding  of  its 
solution,  especially  with  large  in  and  n,  represents  by  itself 
sufficiently  laborious  problem,  sometimes  this  problem  cm  be 
simplified,  if  we  preliminarily"  reduce"  game,  i.e.,  to  reduce  the 
number  of  strategies  by  the  deletion  of  some  excessive. 

Excessive  strategies  are  or  two  kinds:  duplicating  and  knowingly 


un  favor  a bl e. 
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L*3t  us  consiler,  for  example  yame,  witn  the  mitrix/die: 


Prom  matrix/die  it  is  evident  that  strategy  A3  in  accuracy 
repeats  (" d u plicate/backs  up/reinforce")  strategy  Aj;  tnerefore  any 
cf  these  two  strategies  can  be  crossed  cat.  Furtaer,  eg uate/comparing 
piecemeal  rows  kx  and  a2,  we  se«  that  all  tew  elements  A2  are  less 
(or  are  equal)  equivalent  components  of  row  A,.  Tnat  means  that 
strategy  A2  for  us,  that  desire  to  win,  is  Knowingly  unfavorable. 
Deleting  A3  and  A2#  let  us  lead  matrix/die  to  the  simpler  form: 


o. 

B, 

B, 

B, 

B. 

A'  j 1 

2 

4 

3 

f 4 

3 

lJ 

0 

Fage  ntS. 


We  further  note  that  for  an  enemy  strategy  is  knowingly 


unfavorable;  we  delete  it,  and  matrix/die  is  given  to  t ue  form: 
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Thus,  game  4 x 4 is  reduced  to  game  2x3. 

Sometimes  it  is  possible  to  simplify  game  ty  artificial 
introduction  instead  of  the  pure  strategies  - mixed.  Let  there  be, 
for  example,  the  game  J x 4 with  the  matrix/dic: 


Ai  \ 

B, 

B, 

** 

/«. 

A 1 

P 

5 

5 

2 

A 5 

5 

0 

2 

5 

-4, 

5 

5 

1 

1 

Examining  aatrix/die,  we  note  that,  in  view  of  symmetry  of 
column  elements  3!  and  E2;  fc3  and  t4,  and  also  rows  A , and  A 2,  these 
strategies,  if  they  enter  in  solution,  then  only  with  the  identical 
probabilities:  pl  = p2,  gt  = q2,  g3  ~ g4.  Hence  appears  the  idea:  to 
(reviously  join  strategies  3t  and  B2  into  one  mixed  strategy  Bl2, 
which  consists  half  of  Bt,  half  of  B2;  so  to  act  with  strategies  B3 
and  D4,  i. e. , to  join  them  one  mixed  strategy  P34,  in  which  B3  and  3 
they  enter  with  identical  probabilities  1/2.  We  load  matrix/die  to 


the  form: 


DOC  - 76068723 


1057 


Now  it  is  evident  that  it  the  ene^y  uses  strategies  illif  n34, 
strategies  At  and  A2  duplicat.  e/back  up/reinioroe  each  otaer;  deleting 
any  of  them  (or  joining  At  and  a2  into  one  A12),  we  lead  natrix/die 
to  forw  2 x 2: 


j 2.5 

3.5 

A,  I1  5 

1 

1 

Page  4 66. 

Thus,  game  i x 4 is  reduced  to  game  2x2. 

Beginning  the  solution  oi  any  game  a x n,  it  is  necessary  to 
first  cf  all  fulfill  the  following  procedures: 

- to  look,  no  whether  in  the  mat r i x/d iv  of  saddle  point:  it  bo. 
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solution  is  already  found 


if  there  is  no  saddle  point,  to  compare  between  tu 


piecemeal  columns  and  rows  tor  purpose  of  the  deletion  ot  duplicating 
and  knowingly  unfavorable  strategies*. 


t o look,  it  is  not 


number  ot 


trategies  way  replace? 


those 


some  groups  o 


mixed 


7.  Game  2 x 2 


whptj  of  each 


ira  trix/die 


Here  can  be  met  two  cases 


1)  game  has  saddle  point 


2)  game  does  not  have  saddle  point. 


DUC  = 7H06H72J 


PAGE  1VU  ) 


In  the  first  case  solution  is  ofcvious:  this  - the  piir  of 
strategies  of  those  intersecting  at  saddle  point.  It  is  not  difficult 
to  demonstrate  that  if  the  game  2 x 2 has  saddle  point,  tnen  in  this 
game  always  any  of  strategies  there  car.  be  rejected  as  Knowingly 
unfavorable  or  duplicating.  We  will  not  this  prev*.  bet  us  Jet  to 
reader  to  demonstrate  this  position  or  to  te  convinced  of  his 
validity  on  a series  of  the  arbitrarily  selected  examples. 

Let  us  consider  the  second  case:  let  us  assume  that  in 
ma  tux/tlie  2 xA  the  re  are  no  saddle  points.  Jr  uis  case,  lower 
worth  of  game  is  not  egual  to  up pel  a ^ Solution  must  oe  in  mixed 
strategies,  let  us  find  this  solution,  i.  e.,  the  pair  ot  the  optimum 
mixed  strategies: 

sA*^(pt,  Pi);  qt). 
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Let  us  first  determine  optimum  mixed  strategy  Sa *.  According  to 
the  theorem  about  active  strategies  (s«e  5 J)  » it  we  art*  adhere  to 
this  strategy,  than,  independent  of  the  modus  opotandi  of  enemy  (it 
it  only  it  does  not  exceed  the  limits  ct  its  active  strategies),  gain 
will  remain  egual  to  worth  of  ga«e  v.  In  gu:n«  2 < 2,  both  strategies 
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er enemy  are  active  (otherwise*  gam  e would  have  saadlo  point).  That 
moans  it  we  adhere  to  our  optimal  strategy  Sa*  = (/<„  pt),  then  enemy 
can,  without  varying  gain,  tc  a^ply  any  of  its  pure  strategies.  We 
hence  have  two  equations: 


an  Pi  +■  a*i  Pt  ~ v* 
flnPi  +a**P.-=v, 


(7.1) 


from  which,  taking  into  account  condition  y,  ♦ p2  = 1 w a will  ohtain 

a,,— at, 


Pi  = 

°u  + u»» — ai  • — «ti 

P«  = 1 — Pi  ; — — D| 


(7.2) 


°n  + <•«« — fli* — 

wortii  of  game  v let  us  find,  substituting  the  value  pj,  p*  in 
any  of  equations  (7.1); 


'hi  an  — Q|iPn 
°n  +at-  “it—  a«i 


(7.3, 


analogously  it  is  located  the  optimal  strategy  of  tne  enemy; 


5V  =(</„  <?,) 


from  the  equations 


a»i  </i  + °i tQt  ™ v*  l 
°»i  Pi  + °tt  Qt  “ v*  I 


whence 


Q i 


an—o  i. 

all  +°tt_ ®u— «|l 


Qt  - I — <?,. 


(7.4) 


(7.5) 


Example  1.  To  find  the  solution  of  game  "search"  (see  example  1 
of  i 2). 
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Solution.  Game  2x2  with  the  ma  t r irc/die 


\ B, 

| a, 

b, 

«'  1 

i 

: ■* 

—i 

Joes  rot  have  saddle  point:  a - -1,  f = +1.  We  seek  solutlon  in  mixed 
st  rateyies. 

On  formulas  (7-2),  (7.3),  (7.5)  we  obtain: 

Pi  = *'«;  Pt  = l/t:  v - 0;  (?,  = */,;  gt  “ 1;V 
S„*  =(»/,.  */*);  Sa*  = (*/,.  V,). 
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Consequently,  the  optimal  strategy  of  each  player  Ires  in  the 
fact  that,  randomly  alternating  of  its  pure  strategies,  using  each  of 
them  with  probability  1/2;  ir.  this  case,  average  gain  will  be  equal 
to  zero  (this  cone  1 usion/der i v at  ion  already  have  obtained  we  from 
intuitive  consider  ations)  . In  a following  example  we  will  consider 
the  game  whose  solution  is  not  so/such  obvious. 


Kxample  2.  Game  "two  fcemoers  and  destroyer". 


1 
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Side  A Sends  into  region  ot  the  location  of  enemy  B two  bombers 
I ami  LI;  T Llies  from  the  front,  II-  from  bohinu.  One  of  the  bombers 
(it  is  previously  unknown,  which)  must  carry  bomo;  another  implements 
only  the  function  ot  tracking.  In  enemy  region  tuo  bombers  are  under 
attack  of  the  destroyer  cf  side  B (Fig.  9.1).  Both  bomber  are  armed 
ly  guns.  It  destroyer  it  tacks  roar  tom  ter,  then  on  it  conduct  the 
fire/light  ot  the  gun  only  ot  tnis  bolster,  chat  damage  destroyer  with 
I rot  ability  0.3.  hut  rf  destroyer  attacks  tiont  bomber,  on  it  they 
conduct  the  tire/light  ot  the  gun  both  front/leading  and  rear  bomber; 
together  they  strine  it  with  the  probability 


I - (1  — 0.3)'  = 0.51 


It  destroyer  is  not  biased/beaten  by  the  Let  un  fire  ot  bombers, 
then  it  strikes  selected  by  it  target  with  probability  0.3. 


Problem  ot  bombers  - to  report  tomb  to  t.ar got/purpose ; the 
problem  of  destroyer  - to  prevent  this. 


it  is  required  to  find  optimum  strategies  ci  the  silos; 


- for  side  A - which  bcmber  to  do  ty  a earner? 


- for  side  B - which  bcmbei  to  attack? 
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Solution.  Let  us  comprise  the  matrix/die  ot  games,  for  which 
will  find  average  gain  during  each  corat  ina tion  ci  strata jies.  Gain  - 
probability  of  the  nondestr ucticri  of  carrier. 


1.  A j D , - carrier  1,  is  attacked  1.  Carrier  will  not  be  struck, 
if  bombers  will  bring  down  destroyer,  or  if  they  it  do  not  bring 
down,  but  also  it.  will  not  strike  its  target/purpose.  Probability 
that  both  bomber  will  together  strike  tighter,  is  equal  to  0.5 1; 
therefore 


o„  = 0,51  + (1  - 0.511(1  - 0,8)  = 0,608. 

2.  A2Bl  - carrier  II,  is  attacked  I; 

a„  = 1. 

3.  A, B2  - carrier  I,  are  attacked  II; 

On  = 1 

4.  A2B2  - carrier  11,  are  attacked  II; 

o„  = 0.3  -h  0,7  • 0.2  = 0,44. 
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Natrix/die  of  game  with  additional  column  ana  the  row; 


) 
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Lower  - the  worth  ot  game  a = 0.6C8,  ut  pel.  p - 1.  i;aine  does  not 

have  saddle  point;  solution  is  achieved  in  mixed  strategies.  Through 
formulas  (7.2),  (7.3),  (7.5)  we  find  (witu  an  accuracy  to  the  third 

sign  aft  er  comma)  ; 


(in  this  case  4,  = pt  = p2  on  the  strength  of  thv.  fact  ttiat  d,  2 ~ 
*2  *•) 


Thus,  the  optimal  strategies  cl  sides  ana  worth  of  jame  are 
f c und : 

SA * = (0,588,  0,412). 

Se*  = (0,588.  0,412),  v = 0,768, 


i.  e.  our  optimal  strategy  lies  in  the  tact  that,  into  58.  80/0  of  all 
cares  (with  probability  of  C.508)  making  by  earner  1,  and  into 
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* 


— #cmpe6ume/tt 


FlC)  5 


Key:  (1).  Bombers.  (2).  Destroyer. 
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Let  us  take  the  section  oi  the  axis  of  abscissas  by  the  length 
of  unit  (Fig.  9.3)  . The  left  emi  of  the  section  (point  with  abscissa 
x = 0)  will  represent  strategy  Alf  the  right  end  ot  the  section  (x  = 
1)  - strategy  a2;  all  the  intermediate  points  cf  section  will 
represent,  the  mixed  strategies  of  player  A,  moreover  probability  p, 
cf  strategy  At  will  be  egual  to  distance  fLom  point  to  the  right 

end  of  the  section,  and  probability  p2  of  strategy  A2  - to  a distance 
cf  left  end.  Let  us  lead  through  points  At  and  A?  two  perpendiculars 
to  the  axis  of  tha  abscissas:  axis  I-I  and  axis  11-11.  On  axis  I-I, 
let  us  plot/deposit  gain  with  strategy  A, , while  on  axis  II-II,  - 
gains  with  strategy  A2. 


"" ' 
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Let  the  enemy  apply  strategy  G,  ; it  jives  on  axes  ttie  I-I  and 
II-II  respectively  point  with  ordinates  an  and  a2l.  Let  as  draw 
through  these  points  the  straight  line  ElD1.  It.  is  obvious,  with  any 
aixed  strategy  sA  = (p,t  pt)  our  gain  will  be  expressed  by  point  M on 
the  straight  line  BjBj  conditionally  let  us  call  "strategy  li,". 

It  is  obvious,  accurately  thus  it  can  lq  constructed  and 
strategy  H2  (Fig.  S».U). 

We  should  find  optimal  strategy  , sAm,  i-e.  , such,  with  which  our 
uininiUiT  gain  (with  the  worst  for  us  behavior  B)  would  be  converted 
into  maximum. 
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Fig.  9.5. 


Fage  471. 

For  this,  let  us  construct  lower  boundary  cl  gain  witn  strategies  3,, 

U2,  i.o. , the  broken  line  E,NE2,  noted  in  Fig.  g.4  ny  heavy  line.  On 

r 

this  boundary  will  lie/rest  player's  minimum  dam  A with  any  of  his 
mixed  strategy;  point  N,  and  by  which  this  gain  it  reaches  maximum, 
and  determines  solution  and  worth  of  game.  Not  dittieult  t o be 
convinced  that  ordinate  of  yoint  N is  nothing  else  but  worth  of  game 
v,  its  abscissa  is  equal  to  p2,  but  distance  of  the  rignt  end  of  the 

segment  is  equal  plf  i.o.,  distances  ticm  point  Sa*  to  the  ends  of 

the  segment  are  equal  by  probabilities  p.,  and  p.  strategies  and 
A,  in  the  optimum  mixed  strategy  of  player  A. 


/o'?/ 


In  our  case  the  solution  of  game  was  determined  by  the  point 
of  intersection  of  strategies  B^,  B^ ; this  will  not  always  be  thus. 
Figure  9*5  shows  the  case  when  the  optimal  strategy  of  player  A is 
pure  strategy  A,,  although  this  does  not  correspond  to  the  point  of 
intersection  of  strategies.  Here  strategy  A.-,  of  player  A is 
clearly  (with  any  strategy  of  the  enemy)  more  suitable  than  strategy 
A-j- . Figure  9.6  shows  the  case  when  the  enemy  has  knowingly  unsuitable 
strategy . 


Geometric  interpretation  give  the  possibility  to  visually  depict 
also  the  lower  value  of  play  q:  and  upper^  (Fig.  9.7).  On  this  graph 
it  is  possible  to  give  the  geometric  interpretation  of  optimum 
strategies  of  enemy  B.  Real/actually,  it  is  not  difficult  to 

ascertain  that  portion/fraction  q.  of  strategy  Ij  in  the  optimum 
mixed  strategy 
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Fig.  9.6.  Fig.  9.7. 
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Optimal  strategy  S /?*=(<;,,  <7f)  can  be  found  ana  in  another,  direct 
manner,  if  to  interchange  the  position  cf  tne  players  A and  B,  but 
instead  of  the  maximum  of  lower  boundary  or  gain  to  consider  the 
minimum  of  upper  bound  (Fig.  9.8). 

Figures  9.9  gives  the  geometric  interpretation  of  solution  of 
game  "two  bombers  and  a fighter"  (example  2)  . 

8.  Games  2 x n and  m x 2. 

We  ascertained  that  any  game  2x2  can  be  solved  by  elementary 


methods.  In  perfect  analogy  can  be  solved  any  game  2 x n,  where  of  us 
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(A)  they  have  a total  of  twc  strategies,  ar.u  ot  enemy  (b)  - an 

arbitrary  number  (n). 

Thus,  let  there  be  the  raatrix/die  of  game  l x n;  i*  consist  of 

twc  rows  and  n of  columns.  Analogous  with  the  cas^  2 x i let  us  give 

to  problem  geometric  interpretation;  n cf  strategies  ot  tiie  enemy 
will  be  depicted  n as  straight  lines  (fig-  8.10).  Let  us  construct 
lower  boundary  of  gain  (broken  line  E , M Nb2 ) and  will  find  on  it  point 

N with  maximum  ordinate;  this  ordinate  will  be  worth  of  gane  v.  but 

the  abscissa  of  point  N will  be  egual  to  probability  p2  of  strategy 
A 2 in  the  optimum  mixed  strategy  of  player  A: 

Sa*  = <p».  P,). 


Knowing » which  strategies  intersect  at  point.  N,  it  is  possible 
to  indicate  active  strategies  cf  enemy.  In  our  case  (Fig.  9.10)  the 
optimum  mixed  strategy  cf  the  enemy 

■Sb  = (0,p„  0 ,<?,) 


consists  of  mixture  of  two  active  strategies  b2,  B4,  intersecting  ot 
point  N.  Strategy  B3  is  knowingly  unfavorable,  wnile  strategy  Bj  - 
unfavorable  with  optimum  strategy  Sa*.  Probabilities  j2  and  g4  are 


g 

1 I 


related  as  lengths  ol  segments  KB%  and  KB*  in  Fig.  9.10. 
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It  A will  use  its  optimal  strategy  s**,  then  *.j tj i u will  not  be 
changed,  whatever  from  its  active  strategies  used  L' ; however,  it  will 
he  changed,  if  B will  pass  to  strategies  P,  oi  Bj. 

It  is  possible  to  demonstrate  that  of  any  final  .jam?  m x n theie 
is  solution  in  which  the  number  of  active  strategies  ol  each  side 

7*1 

tioes  not  exceed  smallest  cf  the  n u nba rs/^a  n i n. 

From  this,  in  particular,  it  follows  that  at.  game  2 x n always 
has  the  solution,  in  which  from  each  side  participates  not  more  than 
two  active  strategies.  It  is  worth  only  finding  those  strategies  - 
and  game  2xn  is  converted  into  jame  2x2  which  is  solved  elementary 
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lit’iica  esca  pe/ensues  this  practical  net  nod  or  tue  solution  of 
game  2 x n:  is  constructed  gee  ire  trie  interpretation  ( Fig . 9.10),  is 

ought  the  pair  of  strategies,  which  intersect  at  point  N (it  in  it 
intersects  more  than  two  strategies,  ig  ta<m  any  pair)  - these 
strategies  represent  by  themselves  player's  active  strategies  B,  and 
game  2 x n is  reduced  to  gane  2 x 2. 

it  rs  obvious,  so  can  be  solved  game  m x 2,  with  that 
difference,  that  it  is  constructed  not  the  rower,  and  upper  boundary 
of  gain,  and  on  it  it  is  ought  not  the  maximum,  but  the  minimum  (Fig. 
9.  1 1)  . 

Example  1.  Game  "aircraft  and  the  an  t l-ancra  £ t guns". 

Side  A (aircraft)  will  attack  for  tire  objective,  side  B (the 
ant i-a i rcr af t guns)  defends  it.  Of  side  A two  aircraft,  of  side  B - 
three  antiaircraft  weapons.  Each  aircraft  is  the  carrier  of  the 
powerful  damaging  means:  to t the  damage  of  object,  it  is  sufficient 
so  that  to  it  would  burst  open  at  least  one  aircraft.  Aircraft  can 
choose  for  an  approach  to  object  any  of  three  directions:  1,  II  or 
III,  without  varying  it  subsequently  (Eig.  u.12).  Enemy  (tl)  can  place 
any  ot  his  instruments  in  ary  direction;  ea^h  ot  the  instruments 


jJ 


t 
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shoots  through  only  the  range  of  space,  which  relates  to  this 
direction,  and  do  not  shoot  through  adjacent  directions.  Each  weapons 
can  fire  only  one  aircraft;  the  fired  aircraft  is  surprised  with 
f u ll/total /complete  authenticity,  side  A does  not  know,  where  are 
placed  instruments;  side  B does  net  knew,  wnence  will  arrive  flying 
aircLaft.  Problem  ot  side  A - to  strike  object,  sides  B - not  to 
allow  dama ge/def ea t . To  tina  the  solution  or  game. 
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Fig.  P.10. 

Page  um. 

Solution.  If  we  us  strategics  examine  all  tna  possible  methods 
of  the  selection  of  directions  by  aircraft  and  tne  arrangements  of 
instruments,  a quantity  of  strategies  will  re  very  greatly  - 9 on  the 
one  hand  even  27  on  the  other  hand.  However,  it  is  possible  to  be 
founded  to  the  much  smaller  number  of  strategies,  if  previously  they 
"are  mixed"  and  are  considered  for  A orly  two  strategies: 

A,  - to  send  by  one  aircrart  on  two  different  (any)  directions', 

A 2 - to  send  both  aircrart  by  one  (to  any)  airoction,  and  for  an 
enemy  - three  stra tegiesj 
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(1  ♦ 1 ♦ 1)  - to  place  on  cne  instrumcrt  on  each  direction^ 


y 


U?  (2fc  ♦ 1 ♦ 0)  - to  place  two  instruments  cn  one  (any) 
direction,  one  - on  another,  ana  the  third  to  leave  those  not 
f r ctec ted, 

L< 3 (3  *0*0)  - to  place  all  three  weapons  on  one  (any) 
direction,  and  two  others  to  leave  unprotected* 


In  this  case,  it  is  assumed  that  the  selection  of  each  of  the 
directions  is  produced  randcnly  ami  with  identical  probability. 

Let  us  comprise  the  matnx/die  of  game.  Gain  A in  this  case  - 
kill  probability  of  object,  otherwise  - probability  that  to  object 
will  burst  open  at  least  one  airci alt. 

Let  us  consider  gains  for  all  com  1 in  at  ions  oi  strategies. 

1.  A,B,  - aircraft,  they  fly  in  different  directions,  instruments 
are  arranged  on  one  (1  ♦ 1 ♦ 1).  Gain  a,j  - probaaility  tnat  at  least 
cne  aircraft  will  burst  open  to  object  - in  this  case  it  is  equal  to 
zero:  a , , = 0. 
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2.  A2B  t - aircraft  they  fly  in  one  ana  the  same  direction, 
instruments  are  arranged  on  one  (1  ♦ 1 ♦ 1).  It  is  ouvious,  with  this 
cne  of  the  aircraft,  being  fired,  for  sure  will  curst  open  to  the 

ot  ject : a2  t = 1 . 

3.  Aj  B2  - aircraft  they  fly  on  one;  enemy  places  two  instruments 
cn  one  direction,  one  - to  another  is  leaveu  net  protected  the  third 
(2  * 1 + 0).  In  order  to  burst  open  to  object,  at  least  one  of  the 
aircraft  it  must  select  the  urprctected  direction.  The  probability  of 
this  event  let  us  find  through  the  probability  cf  the  opposite  event: 
"both  aircraft  will  select  the  detended  direction". 
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Key  : ( 1)  . object. 
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O' 

Od teKm ) 


Fig.  9.  1. 


The  probability  of  this  event  is  egual  to  2/  1*1/2  = 1/3,  whence 
probability  of  the  interesting  to  us  event:  a12  = I = 1 / J = 2/3. 


4.  A2B2  - aircraft  they  fly  toget.bor;  instruments  are  placed 
according  to  pattern  (1*2  + 0).  Let  us  again  ting  probability  that 
both  aircraft  will  be  struck.  For  this,  tht)  must  select  the 
direction,  defended  l>y  two  instruments;  peccability  this  1/3,  the 
probability  of  the  opposite  event:  a22  = 1 - 1/3  = 2/3. 


5.  A j B j - aircraft  they  fly  separately,  instruments  are  placed 
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all  three  to  one  direction  (3  ♦ 0 ♦ 0)  . It  as  obvious,  in  this  case 
loth  aircraft  are  biascd/beaten  they  cannot  be,  and  at3  = 1. 

6.  A2B3  - aircraft  fly  together,  instruments  are  placed  all 
three  to  one  direction  (3  ♦ 0 ♦ 0)  . So  that  both  the  aircraft  would 
be  struck,  they  they  must  select  the  direction  in  which  stand  all 
three  instruments.  Procability  this  1/3.  P Loba u ill t y that  at  least 
cne  aircraft  will  burst  open  to  object,  wili  be  a2J  = 2/3. 

W comprise  the  mateix/die  of  the  game: 


From  inatrix/die  it  is  evident  that  the  lower  worth  of  game  is 
egual  to  upper:  a * {3  = v = 2/3;  that  means  game  has  saddle  point 
and  is  solved  in  the  pure  strategies:  side  A (aircraft)  must  always 
use  strategy  A2  (to  fly  together),  and  side  B must  always  arrange 
instruments  according  to  pattern  (1  ♦ 2 + 0),  i.e.,  to  place  two 
wea(  ons  on  some  one  direction,  one  instrument  - in  anotnar,  and  one 
direction  to  leave  with  generally  not  protected. 

Figures  9.13  gives  the  geometric  interpretation  of  jame. 
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cias 


IjLxipIe-  2 (»SE5ioa  of  fa*  jiie  i<i»€l  . Catiit loos  x c*  ch.*^  sane 
tat  foe  * ica  go22i£.Le  lot  ts.:te,  cat  coae  :ir-ictLXi  of 

jt  rroidi  to  aajoct,  cat  siic  2 ace  dts* cs£.i  j:  coar  — y ustr  JB^ts 

Solatcoa-  Of  a^  as  f€face  t*a  gossicl-  srctt^ji^ic 

lt  - to  s<*ad  otcccoft 

*2  - to  s«sHa  siccxaft  to,**-:x*c„ 

fif  ^aeiy  fcwe  passible  stcateyics: 

2«  ~ (1  ♦ 1 ♦ 1 * 1)  — to  ;Ltcc  ci  ji*'  it<tnKit  oa  eidt 
dittfct  iatu, 

3,-  (2*1*  1 * 

vie  taction,  aa  one  - on 
frctectedl 

3 j — (2  * 2 ♦ J ♦ 0|  — to  e Loce  oo  t»o  ia^tcao^ct  2 oa  too 
^irccrtiooii,  oaa  t»a  to  ieo*«e  act  pcatect eij^ 


3)  - tp  cLict  twa  oa  oae 

too  otifti  Otf  cae  tC  flit  aot 
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8 4 (3  ♦ 1 ♦ 0 ♦ 0)  - to  place  these  instruments  on  one 

direction,  one  - on  another,  and  two  to  leave  those  not  protected^ 

D5  (it  » 0 ♦ 0 ♦ 0)  - to  place  all  four  instruments  on  one 

direction,  and  remaining  three  to  leave  those  net  protected. 

Page  47b. 

Strategies  B4  and  b5  can  be  previously  re ject/tnrown  as 
knowingly  unfavorable,  it  is  real/actual,  ir  in  one  direction  fly  not 
lore  than  two  aircraft  and  eacn  of  their  is  surprised  with  probability 
one  by  one  instrument  - to  place  on  one  the  direction  of  more  than 
two  instruments  excessively.  Discussing,  as  in  previous  example,  let 
us  construct  the  matrix/die  of  game. 


Bt 

Al 

B, 

B. 

1 

U 

1/2 

5/6 

«/2 

* ! ' 

3/4 

1/2 

1/2 

! ■*' 

1 

3/4 

5/6 

This  game  2x3  does  not  have  saddle  pcint  (a  = 1/2,  p = 3/4)  . 
*ie  seek  solution  in  mixed  strategies.  i£  isolated  active  strategies 


of  the  enemy:  this  B,  and  B3  (Fig.  9.14).  Arter  tins  game  it  is 
reduced  to  game  2 x 2: 


1 *' 

o, 

B, 

5 

0 

5/6 

1 

1/2 

Solving  this  game,  we  find  the  optimal  strategies  of  the  sides: 

v = */(;  <?,=,4.  <?,=*/«; 

Sa*=(‘,.  ».);  SA*=(V,.  0.  »/«). 
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Thus,  it  is  possible  tc  formulate  following  recommendations  to 
sides  A and  B:  side  A must  with  probability  j/ 8 send  aircraft 
separately,  and  with  probability  5/8  - together-;  siae  B must  with 
probability  1/4  apply  the  arrangement  of  instruments  (1  ♦ 1 ♦ 1 ♦ 1) 

and  with  probability  3/4  - arrangement  (2  *2  ♦ 0 ♦ 0)  . In  this  case 
the  gain  (kill  probability  of  object)  is  equal  to  v = V„  that  it  is 
more  than  lower  worth  of  game  and  lesser  than  upper. 

Example  3.  Game  is  the  "distribution  or  forces  in  onset  and 
defense". 


To  side  A,  , which  disposes  of  three  battalions  of  infantry,  it 


’ - 


} 
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attempts  to  take  certain  object  3;  side  3,  which  .usposes  of  four- 
battalions  of  infantry,  attempts  to  prevent  this.  Each  of  the 
attacking/advancin g battalicns  can  oe  directed  toward  ooject  along 
any  of  two  roads:  I and  II  (Fig.  9.15) . Side  3 aiso  can  place  any  of 
its  battalions  to  any  of  the  reads.  If  cn  tne  rcaa  the  forces  of  side 
E meet  superior  forces  of  side  A,  the  latter  push  aside  defense,  they 
pass  tc  object  and  occupy  it;  if  on  road  derense  outnumbers  attack, 
attack  is  repulsed,  the  forces  of  side  A will  move  away  and  no  longer 
they  renew  attack.  If  on  road  are  encountered  the  rorces  of  identical 
number,  attack  is  repulsed,  the  forces  of  side  A will  move  away  and 
no  longer  they  renew  attack.  If  on  road  arc  encountered  forces  of 
identical  number,  side  A with  probability  0.4  couplers  and  passes  to 
object,  and  with  probability  0.6  attack  turns  out  to  be  repeled. 

It  is  required  to  give  recommendation  lor  sides  regarding  the 
quantity  of  battalions  which  should  be  directed  toward  each  of  the 
roads. 


Solution.  Gain  A in  this  case  - probability  of  the  occupation  of 
object.  Let  us  consider  following  strategies  of  attack  (A)  : 


A , (2  +1)  - to  direct  two  battalicns  along  one  of  tne  roads 


(any)  and  one  - on  another'. 


1 


1 
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Aj  ()  ♦ 0)  - to  direct  all  three  battalions  axong  ona  of  the 
roads  (a  ny  ) . 


Strategies  of  defense  (D)  will  be: 


0,(3  ♦ 2)  - to  direct  along  two  battalion  toward  each  of  the 
roads^ 


b2(J  ♦ 1)  - to  direct  three  battalions  toward  one  of  the  roads 
(any),  and  one  - toward  another’, 

D3  (4  4-0)-  to  direct  ail  four  battalions  toward  one  of  the 
roads  (any,  and  another  road  to  leave  net  protected. 

Let  us  comprise  the  matrix/die  of  game,  lor  us  find  gain  for  all 
combinations  of  strategies. 


i 

I ' 
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Fig.  9.1 '5. 


Key;  (1).  Hoad.  (2).  object.  (J).  Battalions. 
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1.  Ai3t.  On  one  road  they  meet  one  battalion  of  attack  two 
tat tal ions  ot  defense;  attack  cn  this  read  is  repulsed.  On  another 
road  meet  two  battalions  of  attack  two  defenses;  according  to 
condition  the  attack  conquers  with  prof  abi  1 it.  y c.4;  iM  = 0.4. 


2.  A^Bt.  In  this  case,  on  one  of  the  roads  with 
f u 1 L/t eta 1/complet e au t hen tici t y , there  will  he  tne  prepondera nee  of 
the  torces  of  attack,  and  a^,  = 1. 


3.  AiD*.  Since  the  selection  of  any  road  tor  each  side  is 
equally  probable,  then  with  probability  1/2,  on  one  road  will  be  wet 
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two  battalions  A three  B,  tc  another  - cue  battalion  A one  B;  on  the 
first  road  the  attack  will  be  repeled,  to  another  - will  occur  the 
occupation  of  object  with  probability  0.4.  with  tne  same  probability 
1/2  will  be  met  on  one  road  one  battalion  A three  3,  to  another  - two 
battalions  A one  B,  and  object  will  he  occupied  with 
tull/total/couiplet  e authenticity.  Applying  the  tor.uula  of  composite 
probability,  we  find: 


flit  — 1/2  • 0,4  + 1/2  • 1 =»  o,7. 

4.  A2D2.  With  probability  1/2  or  ere  Load,  will  be  met  three 
battalions  A three  3,  to  another  - collision  will  not  be;  in  this 
case  the  probability  of  the  occupation  of  oiject  0.4.  With  the  same 
probability  1/2  three  battalions  A will  bo  met  only  one  Battalion  3, 
they  pass  and  will  be  occupied  object.  On  tne  icrutula  of  the 
composite  probability: 

Oft  = 1/2  • 0,4  + 1/2  • 1 = 0,7. 

5.  AiD3.  Since  forces  A alcny  two  roads,  uul  forces  B are 
arramje/located  only  on  one  of  the  roads,  side  A with  authenticity 
will  occupy  the  object:  a13  = 1. 

6*  A2B3.  With  the  probability  of  1/2  forces  A,  they  will  ijo 
alcmj  that  road  where  there  is  no  defense,  and  will  be  occupied 
object.;  with  probability  1/2,  they  will  be  repoled  by  superior  forces 
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of  defense;  hence 

a„  = 1/2  • I + 1/2  • 0 = 0,5. 

The  matrix/die  of  game  2x3  takes  the  forir: 


B,  <*+*» 

B,  <S+I> 

B,  (4  + 0) 

A,  (2+1) 

0,4 

0,7 

1 

A,  (3  + 0) 

1 

0,7 

0.5 

Lower  worth  of  game  a = 0.5,  upper  pure  value  6 = 0.7;  game  does 
not  have  saddle  point.  We  seek  solution  in  mixed  strategies.  The 
geometric  interpra tation  of  game  is  given  in  Fig.  9.1o.  Lower 
boundary  of  gain  reaches  maximum  in  points  N'  and  N"  on  all  section 
between  them;  this  maximum  there  is  worth  ct  game  v — 0,7.  In  this  case 
the  solution  of  game  was  obtained  ambiguous:  side  A can  use  any  of 
its  mixed  strategies,  which  correspond  to  tne  points  of  the  axis  of 
abscissas  from  K'  to  KM. 

Faga  479. 

Thus,  of  side  A there  is  a nondenu merab le  set  of  the  optimal 
strategies.  Let  us  find  the  abscissas  c£  points  N'  and  n".  They  will 
be  equal  to  respectively  p2  ' and  p2"  - to  the  boundaries  in  which  is 
included  the  probability  of  strategy  A2  in  the  optimum  mixed  strategy 
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cf  player  A.  From  drawing  we  lave: 

o,7— 0,4  _ 1—0,7 

<•»'  “ i-p,'  * 

whence  p2*  = 0.5.  Analogously  we  obtain 


1-0,7  ^ 0,7—  0,5 
Pi  “ 1-P,*  * 

whence  p2"  = 0.6. 


Thus,  as  the  optimum  mixed  strategy  side  A can  apply  any 
Sa*(Pl  Pi),  at  which  probabilities  p4  and  p2  lie/rest:  tha  first  - 
between  0.4  and  0.5;  the  second  respectively  between  0.6  and  0.5. 


It  goes  without  saying  that  extreme  values  p4  and  p2  also  give 
the  optimal  strategies  of  player  A: 

Sa*  = (0,5,  0,5),  S$  = (0,4,  0,6). 


Thus,  the  optimal  strategy  of  player  A is  found:  it  lies  in  the 
fact  that,  with  the  probability,  which  takes  any  value  between  0.4 
and  0.5,  directing  two  battalions  cn  cne  of  the  roads  (any),  but  the 
of  remaining  battalions  - along  another  rouu;  in  ill  remaining  cases 
to  send  all  three  battalions  by  one  of  the  toads  (any). 


Concerning  the  optimal  strategy  of  enemy  (I1),  then,  as  can  be 
seen  from  Fig.  9.16,  it  is  reduced  to  the  application/usa  of  only  one 
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pure  strategy,  namely  B2: 


Sb*  =»(0,  1.0) 


i.e.  detending  always  must  display  three  battalions  on  one  road 
(any),  and  one  battalion  - cn  another  read.  Wortn  of  game,  i.e.,  the 
stable  gain  of  side  A in  this  case  will  be  equal  to  upper  pure  value 
C. 7 »)  . 


FCCTNOTE  1 . From  Fig.  9.16  it  is  possible  to  dc  the  conclusion  that 
active  strategies  of  side  B,  besides  B12,  they  are  even  3!  and  B3 
(since  the  corresponding  lines  of  strategies  intersect  at  points  N* 
and  N") . However,  it  is  not  difficult  to  ascertain  that  since  line 
E2B2  is  parallel  to  the  axis  of  abscissas,  the  actual 
pert  ion/traction  of  strategies  Bi  and  E3  in  the  optimum  mixed 
strategy  of  the  defense  should  be  equal  to  zero.  6 SDF00TN0TE. 


DOC  = 76068723 


0E /613 


Fig.  9.16. 
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9.  Solution  of  games  m x n. 


Until  now,  we  examined  only  elementary  games  2 x n and  m x 2, 
for  which  there  is  a simple  geometric  interpretation,  wnich  makes  it 
possible  to  solve  these  games  with  the  help  of  the  simplest  methods. 


In  the  case  of  games  3 x n (or  in  x 3)  a similar  geometric 
interpretation  also  can  be  constructed,  but  instead  of  tae  plane  it 
becomes  three-dimensional/space  and  much  less  demonstrative.  In  the 
case  of  game  m x n,  where  m > 3,  n > 3,  from  gtciuotric  interpretation 
it  is  necessary  to  refuse  and  into  force  enter  purely  the  calculated 
methods  of  the  solution  of  games. 
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In  the  general  case,  with  large  m an  d n#  the  solution  of  game  m 
x n represents  a sufficiently  laborious  probleir,  but.  tuniamental 
difficulties  it  does  not  contain.  It  is  easy  to  show  that  the 
solution  of  any  of  the  final  game  hi  x r can  be  reduced  to  the  already 
known  to  us  problem  of  lineal  programming  (main^). 

It  is  real/actual,  let  us  consider  game  m x n with  player's  ■ 
strategies  A\,At,.~,Am  A and  n by  player's  strategies  Bu  Bt,  ....  Bn 
E.  Is  assigned  the  matrix/die  ct  game  (q0 j 

Is  required  to  find  the  solution  ct  game,  i.e.,  two  optimum 
mixed  strategies  of  the  players  A and  B: 

Sa*=(Pi.  P».  •••>  pm);  Sg*  = (pi,  Qt,  <fn), 

where 

Pi.  P* PmiPl.  P* Pn  (Pl+Pl  + .-+Pm  = l . <7l  f P,  + ...  + P„  - D 

- the  probability  of  application  of  the  pure  strategies  (some  of 
them,  that  correspond  to  inactive  strategies,  can  ue  equal  to  zero). 

Let  us  find  first  optimal  strategy  S^*.  This  stratejy  must 
ensure  to  us  the  gain,  not  less  v,  with  any  behavior  or  the  enemy. 


1 
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and  the  gain,  equal  to  v,  with  his  optimum  behavior  (i.a.  with 

strategy  SB»). 

Worth  of  game  v to  us  thus  far  is  unknown.  without  breaking 
the  generality,  it  is  possible  to  assume  tc  its  egual  certain 
positive  number  v > 0.  It  is  real/actual,  so  that  would  be  implemented 
condition  v > 0,  it  is  sufficient  so  that  all  matrix  elements  (atJ) 
would  be  nonnegative.  This  always  it  is  possible  to  attain,  adjoining 
KO  to  all  matrix  elements  (a,j)  one  and  the  same  sutficiently  high 
positive  value  M ; with  this  worth  of  game  it.  will  be  increased  by  M, 
but  solution  it  will  riot  be  ciian  ged.  Thus,  let  us  count  v > 0. 

Let  us  assume  that  we  (A)  apply  our  optimal  strategy  5^*,  and 
enemy  (D)  our  pure  strategy  B,.  Then  cut  average  gain  is  equal  to; 

a)=P\au  + ptatJ-{~  ...  -f- pm amJ  (/  = 1 n). 

Page  481 . 

Our  optimal  strategy  s4»  possesses  that  [ roperty,  which  with 

any  behavior  of  enemy  ensures  to  us  the  gain,  not  loss  tnan  worth  of 

game  v;  that  means  that  any  of  numbers  at  cannot  be  less  v.  Be 

obtain  a series  of  the  conditions: 

Pi  an  -fPian  -f  — -tp mami^v, 

Plall  + P«fl«+  ...  +Pmam«^v. 


(9.1) 


Plflln+P*fl}»+  •••  + Pmamn  ^ V. 
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Let  us  divide  inequality  (9.1)  into  positive  value  v and  let 
us  introduce  the  designations: 

= *,-* *„  = *=•  (9-2) 

V V V 


Then  conditions  (9.1)  are  registered  in  the  form: 

an  t|  q- flji  Jf. -f  ...  -(-ami  xm~^  1,  j 
®lt  ^1  T Ujj  ...  +am*  Xm  1,  I 


wh  ere  tj,  ..*i  xn 


Oir.Xt  +fljn  Xt  + ...  +amnXm^\,} 

- nonnegative  variables.  In  force  (9.2)  and  the 


fact  that  Pt+Pi- )-  ...  +pm  = l.  the  variables  xt,  ....  x„,  satisfy  the 


condition 


...  + *m=-.  (9.4) 

V 

We  wish  to  do  our  guaranteed  gain  ty  maximally  possible:  it  is 
obvious,  in  this  case,  right  side  (9.4)  takes  minimum  value.  Thus, 
the  problem  of  the  solution  of  game  was  reduced  to  following 
mathematical  task. 


To  determine  the  nonnegative  values  of  variaoles  x„  *, xm 

that  they  would  satisfy  linear  limitations  (9.3)  and  in  this  case 


their  linear  function 


L—  ...  + Xm 


was  converted  into  the  minimum. 


I 


f 


DOC  = 78068723 


PAGE 


P97 


Before  us  - the  typical  problem  of  linear  programming 


Thus,  solving  the  problem  of  linear  programming,  we  car.  find 


optimal  strategy  SAf  of  player  A. 


Let  us  find  now  optimal  strategy  sB*  of  player  B.  Everything 
will  be  analogous  with  the  solution  of  game  for  player  A,  with  that 
difference,  that  player  B attempts  not  maximize,  ju‘  minimize  gain, 
but  that  means  that  not  to  minimize,  but  tc  maximize  value  l/v. 
Instead  of  conditions  (9.3)  it  had  t.o  be  observed  the  condition: 

°*1  \h  + alt  */»+  •••  +a«n!/n^l.  I /Q  £\ 


anll6  +an»ifi+  •••  ) 

where  yx.  yx<  •••.  yn  - the  ncnnegative  variables,  e jual  to 


y\  </t  yn=~Qn^ 


Page  432. 


It  is  required  so  to  select  variables  yx,  y so  that  they 

would  satisfy  conditrons  (9.6)  and  would  ccnvert  into  maximum  the 
linear  function 

Lmcyx+y%  + ...  +y„=‘—  (9.7) 

V 


instead  of  maximizing  of  function  (9.7),  it  rs  possible,  as  we 
know  that  to  ninimize  the  function 


1 


L'  ” * ~yi  — y*~  ...  — y„  — — -. 
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Thus,  we  reduced  the  problem  of  the  solution  of  any  of  the  final 
game  m x n to  the  pair  of  the  problems  cf  linear  programming;  the 
methods  of  the  solution  of  such  problems  to  us  are  already  well  known 
(see  Chapt  er  2)  - 

Let  us  incidentally  note  that  from  the  information  of  the 
problem  of  the  solution  of  game  to  the  problem  cf  linear  programming 
escape/ensue  the  considerations  apropos  of  the  existence  of  the 
solution  of  game  tn  x n. 

It  is  real/actual,  let  the  problem  of  the  determination  of 
optimal  strategy  Sa * = (Pi,  Pi,  ••••  Pm)  cf  player  A be  reduced  to  the 
problem  of  linear  programming  with  condition-inequalities  (8.3)  and 
minimized  function  (9.5).  Always  whether  there  is  its  solution?  We 
knew  (see  Chapter  <£)that  the  solution  cf  the  preoiem  of  linear 
programming  can  and  not  to  exist;  it  it  is  absent,  if: 

1)  conditions  (equality  or  inequality)  not  at  all  hive  the 
permissible  nonnegative  solutions; 

2)  the  permissible  solutions  exist,  but  among  them  no  optimum. 


i 
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since  the  minimized  function  is  not  limited  frcir  oelow. 


Let  us  look  how  is  matter  in  our  case.  It  is  not  difficult  to 
ascertain  tnat  the  permissible  solution  of  ZLP  in  our  case  always 
exists.  It  is  real/actual,  let  us  do  matrix  elements  (qu)  by  the 
strictly  positive  (for  this  is  sufficient  to  adjoin  to  each  of  them 
sufficiently  large  Bach  number)  and  let  us  designate  the  smallest 
matrix  element  (atJ)  through  p: 

a =min  min  a,;. 

, i 

is  placed  now  x,  = I/p,  xt  = x3  = ...=*  xm  = 0.  rt  is  not  difficult  to 
see  that  this  system  of  the  values  of  variables  xt,  ....  xm 
represents  by  themselves  the  permissible  scluticn  of  ZL?  - they  all 
are  nonnegative,  and  their  set  it  satisfies  conditions  (9.3). 

Let  us  now  ascertain  that  linear  function  (9.5)  cannot  be 

limited  from  below.  It  is  real/actual,  all  xlt  xt xm  are 

nonnegative,  and  the  coefficients  of  them  in  expression  (9.5)  are 
positive,  which  means,  that  function  L in  formula  (9.5)  is  also 
r.onnega t i ve,  which  moans,  that  it  is  limiteu  from  below  (zero)  and 
the  solution  of  the  problem  ot  linear  programming  (and,  consequent ly, 
cf  game  m x n)  exists. 


Fage  483. 
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Example  1.  to  find  by  the  method  cf  linear  programming  the 
solution  of  game  "three  tinger/pins"  from  example  2 of  5 4. 

Solution.  The  matrix/die  of  game  takes  the  form; 


(9.9) 


Adding  to  all  matrix  elements  one  and  the  same  Mash  number 
C.  5,  let.  us  do  them  nonnegative: 


\ n.  I 

B, 

B 

A, 

•> 

9 

0 

0 

0 

(. 

11 

With  this  worth  of  game  it  will  be  increased  by  5,  out  solution 

v’  “ v + 5. 

will  not  be  changed.  Let  us  designate  new  worth  of  game^Let  us  find 
optimum  mixed  stra  teg  y s\  = (p„  pt.  pj  of  player  A.  Conditions  (9.3)  take 
the  form: 


7*i  + 2*t  + 9*|>  I, 
2*i+  9x,  > I, 
ftt,  + I l*t  > 1 . 
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Is  mi  nimuinized  linear  function 


*1  +*!  + •*»• 


Let  us  pass  from  condi  t io  n- in  e*jua  1 it  ies  (9.11)  to 


co nil  it.  ion-e qualities 


Let  us  fill  a si  m p le  x- 1 able  (Table  9.  1)  . Since  absolute  terms 


are  negative,  then 


et/dssuni ing  x, 


J,  we  will  not  obtain 


o 1 u t i c n 


Table  9.1 


bsolute 


Absolute 

term 


erm 


1 
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I t is  necessary  to  check  that  is  it  optimum,  i.e.,  is  converted 
into  the  minimum  expression  (9.12).  Using  fable  9.4,  is  expressed  L 
through  the  new  independent  variables  xir  y3; 

Ux1+<I-fx,  = »,  + (»/,  - + */.y,)  + (>/„  - */„*,  + »/„*,)  = 

“ i - */*.(/>  — */n  y») 

let  us  register  absolute  term  and  the  coefficients  of  x,,  y2,  y3  in 

upper  row  fable  9.5.  From  the  iact  that  the  coefLicient  of  xt  is 
positive  it  is  apparent  that  increase  Xp  reuuces  h,  i.e.,  the  minimum 
is  not  still  achieve/reached.  We  produce  replacement  xt  i->  y,  (fabler 
9.5,  9.6). 
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Table  9.6  shows  that  function  L takes  the  nininun  value  Lm * 
1/5  with 

vi  — vt-ys-0. 

<*  “ */l0' 

Hegce  v-1/tn.m  » 5,  i.e.,  worth  of  gaae  with  aatrix/die  (9.10)  v'-5. 


Consequently,  the  value  of  initial  gaae  with  aatrix/die  (9.9): 

v„v'_5-0 

This  value  of  gain  is  reached  at 

xi  — V».  *i*«V|*. 

i.e.  for  the  probabilities  of  strategies 

p,  »x,  V*  — ‘/4;  r>,  — *,v'  — */,:  p,  — x,  v'—>/4. 

Thus,  is  found  the  solution  of  gaae  - optiaal  strategy  of  player 

*» 

S/  -(*/«.  */,.  */.) 

and  worth  of  gaae  v * 0. 

The  optieal  strategy  of  player  B can  be  found  accurately  thus, 
if  we  coaprise  the  conditions,  analogous  (9.7),  but  not  for  chairs. 
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but  for  rows,  after  replacing  in  then  sigqs  >,  by  {,  and  value  L to 
convert  not  into  the  aininua,  but  into  aaxiaua.  However,  in  this  case 
for  this,  the  necessities  no:  froa  the  syaaetry  of  rows  and  coluans 
of  aatrix/die  it  is  clear  that  the  optiaal  strategy  of  player  B must 
be  the  saae  as  the  optiaal  strategy  of  player  A: 

V -(•/,.  >/..  •/«>. 

Thus,  in  gaae  "three  finger /pins"  the  optiaal  strategy  of  each 
of  the  players  lies  in  the  fact  that,  with  probability  of  1/4  showing 
of  one  finger/pin,  with  probability  1/2  - two  finger/pins  and  with 
probability  1/4  - three  finger/pins.  Ia  this  case,  each  player's 
average  gain  will  be  equal  to  zero  iv  — ot 

In  this  exaaple  each  player's  all  three  strategies  were  active. 
Such  gaae,  in  which  all  strategies  are  active,  is  called  conpletely 
averaged.  In  a following  exaaple  we  will  consider  an  example  of  the 
conpletely  not  averaged  gaae. 

Exaaple  2.  Gaae  is  "araaaent  - interference". 

Side  A disposes  of  three  foras  of  araaaent  A|v  At,  A,,  while 
side  B - by  three  fores  of  interferences  Bt,  Bs,  3,.  The  probability 
of  the  solution  of  conbat  aission  by  side  A in  the  various  for  ns  of 
araaaent  and  interferences  is  assigned  by  the  aatrix/die: 
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nt 

a. 

B. 

1 

0,8 

0.2 

0.4 

*• 

0,4 

0.5 

0.6 

A, 

0.1 

0.7 

0.3 

Page  4 87. 

Side  A attempts  to  solve  cob  bat  aissicn,  side  B - to  prevent 
this  to  find  the  optieal  strategies  of  sides. 


Solution.  Getting  rid  fron  fractions,  let  us  rewrite  natrix/die 
in  the  fora: 


Xj 

a. 

fl, 

6 

2 

4 

A, 

4 

5 

6 

A 

1 

7 

let  us  designate  the  value  cf  new  gaie  with  this  aatrix/iie  v- io> 

Let  us  register  conditions  (9.3): 

&*!  + **«+  *»>l. 

2»i-*-5x, + 7*,  > I, 

4*1 + &*•  + &•>!. 

whence  (passing  to  condition-equalities) 

tn  “ — I—  (— (**,  — «*,—  *,).  v 

1 (9.13) 

(,,»  — i— <— 4*,—  fix,— a*,)  I 
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It  la  required  to  find  the  nonnegative  values  i, , i2,  x3,  y,# 

Y »J  la*  which  satisfy  conditions  (9.13)  and  which  rotate  in  the 
aifiaua  the  linear  function: 

8e  solve  problea  by  the  siaples  aethod  (by  lowering  details.  Let 
us  give  iaaediately  optiaua  solution,  “fable  9.7). 

Table  9.7  shoes  that  ainiaua  L is  achieve/reached  and  equal  to 
i-mi,"  •>  7/32.  This  value  is  reached  at 

v.-*/,. 


r 
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P1GB  //$</ 


"717 

CboOoahwA 

y. 

y: 

* <■* 

7 

5" 

1 

i 

L 

32 

32 

32 

8 

r 

5 

23 

» 

X, 

32 

32 

32 

8 

i 

I 

-1 

4 

4 

•j 

4 

— 

3 

I 

27 

1 

J2 

16 

16  * 

1 16 

4 

(1).  Absolute  tare. 
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He  hence  find  probabilities  pt0  Pl , Pj,  with  which  player  A must 
apply  his  strategies  A,,  A,,  a,: 

A“‘iv'.  Pa=*j  v\  ,v' 

and  worth  of  9aae: 


v'  “ 1 


in* 


In  this  case 


v'-"/,;  p, 

Pi -*/j» 


Thus#  the  optiaal  strategy  of  player  A la  found; 


(*/,.  */..  0). 
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i.e. , «e  aost  as*  with  probability  1/7  by  first  fora  of  arnanent, 
with  probability  6/7  - by  the  second,  but  tbe  third  fora  of  arnanent 
not  to  apply  at  all.  In  this  case,  the  probability  of  the  execution 
of  coafcat  aission  will  be  aaaiaaa: 

v-v'/i. -*•/»»  0.457 

Let  us  now  find  the  optiaal  strategy  sfi*  of  eneay.  In  the 
general  case  for  this,  it  is  necessary  to  eater  in  the  Banner  that  it 
is  said  above:  to  solve  prcblea  for  an  eqeay  in  the  aanner  that  we  it 
solved  for  ourselves,  with  the  replaceaent  of  tbe  coluans  of 
aatrix/die  by  rows,  signs  y on  ^ and  the  ainiaua  by  aaxinua.  However, 
in  this  case  for  this,  the  necessities  no:  us  helps  the  fact  that  to 
us  are  already  known  player's  active  strategies  A,  and  their  only 
two:  A(  and  Aa.  Gaae,  thus,  becaae  gaae  2x3,  which  can  be  solved 
eleaentary.  Loweriag  details,  let  us  give  osly  the  solution: 

S„* 0). 

i.e.  the  optiaal  strategy  of  eaeay  lies  ha  the  fact  that,  with 
probability  of  3/7  usiag  interferences  Bt , with  probability  4/7,  - by 
interferences  Bx,  but  the  third  fora  of  inter ferences  (B,)  not  to 
apply  at  all. 

la  conclusion  let  us  note  that  the  denonstrated  in  this 
paragraph  general  aethod  of  the  solution  of  gases  a x n (information 
to  the  problea  of  linear  programing)  does  not  always  turn  out  to  be 
the  siaplest.  frequently  gaae  - especially  with  snail  a and  n - can 


r 
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be  solved  simpler,  if  we  previously  guess#  which  strategies  are 
active.  For  exaaple,  if  the  satrix/die  of  gase  - is  square  (a  * n)  , 
then  it  is  possible  to  try  - it  is  not  gase  completely  averaged?  in 
this  casej  all  strategies  of  both  sides  are  active,  and  inequalities 
(9^3)  are  converted  into  equalities.  If,  after  solving  this  system  of 
equations,  we  will  obtain  the  positive  values  za,  X|i  ...,  imi  then, 
by  store/adding  up  then,  let  us  find  value  1/v. 

*,  + *,+  ...  + xm-llv, 

whence  worth  of  gase: 


*i  + *«+  + ** 


^probabilities  pt , pa,  ...,  pm  in  the  optinaJ  strategy  Si*  will  be 
located  as 

Pl=*|V,  r»  = *.v Pm“xm\. 
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10.  Solution  of  final  gaaes  by  the  aethod  of  iterations. 

In  practical  problems  frequently  there  is  no  need  for  finding 
the  exact  solution  of  gaae;  sufficiently  there  is  to  find  approximate 
solution,  which  ensures  the  average  gain,  close  to  worth  of  ga we. 

Tentatively  worth  of  gaae  v can  be  deterained  directly  from 
aatrix/die,  knowing  lower  worth  of  gaae  and  upper  8.  If  a and  8 are 
close,  then  virtually  there  ia  no  necessity  to  be  occupied  by  the 
searches  of  exact  solution,  and  it  suffices  it  will  be  as  optimum 
take  pure/clean  ainiaax  strategies.  In  the  sane  cases,  when  a and  8 
are  not  close,  approxiaate  solution  of  gaae  can  be  obtained,  using 
the  aethod  of  iterations. 

The  idea  of  this  aethod  is  reduced  to  following.  Is  developed 
"thought  experiaeat",  in  which  both  sides  A and  B apply  against  each 
other  their  strategies.  Experiaent  consists  of  the  sequence  of  the 
separate  "party/batches"  of  this  gaae.  Begins  it  froa  the  fact  that 
one  of  the  players  (let  us  say  A or  "we")  is  chosen  arbitrarily  one 
of  its  strategies,  for  exaaple  A-(.  Eneny  (B)  this  answers  that  of  his 
strategies  that  is  least  advantageous  for  us,  i.e.. 


is  converted 
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gain  with  strategy  M,  into  the  nininun.  This  coarse  we  answer  that 
our  strategy  which  gives  naxinun  gain  with  strategy  of  enemy  . 
Farther  - again  the  turn  of  eneny.  It  answers  our  pair  of  courses 
({  and  /Ijj.  that  its  strategy  which  gd  ves  the  smallest  average 

gain  to  one  party/batch  with  these  two  strategies  and,  etc.  At  each 
step/pitch  of  iterative  process,  each  player  answers  the  next  course 
of  other  that  his  strategy,  which  is  optinus  relative  to  all  previous 
courses  of  eneny,  considered  as  certain  "nixed  strategy",  in  which 
the  pure  strategies  enter  in  the  proportions,  determined  by  the 
frequency  of  their  application/use. 

This  aethod  of  the  construction  of  the  optinal  strategies 
represents  by  itself  certain  nodel  of  the  practical  "nutual 
instruction"  of  the  players  when  each  of  then  on  experiment  "probes" 
the  way  of  behavior  of  the  eneny  tries  to  answer  it  the  best  for 
itself  forn. 

It  is  possible  to  denonstrate  that  the  process  of  iterations 
descends;  if  this  alternating  sequence  of  party/batches  to  continue 
is  sufficient  for  long,  then  the  average  gain,  vhich  is  necessary  to 
one  party/batch,  will  approach  the  worth  of  gane  v>  and  of  frequency 
P,*,  P/n*;  Q**»  Qa*#  ...,  G)<\*  ■***»  which  were  applied 

strategies  klt  A2,  ...,  Ba,  B2 . ...»  fjn  in  this  "drawing",  they 
will  approach  probabilities  pa,  p2,  ...,  ^ qt,  q2,  in  the 
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optima  ailed  strategies : Sy,  * - (P,.  p«.  - (g,.  q, 


Calculations  show  that  the  convergence  of  aethod  - very  slow; 
however,  for  high  speed  ETsVH  [ 311BM  - digital  coaputer]  this  is  not 

serious  obstruction.  The  advantage  of  the  aethod  of  iterations  lies 
in  the  fact  that  its  coaplexity  comparatively  little  grows  with  an 
increase  in  the  si ze/diaension  of  table  a x n,  whereas  the  coaplexity 
of  the  solution  of  the  problea  of  linear  prograaainq  sharply 
increases  with  increase  in  a and  n . 

Page  490. 

Let  us  deaonstrate  the  application/use  of  an  iterative  aethod 
based  on  the  exaaple  of  gaae  "three  f inger/pins",  solved  by  us 
accurately  in  the  previous  paragraph.  The  fact  that  we  ho  >v  the 
solution  of  gaae  and  its  value  ('  *•  « 5)  , will  aid  us  to  consider 

the  accuracy  of  the  aethod  of  iterations. 

Bxaaple.  To  solve  by  the  aethod  of  iterations  gaae  with  the 


aatrix/die 


W * 


- 
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Solution.  Table  10.1  gives  the  first  of  30  step/pitches  of  the 
process  of  iterations.  In  the  first  colusn  is  given  the  amber  of 
party/batch  (pair  of  selections)  k*  in  the  second  - nuaber  i of 
selected  in  this  party/batch  strategy  of  player  A.  In  the  subsequent 
three  colunns  - "accumulated  gain"  for  first  k of  party/batches  with 
those  strategies  which  were  applied  player *s  both  in  the  previous 
party/batc  hes,  with  strategy/^  ^ 'this  party/batch  and 

with  strategies  Bt  , B2,  Bj^ti  ^n  t^iis  party/batch.  Prom  these 

accumulated  gains  is  emphasized  minimum  (if  such  minimum  gains 
several*  then  are  stressed  they  everything).  The  emphasized  number 
determines  by  itself  player's  most  advantageous  strategy  B in  this 
party/batch  - it  corresponds  to  the  number  of  that  strategy  for 
which  is  reached  the  minimum  of  the  accumulated  gain  (if  such 
minimums  several*  is  taken  any  of  then*  for  example*  by  random 
drawing).  Thus  is  enter/written  in  following  column  the  number  of 
optimum  reciprocal  strategy  of  enemy  j.  In  the  subsequent  three 

columns  is  given  the  accumulated  gain  for  k of  party/b  tches 

of  player 

respectively  with  strategies  At«  A2,  A,  a.  From  these  values 


JJ 
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is  written  aaxinus;  it  deteraines  by  itself  the  seiection  of  player's 
strategy  A in  following  party/batch  (following '{able  row).  In  farther 
colusss  Table  10.1  are  placed  these  data: 

v - sininus  accaaulated  gain,  divided  into  the  nuaber  of 

_ 

party/batcbes  k;  v - waxiaaa  accuanlated  gain,  divided  into  the 

CD  v+- 

nuaber  of  party/batches  k;  v*  •«  - tfceir  arithmetic  aean  (is  placed 

in  table  between  v aad  v) 

Value  v*  can  serve  (is  better  than  v aad  v)  as  approx  inate 
value  of  worth  of  gaae. 
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Counting  the  nuaber  of  cases  of  appl icatioa/use  with  the  player 
of  each  strategy  and  Dale  hia  to  the  nuaber  of  party/batches  k,  ve 
will  obtain  approxiaate  values  of  the  probabilities  with  which  are 

applied  strategies  in  the  optiaea  aixtnce 

5--t*  “ (Pi.  Pj.  /'»).  'V  =(<?,.  q„  </,)• 

As  can  be  seen  froa  Table  10.1,  value  v*  insignificantly  varies 
about  worth  of  gaae  v*5  (value  of  initial  gave  was  0r  we  added  to 
all  aatrix  eleaents  on  5). 

FOOTNOTE  * . Register  P,*  = p2  * 0. 5 is,  of  course,  randoa. 

ENDFOOTNOTE. 

Coanting  according  to  Table  10.1  frequencies  of  the 
application/use  of  strategies  A1#  ltl  A3  in  the  first  30 

party/batches,  we  will  obtain: 

P.*-*:,  0^0,267;  />,♦-.»/„-  0,5;  P/ -».'**  0.233. 

They  rende r/showei  sufficiently  close  to  the  known  to  us  froa  the 

solution  of  gaae  probabilities: 

Pi  “*/««  0,25;  />,=.'  ,=0,5;  p,  ■»'/,=  0,25* 

Analogously  for  player  B we  find  the  frequencies  of  strategies 

B|#  B,,  Bs  in  the  first  30  party/ batches: 

0.2;  0,5;  0.3. 


q,  * 0.25;  q*  = Q.5;  q,  = 0.25. 

But  for  us  indeed  are  important  not  precise  values  of  probabilities 
q»  , q2,  but  qa in,  which  is  ensured  to  us  by  the  application/use 

of  nixed  strateqies.  If  eaesy  will  mam  the  nixed  strategy 

3b*  =(0,2;  0,5;  0,3). 

Our  gain  (his  loss)  will  be  not  greater  than  5.10  (last/latter 
row  inTable  10.1),  that  only  a little  differs  fron  the  worth  of  game 
5.0.  Let  us  note  that  by  posing  practical  play  problea,  we  usually 
make  sinplif ication  and  the  assunptions  which  aake  excessive  pursuit 
of  the  high  accuracy  of  solution,  so  that  the  tentative  solution  of 
gaae,  obtained  by  the  nethod  of  iterations  (even  with  the  small 
number  of  "party/batches") , frequently  can  render/show  sufficient. 


Let  us  do  apropos  Table  10.1  still  one  observation.  In  it  are 
encountered  the  rows  (for  exaaple,  the  eighth,  twelfth,  twentieth  and 
so  forth),  where  all  three  values  of  gains  are  emphasised;  this  means 
that  is  reached  the  "position  of  equilibrium",  by  which  any  behavior 
of  eneay  gives  to  us  one  and  the  sane  gain,  namely,  worth  of  game  v 
Let  us  focus  attention  on  the  fact  that  for  these  rows 
real/actually  value  v reaches  accurately  values  v.  According  to 

i 
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sack  sign/criteria  it  is  possible  to  find  approximate  value  of  worth 
of  gase:  if  in  soae  consecutive  coluans  with  all  strategies  of 
contrary  side  is  ensured  approxinately  one  and  the  sane  gain,  this 
aeans  that  it  can  be  taken  for  approxiaate  value  of  worth  of  gaae. 

The  knowledge  of  approxiaate  value  of  worth  of  gaae  is  important  for 
during  stopping  the  of  process  of  iterations. 

Page  493. 

How  to  find  virtually  optiaal  strategies  after  the  process  of 
iterations  it  is  ended?  Let  us  return  to  Table  10.1  and  will  consider 
in  it  coluan  v.  Let  us  find  in  this  coluan  aaxiaua  cell/e  leaent.  In 
our  case  this  render/showed  v„,„  ■ 5 (rapdosly  equal  worth  of  gaae, 
but,  beginning  the  iteratiots,  we  indeed  it  not  know!)  . Proa  this  we 
consist  that  applying  the  aixed  strategy,  which  corresponds  tc  this 
row,  we  ensure  to  ourseives  the  gain,  not  less  than  5.  Let  us  count 
the  frequencies  of  strategies  for  the  20th  row.  Strategy  A,  was 
applied  by  us  5 tines  of  20,  strategy  ft*  - also  5 tiaes,  strategy  A* 

- 10  tiaes,  whence  we  take  tha  probabilities  of  strategies: 

Pi  - 0.25.  p,  - 0.5,  p,  = 0,25. 

which,  as  one  would  expect  that  it  coincides  (ia  this  case  it  is 
accurate,  but  not  approxinately)  with  the  optiaal  strategy  of  player 
A in  the  solution  of  gaae.  Let  us  do  the  sane  for  player  B.  Let  us 
consider  coluan  v and  will  find  in  it  ainiaua  nuaber  vinln. 


This  will 
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be  5.04,  attained,  for  exaaple  in  the  29th  row.  This  leans  that  if 
player  B will  apply  the  nixed  strategy,  which  corresponds  to  entire 
"past"  for  this  row:  qt  * 5/29  = 0.172;  q*  = 15/29  * 0.517;  qj  = 9/29 
3 0.311,  then  it  can  guarantee,  which  wild,  lose  no  sore  than  5.04. 
This  - is  better  than  value  5.10,  attained  v in  quite  last/latter 
row. 

Thus,  even  with  the  saall  nuiber  of  iterations  (k  = 30)  worth  of 
gaae  and  solution  are  located  with  satisfactory  accuracy. 

11.  Physical  lixtare  of  strategies. 

Solving  the  problems  of  the  theory  of  gases,  we  repeatedly  cane 
to  conclusion/derivations,  the  recoeaendiqg  players  to  apply  not  the 
purs/clean,  but  eixed  strategies.  Let  us  consider  a question 
concerning  the  actual  realization  of  eixed  strategies  in  practice. 

The  basic  region  where  is  applied  the  thecry  of  gaaes  - 
conflicting  situations,  connected  with  the  coabat  operations  where 
the  deliberate  counteraction  of  the  reasonable  eneny  is  not  subject 
to  do>ubt  and  always  eust  be  included  in  the  aodel  of  operation. 

The  problees  of  operations  research,  connected  with  coabat 
operations,  it  is  possible  to  conditionally  divide  into  two  class:  - 


i 
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•technical " and  "tactical"  probleas.  In  "technical"  problems  speech 
occurs  about  the  selection  of  the  rational  design  paraneters  of  the 
speciaen/saaples  used  ccnbat  of  technology.  In  "tactical"  problems 
speech  occurs  fros  the  nethods  of  the  coa-bat  employment  of  the 
already  available  technical  equipaent  with  the  assigned  parameters; 
this  - more  movable,  is  aore  "topical"  solutions.  Significant  part  of 
then  will  be  be  accepted  and  be  justified  in  the  course  of  quite 
coabat  operations. 

Let  us  consider  a question  concerning  the  application/use  of 
aixed  strategies  in  each  probleas. 

Page  494. 

ks  concerns  "tactical"  probleas,  here  the  applicability  of  the 
aixed  strategies  of  doubts  is  not  caused:  they  indicate  the  flexible, 
aovable,  always  unexpected  for  an  eneay  tactics.  The  advisability  of 
this  tactics  was  obvious  always;  by  play  nethods  it  is  possible  to 
only  justify  the  proportions  of  different  tactical  nethods. 

In  "technical"  probleas  natter  is  soaewhat  otherwise.  Let,  for 
exaaple,  the  speech  occur  froa  that  in  order  to  select  nade  of 
several  possible  versions  and  to  carry  oot  a new  speciaen/sanple  of 
araaaent.  Scarcely  whether  will  expedientdy  let  this  selection  of 
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chance.  Cor  exanple  toss  up  coin  and,  if  falls  coat  of  arms,  select 
the  first  version,  and  if  nuaeral  - the  second.  This  is  inexpedient 
at  least  because  the  essence  of  nixed  strategy  in  the  fact  that  its 
concrete/specific/actual  realization  always  renains  mystery  for  an 
enemy,  and  when  speech  occurs  about  lasting  solution,  at  enemy,  as  a 
rule,  will  be  the  tine  and  possibility  to  gather  information  about 
strategy  accepted  and  to  act  with  respect  to  it. 

In  siailar  problems  play  principles  can  be  applied  otherwise:  in 
the  fern  of  the  so-called  "physical  mixture  of  strategies".  The 
physical  nixture  of  strategies  is  called  such  mixture  with  which 
simultaneously  (in  one  or  several  operations)  they  are  applied 
several  strategies  in  the  specific  proportions;  for  example,  several 
speciaen/sanples  of  araaaent,  which  possess  different  properties.  If 
the  speciaen/saaples  used  are  sharply  different  in  their 
characteristics,  then,  using  physical  nixture  of  strategies,  we  can 
noticeably  increase  our  gain  in  comparison  with  that  casa  when  is 
applied  only  one  strategy.  The  proportions  in  which  must  be  mixed 
different  speciaen/saaples,  can  be  substantiated  on  the  basis  of  the 
principles  of  the  theory  of  gaaes. 

As  the  exanples  of  the  physical  nixture  of  strategies,  it  is 
possible  to  give:  - application/use  in  autoaatic  gun  of  ammunition 
belt,  complete  cartridges  of  different  types  (armor-piercing. 
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ignition,  explosive) ; - arrangeaent  in  the  band  of  PVO  of 
antiaircraft  coaplexes  with  different  characteristics;  - 
application/use  in  the  coabat  operations  of  aaifocn  fighters  with 
different  araaaent,  etc. 

Strictly  speaking,  the  physically  nixed  strategy  is  that  not 
nixed,  bat  pure/clean;  its  paraaeters  are  the  proportions,  in  which 
are  nixed  separate  specinen/sanples.  However,  stated  so  play  problem 
proves  to  be,  as  a rule,  very  coaplex  (at  least  because  the  number  of 
strategies  in  this  case  it  is  infinite).  In  the  first  approxiaation, 
it  is  possible  to  solve  the  problen  of  the  establishneat  of  these 
proportions  on  the  basis  of  the  theory  of  final  ganes  and  by 
substituting  the  optiaun  nixed  strategy  by  physical  nixture.  This 
approxinate  solution  of  the  gane  nost  of  all  is  approached  in  the 
case  when  the  situation  of  the  coabat  eaployaent  of  specimen/samples 
of  araanent  previously  is  not  coapletely  clear;  in  this  case,  the 
presence  as  arns  simultaneously  of  several  specinen/saaples  with 
different  characteristics  and  to  a certain  degree  ensures  their 
application/use  in  conbat  operations  in  those  proportions  on  the 
average,  in  which  they  are  in  the  presence. 

Page  495. 


Exanple.  Available  are  the  worked  out  four  speciaen/saaples  of 
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the  AA  guided  eissiles:  At,  A,,  A,,  AM  intended  foe  shooting  at 
aircraft;  ace  known  the  aircraft  types  of  eneay  Bi,  B3,  B3 , b4  , b5, 
which  it  can  apply;  however,  it  is  unknown  previously  * in  which 
proportions  The  kill  probability  of  the  aircraft  of  eaeay  so  on 
ap pi icatio p/use  of  each  type  of  arwaaent  is  assigned  by  the 
aatrix/die: 


B, 

n. 

o. 

P 

A, 

I 

6 

0,2 

0,  t 

0,6 

0,4 

0.7 

A. 
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o,3 

0,6 

0,5 

0.8 

A, 

\ 

0.4 

0,6 

0,5 

0.8 

A. 

S 

0.7 

li.  j 0,o 

' 2 

0.1 

It  is  required,  on  the  basis  of  the  principles  of  the  theory  of 
ganes,  to  justify  the  proportions  in  which  it  is  necessary  to  order 
the  araaaept  of  different  types. 

Solution.  Be  note  that  strategy  Aa  is  knowingly  unfavorable  in 
coaparison  with  A2 ; strategy  A2,  is  knoyiqgly  unfavorable  in 
coaparison  with  As;  gaae  is  reduced  to  gaae  2x5  with  the 
aatrix/die: 


B. 

A, 

B, 

B. 

B« 

B, 

Aa 

I O'* 

0.5 

0,6 

0.5 

0.8 

A. 

0,3 

0,5 

0.2 

0.1 

Further,  we  note  that  strategy  B»  for  an  eneay  is  clearly 


1 

» 
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unfavorable  in  comparison  with  Bf,  and  Ex  - in  coaparison  with  B 
Be aaias  9a ae  2 x 3 with  the  aatrix/die: 


Let  as  construct  the  geonetric  interpretation  of  game  (Fig. 
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Pro*  carve/graph  it  is  evident  that  active  strategies  of  eneay  they 
are  Bt  and  B*;  gaae  is  reduced  to  gaae  2x2: 


6X 

B. 

a>  | «.« 

0,5 

A,  jj  0,7 

0.2 

Be  find  the  solution  of  the  gaae: 


where 


S A*  — (0,  0,  p S,  pt), 

0,2-0, 7 _ 5 _ J_ 

Pi  0,4  + 0,2 — 0,5 — 0,7  6’  F>  P‘~  6 ’ 

0,2-0, 4 — 0,5-0, 7 _9_ 

' “ 0,4+0, 2 — 0.5—  0,7  = 20  =*0’45- 


Thus,  on  the  basis  of  the  principles  of  the  theory  of  games,  ve 
take  the  recoaaendations:  not  to  order  at  all  speciaen/saa pies  A,  and 
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A2,  but  speciaen/saaples  l„  A,  to  order  in  proportion  5:1.  In  this 
case,  the  average  kill  probability  of  the  aircraft  of  enemy  (during 
the  mass  application/use  of  specinen/saaples  of  arnaaent)  let  us  be 
aaxiaua  (it  is  not  below  0.45). 

12*  Ce  11/e leaents  of  the  theory  of  statistical  solutions. 

in  the  problens  of  the  theory  of  gaaes,  examining  the 
operations,  conducted  under  conditions  of  indeterainancy/uncertainty, 
ve  they  connected  this  indeterainancy/uncertainty  vith  the  unknown 
for  us  behavior  of  the  eneay  they  proceeded  froa  the  fact  that  this 
eneay  it  is  "reasonable  and  ill-intentioned"  it  launches  those  and 
precisely  those  actions  vhich  for  us  are  least  advantageous. 

However,  during  operations  research  is  necessary  to  meet  not 
only  this  fora  of  indeterainancy/uncertainty.  Very  frequently  the 
indeterainancy/uncertainty,  which  accoapanies  operation,  connected 
not  with  the  conscious  counteraction  of  the  eneay,  but  it  is  simple 
froa  our  insufficient  intonation  about  the  conditions  under  which 
will  be  carried  out  the  operation.  Thus,  for  instance,  can  be 
previously  unknown:  weather  in  certain  region,  purchasing  demand  on 
of  the  specific  fora  production,  the  voluae  of  transport  which  it  is 
necessary  to  iapleaent  to  railroad  and,  etc. 


PS 
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In  all  of  this  type  the  cases  of  the  condition  of  the  execution 
of  operation  depend  not  on  consciously  counteracting  to  us  enensy,  but 
on  the  objective  reality  vhich  in  the  theory  of  solutions  is 
conventionally  designated  as  MnatureN.  The  corresponding  situations 
are  frequently  called  "gases  with  nature*,  "nature*  in  the  theory  of 
statistical  solutions  is  considered  as  certain  disinterested  instance 
whose  "behavior"  is  unknown*  but*  in  ary  case*  does  not  contain  the 
cell/eleeent  of  the  conscious  counteraction  to  our  plan/layouts. 

Let  us  consiler  of  this  type  situation.  Let  there  be  at  us  (side 
A)  a of  possible  strategies:  At*  A,,  ...»  Am\  as  concerns  situation* 

about  it  it  is  possible  to  do  n of  assunptions  11,.  Ht 11*—  let  us 

coqsider  then  ns  "strategy  of  nature". 

Page  497. 

Our  gain  au  with  each  pair  of  strategies  At,  11,  is  assigned  by 


■atrix/die  (Table 

/a,/ 

12.  1)  : 

V 

n. 

n 

“n 

"«i 

... 

i 

A, 

0„ 

... 

°«n 

...  1!  

Am 

°mn 
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It  is  required  to  select  player's  such  a strategy  A (pure/clean 
or  sired),  which  is  preferable  (sore  advantageous)  ia  coaparison  with 
cfc.he  rs. 


At  first  glance  it  can  sees  that  stated  problem  is  sivpler  than 
the  recreation  area,  since  it  does  net  contain  counteraction.  It  is 
real/actual,  that  sakes  decision  in  gane  with  nature  sore  easily  in 
that  sense,  that  it,  aost  likely,  will  be  obtained  in  this  game 
larger  gain  than  in  gane  against  conscious  enemy;  however  to  it  to 
with  note  difficulty  nake  the  substantiated  decision  which  will  give 
a good  gain.  The  point  is  that  in  play  conflicting  situation  the 
assunption  about  the  dianetcic  opposition  of  the  interests  of  enemy 
by  our  in  a sense  seeningly  renove/takes  indeterninancy/uncertaint y. 
But  if  this  assunption  cannot  be  done,  iadeterninancy/uncertai nty 
naqifests  itself  to  nuch  more  powerful  degree. 

The  sinplest  case  of  the  selection  of  solution  under  conditions 
of  indeterninancy/uncertainty  is  the  case  when  soae  one  of  player's 
strategies  A exceeds  others  ("prevails"  above  then)  as,  for  example, 
it  is  shown  in  Y&ble  12.2. 


In  this  table  gain  with  strategy  Ax  in  any  state  of  nature  n; 


L~I — -HT'JlTf  " 
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not  lass  than  gain  with  any  other  strategy;  that  seans  strategy  A 2 is 


preferable  ("prevails"  above  all  others),  and  with  it  it  should  be 


Page  4 98 


If  in  even  in  aatrix/die  there  is  no  prevailing  strategy,  all 
the  sane  one  should  look  over  it  at  the  visual  angle  of  strategies, 
knowingly  unfavorable  for  a player#  worse#  than  at  least  one  of  the 
others#  or  that  duplicate#  which  nust  fee  reject/thrown.  Por  example, 
in  Table  12.3  it  is  possible  to  reject/throw  strategies  At,  A2 , 
knowingly  unfavorable  in  conparison  with  A*#  and  strategy  A,  - in 
coaparison  with  A,,  as  a result  of  which  aatrix/die  it  will  be 
reduced  to  aatrix/die  2x5  (see  Table  12.4). 

Let  us  focus  attention  on  following:  in  gaae  against  reasonable 
eneay#  we  would  reject/throw  for  it  strategy  I~l,  as  unfavorable  in 
coaparison  with  n4,  and  n4  - in  coaparison  with  nv  in  "gaae  against 
nature"  this  cannot  be  nnde#  since  "nature"  does  not  choose  its 
strategy  (state)  so  that  as  such  as  possible  to  us  "to  do  han". 
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Subsequently  we  will  assuae  that  the  analysis  of  aatrix/die  and 
the  rejection  of  knowingly  unfavorable  and  duplicating  strategies  are 
already  produced. 

How  to  us  to  be  guided  in  the  natter  of  asking  decision  in  the 
situation  of  indeterainancy/uncertainty,  if  not  one  strateqy  does 
prevail  above  otha rs7  It  is  clear  that  we  aust  proceed  froa  the 
aatrix/die  of  gains  (o(i).  However*  soaetiaes  the  picture  of  situation, 
which  gives  the  aatrix/die  of  gains,  ccntains  its  kind  of 
"d istcrtion". 

Let  us  explain,  that  we  keep  in  nind.  Let  us  assuae  that  the 
gaia  in  strategy  A,  and  state  of  nature  n,,  is  aore  than  in  strateqy 
A„  and  state  of  nature  n,: 

But  the  first  gain  can  be  aore  than  the  second  not  because  we 
selected  aore  successful  strategy,  but  it  is  siaple  because  the  state 
of  nature  (1,  "is  aore  advantageous"  for  us  than  state  11,. 
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Table  12.4 


For  exanple,  for  any  economic  operation  state  the  "absence  of  the 
natural  calamities"  generally  is  aore  favorable  than  state  "flood", 
"earthquake",  etc.  It  is  represented  desirable  to  introduce  such 
indices  which  would  not  siaply  give  gain  in  each  situation,  but  would 
be  described  "success"  or  "failure"  of  the  application/use  of  datum 
of  strategy  in  this  situation,  taking  into  account  that,  how 
generally  this  situation  was  favorable  for  us. 


For  this  purpose,  in  the  theory  of  solutions,  is  introduced  the 
inportant  concept  of  "risk". 


II, 

II 

n. 

li. 

* ] 

■ 1 

2 

* 

5 

3 

; ^ 7 

6 

7 

3 

1 

11, 

II 

11. 

n. 

n. 

.4, 

5 

3 

* 4 

2 

1 

* i 

5 

3 

2 

1 

1 

>1, 

> 

o 

5 

4 

3 

7 

6 

7 

3 

1 

A*  | 1 

2 

3 

4 

3 

h 


I 


i 


1 


i 


! 

I 


DOC  = 78068724 


tteeU& 


The  risk  of  the  player  during  the  use  of  strategy  A,  under 
conditions  n,  is  called  the  difference  between  the  gain,  which  he 
would  obtain,  if  he  would  know  that  n>(  and  by  the  gain  which  it  will 
obtain  under  the  sane  conditions,  applying  strategy  A, 

Let  us  designate  ru  player's  risk  with  his  strategy  A,  under 
conditions  n,.  Is  expressed  risk  ru  through  the  natrix  elements  of 
gains  It  is  ob  vious,  if  player  knew  previously  the  state  of 
nature  (condition)  D„  he  would  select  the  strategy  to  which 
corresponds  the  aaxiaua  gain  in  this  chair,  it  is  shorter,  the 
"uaxiaua  of  colunn"  - let  us  designate  it,  as  earlier,  Pj.  According 

to  the  detersination  of  risk, 

ru  ” Pi  ~au<  (12.1) 

where  = maxa(/. 

i 

Pros  this  detersination  it  follows  that  the  risk  cannot  be 
negative:  ,„>0. 

During  the  calculation  of  the  risk,  which  corresponds  to  each 


strategy  under  given  conditions,  is  considered  coaaon/general/tota 1 
favorableness  or  ii nfavorableness  for  us  of  this  state  of  the  nature: 
value  p,  serves  as  if  cr  iter  ion/standard  of  f avorableness  of  state. 
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The  aatrix/die  of  risks  (rlt)  gives  the  often  nore  demonstrative 
picture  of  the  indefinite  situation,  than  the  aatrix/die  of  gains  (a,;). 


Bxanple  1.  The  operation  is  planned  under  the  previously  unclear 
coqditions,  which  concern,  for  exanple,  market  conjuncture.  Relative 
to  these  conditions  it  is  possible  to  do  different  assumptions;. 

nt,  nt,  n4. 

The  advantage  of  operation  (expected  gain)  with  our  strategies 
M()  for  varied  conditions  (n>)  is  assigned  by  the  natrix/die  of  gains 
(au)  (fable  12.5). 


Table  12.5 
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To  construct  the  aatrix/die  of  risks  ( rl} ). 
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Solution.  Each  aatrix  eleaent  is  subtracted  fros  aaxinuni  in  this 

colusn  value  (in  the  first  colusn  this  = 4,  in  the  others  p*  = B, 

1 ^ 

9a  3 0*  3 9-  He  obtain  the  aatrix/die  of  risks  (table  12.4). 


Tables  12.6 


Hith  view  on  this  aatrix/die  to  us  becoae  clearer  soie  features 
of  this  "gaae  with  nature",  so,  in  aatrix/die  from  gains  {au)  (see 
Table  12.5)  in  tha  second  row  the  first  and  last/latter  cell/elements 
were  equal  to  each  other:  a2i  = a**  = 3. 

However,  these  gains  are  entirely  nofegui valent  to  each  other  in 
the  sense  of  that,  is  how  successfully  selected  strategy:  in  the 
state  of  nature  H,  ae  could  win  larger  anything  4,  and  the  selection 
of  strategy  A * is  alaost  completely  good;  but  thus  in  state  D,  we 
could,  after  selecting  strategy  Ai,  to  win  on  whole  6 ones  is  aore, 
i.e. , the  selection  of  strategy  A*  very  poor.  This  is  reflected  by 
the  aatrix  elenents  of  the  risks:  r4l  * I,  ra*  * 6. 


That  that  we  aade,  until  now,  - altogether  only  different 
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nethods  of  the  grouping  of  initial  data;  as  concerns  criteria  for 
■aking  of  decisions,  we  then  will  consider  in  following  paragraph. 

13.  Criteria,  based  on  the  known  probabilities  of  conditions. 
Criteria  of  Hald,  Hurwitz,  savage. 


Most  sinply  is  solved  the  problen  of  the  selection  of  solution 
under  conditions  of  the  indeterninancy/uncertainty  when  to  us 
although  are  unknown  the  conditions  of  the  eiecution  of  operation 

(state  of  nature)  FI,.  FI, nn.  but  are  known  to  their  probability: 

Qi“^<n,);  Q.-Pfn,);  Q„» />(!!„) 


In  this  case  as  the  index  of  efficiency  which  we  attenpt  to  turn 
into  naxinun,  it  is  logical  to  take  average  value,  or  the 
nathenatical  expectation  of  gain,  taking  into  account  the 
probabilities  of  all  possible  conditions. 

Page  501. 

Let  us  designate  this  average  value  for  player's  i strategy  through  a, 


ai  U|J  + Qt°lt  H ••• 


a,  - 


^flo- 


or, it  is  shorter. 


(13.1) 


? 
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It  is  obvious*  a,  to  eat  nothing  else  but  is  weighted  wan  the 
gains  of  the  i row,  undertaken  with  weights  Qt  , Q2 , ....  Qn.  As  the 
optiaal  strategy  it  is  logical  to  select  that  froa  strategies  A*  = 

A„  for  which  value  a,  is  converted  into  aaxiaua. 

iith  the  help  of  this  aethod  the  problea  of  the  selection  of 
solution  uqder  conditions  of  indeter ainancy/uncertainty  is  converted 
into  the  problea  of  the  selection  of  solution  under  conditions  of 
definition,  only  taken  solution  is  optinua  not  in  each  individual 
case,  but  on  the  average. 


Exaaple  1.  Plan/glides  operation  under  previously  unknown 
aeteorological  conditions;  the  versions  of  these  conditions;  n,.  nt.  r^.  ri. 
According  to  the  aaterials  of  weather  reports  after  aany  years  of 


the  frequency  (probability)  of  these  versions,  are  equal 


respectively:. 


V,  = 0.1;  Q,  ~ 0.2;  Q,  - 0.5;  (J,  - 0.2 


The  possible  versions  cf  the  organization  of  operation  in 
different  aeteorological  conditions  yield  different  advantage.  The 
values  of  "incoae”  for  each  solution  under  different  conditions  are 
given  in  Table  13.  1. 


\ 

! 
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11. 

li 

11, 

* 1 

* . 

f 

0 i 

5,2* 

A,  3 

3 

4.5 

* 

4 

6 . 

6 

2 ; 

5,0 

0,1 

0.2 

0.5 

j 

In  last/latter  row  are  given  to  the  probability  of  conditions. 
Average  gains  are  given  in  last/latter  coluin.  Proa  it  it  is 
evident  that  the  optimal  strategy  of  player  is  his  strategy  A*  = A,, 
which  gives  the  average  gain  at  = 5.2  (it  is  noted  by  asterisk). 

When  selecting  of  the  optimal  strategy  under  unknown  conditions 
with  known  probabilities,  it  is  possible  to  use  only  average  gain 

n 

ai  — 2 Qj  atj> 

but  also  by  the  average  risk 

n 

U = 2 Qi  r„. 

; » I 

which,  it  goes  without  saying,  mast  be  converted  not  into  maximum, 
but  into  the  minimum. 

Page  502. 


Let  us  show  that  strategy,  which  maximizes  average  gain  a„ 


f 


I 
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coincides  with  strategy,  which  ainiaizes  average  risk  rt.  Let  us 
coapute  both  thesa  of  index  and  will  add  then: 

n n 

ai  +ri  = 2]  Q/(P>  — <*u)  = 

/—  i / = i 

= 2 + 2 Qj  to  = 1 Q;to-  (13.2) 

i=i  ;=  I /=  i ;=  l 

This  sua  (weighted  aeao  value  of  the  aaxiauas  of  coluins)  for 
this  aatrix/die  is  a constant  value.  Let  us  designate  its  C: 


Then 


whence  average  risk  is  equal. 


2Q,to  = C. 

;=  i 


ai  +ri  — C, 


rt=C—at. 


It  is  obvious,  this  value  is  converted  into  the  ainiaun  at  the 
saae  tine,  when  a,  - into  aaxiaua,  therefore,  strategy,  selected 
froa  the  conditions  of  ainiaun  average  risk,  coincides  with  strategy, 
selected  froa  the  conditions  of  aaxiaua  average  gain. 


Let  us  note  that  in  the  case  when  are  k?own  to  the  probability  of  the 
states  of  nature  Qt,  Q2,  ...,  Q„.  during  the  solution  of  game  with 
nature  always  it  is  possible  to  nanage  with  soae  pure  strategies, 
without  applying  those  aixed.  It  is  real/actual,  if  we  are  apply  some 


aixed  strategy 


— ( Pl>  Ptt  Pm)’ 


i.e.  strategy  At  with  probability  p(,  strategy  A2  with  probability  p2 


I 
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and  so  forth,  then  our  average  gain,  averaged  and  according  to 
conditions  (states  of  nature)  and  on  our  strategies,  will  be: 

fl-Pia|  + PtOt+  ... 

This  - is  weighted  wean  the  gains  a,,  which  correspond  to  our 
pure  strategies. 

Page  503. 

But  it  is  clear  that  any  average  cannot  exceed  naxiaua  fron  the 

averaged  values:  - 

a^maxa,. 

Therefore  the  application/use  of  aixed  strategy  Sa  *ith  any 
probabilities  pt,  px,  ...,  cannot  be  sore  advantageous  for  a player 
than  the  application/use  of  pure  strategy  A*. 

The  probabilities  of  conditions  (states  of  nature)  , Q2 , . .., 
Qn  can  be  deternined  fron  statistical  data,  connected  with  repeated 
execution  sinilar  operations  or  siaply  with  conducting  of 
observations  on  by  the  properties  of  nature.  For  exaaple  if  railroad 
for  this  tine  interval  one  nust  fulfill  not  the  conpletely  known 
voluae  of  transport,  then  the  data  on  the  distribution  of  conditions 
cm  be  undertaken  fron  an  experinent  in  the  past  years.  If,  as  in  the 
previous  exaaple,  the  success  of  operation  depends  on  neta or oloqical 
conditions,  the  data  on  then  can  be  undertaken  fron  the  statistics  of 


f 
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weather  reports. 


However#  frequently  are  encountered  the  cases  when,  beginning 
the  execution  of  operation#  we  do  not  have  an  idea  of  the 
probabilities  of  the  states  of  nature;  all  the  our  information  leads 
to  the  enumeration  of  the  versions  of  states#  and  to  consider  their 
probabilities  we  not  can.  Thus#  for  instaqce#  scarcely  whether  to  us 
be  managed  to  reasonable  consider  probability  that  during  nearest  k 
of  years  will  be  suggested  and  realized  the  important  technical 
invention. 


It  goes  without  saying  that  in  the  similar  cases  of  the 
probability  of  conditions  (states  of  nature)  they  can  be  estimated 
subjectively:  soma  of  them  are  represented  to  us  more#  and  others  - 
by  less  plausible.  In  order  our  subjective  representations  of  greater 
or  the  smaller  "likelihood"  of  one  or  the  other  hypothesis  to  convert 
into  numerical  estimations,  can  be  applied  different  technical 
methods.  So#  if  we  cannot  prefer  one  hypothesis#  if  they  everything 
for  us  are  equal,  then  it  is  logical  to  assign  their  probabilities 
equal  each  other: 

- •<?,  - 1 1n. 

This  - the  so-called  "principle  of  Laplace's  insufficient 
basis/base".  Another  frequently  encountered  case  - when  we  have  a 
representation  of  which  conditions  are  more  protable#  but  which  - 

I 

Ji 
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less,  i.e.  , we  can  place  the  available  hypotheses  in  descending  order 
of  their  likelihood:  in  all  is  plausible  the  first  hypothasis  (n,), 
then  the  second  (nt)  and  so  forth;  least  of  all  is  plausible  the  n 
hypothesis  (n„).  However,  how  one  of  then  sore  probable  another  - we  do 
not  know.  In  this  case  it  is  possible,  for  exasple  to  assign  the 
probabilities  of  hypotheses  proportional  to  the  terns  of  the 
decreasing  arithnetical  progression: 

Q,  .Qt  :(n  — 1)  : 1, 

or,  taking  into  account  that  Qi  + Qt  + •••  + Qn=l. 
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Q , 


2("-<+  I) 
«(<!+  I) 


<f-l.  2. 


n). 


Sonetines  it  succeeds,  on  the  basis  of  experiment  and  the  comnon 
sense,  to  consider  fine/thinner  differences  between  the  degrees  of 
the  plausibility  of  hypotheses. 

Sinilar  nethods  of  the  subjective  evaluation 
"probability- likelihood"  of  different  hypotheses  about  the  state  of 
nature  can  sonetines  aid  when  selecting  of  solution.  However,  it 
cannot  be  forgotten  which  "optinun  solution",  selected  on  the  basis 
of  subjective  probabilities,  also  will  unavoidably  render/shov 
subjective.  The  degree  of  the  subjectivity  of  solution  can  be 
decreased,  if  we  instead  of  probabilities  , Q*,  ..., 


Q„,  assigned 
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arbitrarily  by  on*  person,  introduce  average  of  such  prooa bi li ties, 
assigned,  it  is  independent  of  each  other,  by  the  group  of  the 
qualified  persons  ("experts").  The  aethod  of  experts's  interrogation 
is  generally  widely  applied  in  contenporary  science,  when  speech 
occurs  about  the  evaluation  of  the  indefinite  situation  (for  example, 
in  futurology).  An  experiaect  in  the  a ppl icaticn/use  of  similar 
aethods  teaches  that  often  the  estiaatioas  of  the  experts  (accepted 
independently  one  of  another)  prove  to  be  by  no  neans  so/such 
contradictory,  as  this  it  was  possible  to  assuae  previously,  and  to 
deduce  of  then  soae  prerequisite/preaisea  for  Baking  of  reasonable 
decision  is  coapletely  possible. 

Above  we  threw  light  a question  concerning  the  selection  of 
solution  on  the  basis  of  the  objectively  calculated  or  subjectively 
assigned  probabilities  of  the  states  of  nature.  This  approach  in  the 
theory  of  solutions  - not  only.  Besides  it  there  exist  still  several 
of  the  "criteria"  or  of  approaches  to  the  selection  of  optiaum 
solution  under  conditions  of  indeterninancy/uncertainty.  Let  us  pause 
at  sone  of  then. 

1.  Haxinin  Maid  criterion. 

According  to  this  criterion  as  optinua,  is  chosen  player's  that 
strategy  A,  by  which  niniaun  gain  is  aaxinun,  i.e.,  strategy,  which 
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guarantees  under  any  conditions  the  gain*  not  lass  than  the  maximin: 

W = max  min  a,;.  (13.4) 


If  we  are  guided  by  this  criterion*  necessary  always  to  be 
oriented  toward  the  worse  conditions  and  to  choose  TO  strategy,  for 
which  in  the  worst  conditions  the  gain  is  aaxiaua.  Using  this 
criterion  in  gases  with  nature,  we  seeaingly  place  of  instead  of  this 
iapersonal  and  disinterested  instance  active  and  ill-intended  enemy. 
It  is  obvious,  this  approach  can  be  dictated  only  by  extreme 
pessinism  in  the  evaluation  of  situaticn  - "it  is  always  necessary  to 
rely  cn  is  worse"  ! -,  but  as  one  of  the  possible  approaches  it 
nerits  consideration. 


2.  Criterion  of  the  nininax  risk  of  Savage. 


This  criterion  reconnends  under  conditions  of 

0/?e- 

indeterninancy/uncertainty  to  choose  strategy  with  which  the  value 


of  risk  takes  snail  value  in  nost  unfavorable  situation  (when  risk  is 
naxinun) : 


I = mm  max/-,.. 
i i 


(13.5) 
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Essence  of  this  criterion  in,  by  any  ways  avoiding  the  large 
risk  with  the  taking  of  solution. 


jJ 


h 


11 
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The  criterion  of  Savage,  just  as  the  criterion  of  Hald  - this 
the  criterion  of  extreme  pessimist,  but  only  pessiaisa  is  here 
understood  differently:  worse  declares  not  ainiaua  gain,  but  the 
aaxiaua  loss  of  gain  in  coaparison  with  the  fact  that  it  would  be 
possible  to  achieve  under  given  conditions  (aaxiaua  risk). 

3.  Criterion  of  Hurwitz*  pessiaisa-optiaisa. 


This  criterion  is  recoaaended  under  conditions  of 
iadeterainancy/uacertainty  when  selecting  of  solution  not  to  be 
guided  either  by  the  extreaa  pessiaisa  (always  rely  on  the  worst!)  or 
by  the  extreme,  frivolous  optiaisa  (continually  will  aanage  best!) 
Hurwitz'  criterion  it  takes  the  fora: 


ZK  = max  Jx  min  a } + (1  — x)  max  at>] , 
/l  I ) 


(13.6) 


where  x—  the  coefficient,  selected  between  zero  and  one. 


He  analyze  the  structure  of  expression  (13.6).  When  x=l 

criterion  of  Hurwitz  is  converted  into  pessiaistic  criteria  of  Hald, 

while  with  x = 0 - into  the  criterion  of  "extreme  optiaisa",  which 

tkoJtra»<^ 

recoaaends  to  choose  VV'stratsgy,  for  which  under  the  best  conditions 
the  gain  is  aaxiaua.  Hith  0<x<l  it  is  obtained  something 


average  aaong  extreae  pessiaisa  and  the  extreae  optiaisa  (coefficient 
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x expresses  as  the  "aeasure  of  researcher's  pessimism").  This 
coefficient  is  chosen  of  the  subjective  considerations  - than  more 
dangerous  situation,  the  note  ve  Nish  in  it  " to  fear",  the  nearer  to 
one  is  chosen  x. 

With  wish  it  is  possible  to  construct  the  criterion,  analogous 

to  the  criterion  of  Hurwitz'  opiin isn- pessimism  by  proceeding  not 

* • 

fron  gain,  but  fros  scratch  as  in  the  criterion  of  Savage,  but  we  on 

% 

this  will  not  be  stopped. 

Despite  the  fact  that  the  selection  of  criterion  as 
identification  of  paraaeter  in  Hurwitz*  criterion,  they  are 
subjective,  all  the  sale  it  can  render/show  on  desire  to  look  over 
situation  froa  the  point  of  these  criteria.  If  the  recommendations, 
which  result  froa  different  criteria,  coincide  - so  much  the  better, 
it  is  possible  to  boldly  choose  recommended  with  then  solution.  But 
if,  as  so  often  is  the  case,  recoaaendations  contradict  each  other  - 
it  always  aakes  sense  to  be  planned  above  this  and  to  sake  final 
decision  taking  into  account  his  powerful  and  weak  sides.  The 
analysis  of  the  mat'rix/die  of  gaae  with  nature  at  the  visual  angle  of 
different  criteria  frequently  gives  better/best  representation  of 
situation,  of  advantages  and  disadvantages  in  each  solution,  than  the 
direct  exaaination  of  natrix/die,  especially,  when  its 
siie/dimen sions  are  great. 


Example  2.  Is  examined  gaae  with  nature  4x3  with  player's 
four  strategies:  k A*,  k3,  A*  and  by  three  versions  of  conditions 
(states  of  nature):  n,.  n„  n.  The  eatrix/die  of  gains  is  given  in  Table 
*e  13.2. 
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To  find  optimum  solution  (strategy),  using  tne  criteria  of  Wald 
and  Savage  and  Hurwitz’  criterion  when  * “*  °.6- 

Solution.  1.  Criterion  of  Wald. 

In  each  matrix  low,  we  take  t lie  snallest  gain  (fubl  a 13.3). 

From  value  *i  maximum  (it  is  ncttd  by  asterisk)  is  equal  to 
0.  2S,  therefore,  on  the  criterion  of  Wald  optimum  is  strategy  A3. 

2.  Criterion  of  Savage. 

We  construct  the  matr ix/dio  of  risks  and  we  place  in  right 
additional  column  the  maximum  risk  in  each  low  Yi  (Table  13.4). 

Minimum  from  values  v>  it  is  O.oC  (it  is  noted  by  asterisk)  ; 
consequently,  on  the  criterion  of  Savage,  optimum  is  any  of 
strategies  A;,  Aj. 


— — . 
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3.  Criterion  of  Hurwitz  (x^o.6). 

We  record/write  in  the  right  three  coluaiu  oi  aiatnx/die  (table 
H.5)  the  "pessimistic"  estimation  of  gain  ®i.  "optimistic"  <«,  and 
them  weighted  mean  according  to  formula  (1  l.b)  : 

Ae-O.ta^  + o.-io),, 

Maximum  value  (noted  by  asterisk)  corresponds  to  strategy 

Aj.  Consequently,  or.  Hurwitz'  criterion  witn  light/lung  preponderance 
to  the  side  of  pessimism  (x  ■=•  0.6)  the  optimal  strategy  is  A3.  Thus,  all 
the  three  criteria  accordingly  speak  in  favor  cf  strategy  A3,  which 
we  have  all  foundations  for  selecting. 
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Tab/e  / 3.  7. 


n> 

n, 

_ 

n. 

i «, 

*'*  l 2 

3 

4 1 5 2* 

1 1 

* i 5 

4 

1 

2 ) 1 "" 

1 A.  | 7 | 

o 

8 

• ! ‘ 1 
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Example  3.  Is  examined  game  against  nature  3x4  with  the 
matrix/die  of  gains,  placed  in  'Table  13.6. 

To  select  the  optimal  strategy  cn  the  criteria  of  rfuld,  Savage, 
and  Hurwitz  when  x = o,5 

Solution  1.  Criterion  of  Wald  (Tafcle  1j.7). 

Optimal  strategy  At. 

2.  Criterion  of  Savage  {Table  13.fi). 

Optimal  strategy  A3. 

3.  Hurwitz*  criterion  (x  = 0.5)  (Table  13.9). 
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Optimal  strategy  A3. 

Thus,  the  criteria  of  Savage  and  Hurwitz  speak  in  favor  of 
strategy  A3,  whereas  the  criterion  of  Wald  is  r ecommended  At.  If  of 
that  making  decision  there  are  no  special  basis/bases  it  stops  to  the 
point  cf  extreme  pessimism,  it  is  possible  to  stop  at  strategy  A3. 

In  conclusion  let  us  note  following.  Ail  the  three  criteria  - 

Wald,  Savage,  and  Hurwitz  - have  formulated  for  the  pure 

strategies;  but  completely  thus  it  is  possible  to  form  tnam,  also, 

for  mixed  strategies,  for  example,  according  tc  the  criterion  of 

t h a:-t 

Savage  one  should  choose  mixed  strategy 

'-’e  =(Pl>  Pi < —i  Pm)’ 

for  which  it  is  reached 

min  max  (Pj + ...  +Pmrm)) 

(p,.  p2 Pm)  1 

(minimum  is  taken  on  all  p1#  p2,  ...,  Pm  > o,  Pl  +_Pt,  +...  + pm  = If  To 
find  this  minimax  (or  maximin  in  the  criterion  of  Wald)  is  possible 
the  usual  methods  of  linear  programming. 

There  can  be  the  cases,  when  application/use  of  mixed  strategies 
with  the  use  of  the  criteria  of  Wald,  savage,  and  Hurwitz  will  give 
advantage  in  comparison  with  that  solution  where  are  applied  some 
pure  strategies;  however,  we  will  examine  tnese  criteria  only  for  the 
pure  strategies. 
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Table  U.8. 


Table  13.9. 


Faye  5 09. 

Cue  Of  the  reasons  for  this  - the  tact  that  we  wish  to  avoid  complex 

calculations,  when  their  result  can  be  reduced  cn  no  by 

de f iciency/ lack  in  the  information  about  situation  (not  knowing  the 

i r cbab i 1 it ies  of  conditions).  Another,  sort  important  terson  - in  the 

tact  that  the  basic  content  of  tne  theory  of  tut  statistical 

solutions  (we  will  touch  it  in  tollowiny  paragraph)  - this 

yl id ing/planning  of  obtaining  and  use  cf  further  rnformation  about 
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the  state  of  the  nature  which  can  fce  extracted  vit  experiment. 
Research  shows  that  in  the  typical  cases  when  speech  occurs  about 
obtaining  of  any  considerable  quantity  of  further  information,  the 
criteria,  which  do  not  use  the  probabilities  of  states  (Wald,  etc.), 
become  virtually  equivalent  to  the  criterion,  based  on  the 
probabilities  of  states.  But  we  know  that  with  the  use  of  this 
criterion  the  appl icat icn/use  of  mixed  strateqies  does  not  have 
sense;  therefore,  if  we  can  obtain  as  much  as  possible  further 
information,  the  a pplicat ion/use  of  mixed  strategies  becomes 
meaningless  (whatever  item  the  criteria  of  the  selection  of  solution 
we  used).  But  if  we  not  can  running  experiments,  to  obtain  new 
information,  then  different  criteria  can  give  which  contradict  each 
other  recommendations,  as  we  saw  in  example  4K  3. 

14.  Planning  experiment  under  conditicrs  of 
in dete l minancy/ uncerta i nt  y. 

In  this  paragraph  we  will  touch  a very  important  in  the  theory 
of  statistical  solutions  question  concerning  ii  c w to  us  cun  aid  in 
making  of  decision  the  experiments,  launched  lor  purpose  of  the 
explanation  of  real  situation?  This  question  is  central  in  theory,  as 
is  shewn  name  itsalf:  indeed  word  "stat ist ica 1 " and  is  used,  when 


speech  occurs  about  conclusicn/der ivat  iens  from  e xper iments,  about 
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their  gliding/planning  and  treatment. 

The  appropriate  theory  can  be  developed  octii  on  the  oasis  of  the 
known  probabilities  of  the  states  of  nature  and  from  the  criteria, 
similar  to  the  criterion  of  Wald;  we  will  here  examine  the  theory, 
which  proceeds  from  the  known  probabilities  of  tne  states  of  nature 
as  simpler. 

Let  us  consider  a following  question.  Us  must  launcn  certain 
operation  in  insufficiently  explained  conditions.  Does  have  sense  for 
refining  the  conditions  in  cur  indefinite  situation  to  launch  certain 
experiment  It  is  logical,  this  question  arises  only  if 

expenditures  on  experiment  are  essential  a :iu  congruent  with  that 
increase  in  the  gain  which  we  can  obtain,  alter  learning  situation 
more  accurately.  But  if  expenditures  on  experiment  are  negligible, 
answer/response  to  this  guestion  always  positive. 

Let  us  consider  first  the  case  of  "ideal"  experiment  of  the 

leading  to  completely  precise  knowledge  that  state  of  nature 
which  occurs  in  this  situation. 

Fage  510. 


Let  be  assigned  the  matrix/die  of  gains  %i,/  (i  = 1,  •••.  w 


j-  1,  ...,  *■)} 


experimentation  £ be  equal  C.  Let  us  compute  cur  averajo  gain 


r 


without  experimentation  and  average  gain  with  conducting  of  this 

ex  periment, 

J 

j 

As  we  saw  in  §13,  if  we  carry  out  additionally  no  experiment, 

1 

then  it  is  necessary  as  the  solution  tc  select  that  strategy  4*  = A,, 
for  which  is  reached  the  maximum  average  gain: 

max  |Q, alt  + Qta„  + ...  + Q„a(n)t  (14. 1) 

This  there  will  be  our  gain  without  experimentation  £. 


Now  let  us  assume  that  we  ran  experiment  and  they  explarned, 

which  ci  states  P,  P . ..  P is  the  real  state  of  nature.  If  this 

* *■  ) J >v 

D -ihxt 

render/showed  r(  t then  we  must  apply  SR  strategy  A, ,,  for  which  it  is 
reached 

max  an  =p„ 

and  our  gain  will  be  equal  to  p, ; if  the  real  state  of  nature 
render/showed  our  gain  will  be  £2,  and  so  forth.  Generally,  in 

the  real  state  of  nature  P our  gain  will  re  equal  to  maximum  gain 
in  the  ^column: 

ma  \ aiJ  =»p 

i 


But  we  should  previously  solve,  will  *t>  run  experiment  f ■ or 


I 
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not;  to  us  it  is  ununown,  which  of  states  in  reality  occurs  and 

which  th«L  e will  be  our  gain  p Therefore  is  averaged  this  gain  with 
the  weijhts,  equal  to  probabilities  Qj  * 


...  4-  Qn  P„. 


Taking  into  account  tae  cost/value  of  tne  experiment  (which  must 
be  subtracted  from  gain)  our  average  gain  with  the  applicat ion/use  of 
ideal  experiment  ^ is  equal  to 

04.2) 


<?iPi  +Qt  P,  + ...  + <?„  ft,— C. 


Thus,  we  must  carry  cut  experiment,  if  value  (14.2)  is  more  than 
(14.1);  but  if,  nonrevolut  icn,  value  (14.1)  are  more,  than  experiment 
# to  us  is  not  necessary. 


It  is  possible  to  somewhat  modify  this  rule,  after  making  it 
simpler.  We  saw  that  experiment  f to  us  was  useful  (i.e.  "on 
means”)  , if 


max  (Q) a()  +Q»a«  + ••• 

<L»,  P«  + Q*P*  + •••  -4-QnP*  C' 


(14.3) 


Let  us  move  C into  left  side,  and  "maximum”  from  left  side  into 
right,  after  changing  the  sign  before  the  sum  and  substituting 
"maximum"  by  the  "minimum";  condition  (14.1)  it  will  be  rewritten  in 
the  form: 


C < min  |Q,  (ft  — a(I)  f Qt  (ft  — ait)  f ...  (P„  — aIfl» 


1 
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cr,  it  is  shorter 

C<min(  2 

Faye  511. 


(U.4) 


3ut  ft,  — at,  there  is  nothing  else  out  risk  ru,  out  the  sum  of 
riyht  side  - average  expected  risk: 

n 

ri  “ 22  Q»rU’ 

i—  I 


Therefore  the  rule  of  solution  to  the  execution  of  experiment 
acquires  following  form. 

Experiment  if  must  Le  carried  out,  it  expenditures  on  its 

realization  are  lesser  than  the  oinitui  aveiaye  risk: 

c<mmFl.  (145) 

Otherwise  one  should  restrain  from  experiment,  and  to  usa  that 
strategy  A*  for  which  is  reached  this  minimum  cf  lvciage  risk. 

Example  1.  Is  examined  yane  with  nature  1x4  whose  conditions 
are  given  in  Table  14.  1 (this  matt  ix/dit  we  already  examined  into 


I 
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The  probability  of  the  states  of  nature  P1#  P P3,P4  are  equal 
respectively:  = 0.1,  = 0.2,  Cj  — C.  5,  04  = 0.2. 

To  determine,  is  appropriate  the  "ideax"  experiment  whose 
cost/value  (in  those  ones,  in  which  it  is  expressed  gain)  it  is  equal 
to  2. 

Sol ut ion.  Ve  pass  from  the  matrix/die  of  jains  to  the  uiatrix/die 
cf  risks  (Table  14.2). 

In  right  further  column  are  written  the  values  of  average  risk. 
Minimum  from  these  values  is  equal  tc  1.t>;  consequently, 
experimentation  with  the  cost/valut  of  2 ones  is  inexpedient. 


A 
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Table  14.1. 


Table  14.2. 


Page  ^l  2. 

I 

Above  we  considered  the  case  of  "ideal"  experiment  f.  as  a 
result  of  which  the  situation  completely  is  clamied. 

Let  us  now  consider  the  case  not  cl  ideal  experiment  <*,  which 
docs  not  lead  to  explanation  in  the  accuracy  of  tae  state  of  nature 
P j , but  it  only  .jives  seme  indirect  evidence  in  tavor  cn  one  or  the 
other  states.  Lr.  general  view  wo  car  tc  assume  that  experiment, 
leads  to  appearance  of  one  of  K of  the  antithetical  events 

B„  ...  Bh, 

moreover  the  probability  of  these  events  (issues  or  experiment)  they 
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depend  on  the  conditions  under  which  it  is  conducted:  P,,  P2,  ...  01 
Let  us  design! te  the  conditional  probability  or  appearing  event 
0^  under  conditions  Pj  through 

PlB,!nt).  (/=*],  2, 1 = 1,  2 k) 

and  let  us  consider  that  all  these  ccnditional  pr obabilities  to  us 

are  known. 


Alter  the  realization  of  experiment  t which  gave  issue  8t>  for 
us  it  is  necessary  to  reexamine  the  p r c la b ill t ies  of  the  conditions: 
the  states  of  nature  P lf  P2,  ...»  will  re  char acterized  not  by 

the  previous  (a  priori)  probabilities 

Q* Q„, 

while  by  the  new,  "a  posteriori"  probabilities  of  the  states: 

Qu<  Qtl<  ••••  Qnl> 

i.e.  by  the  conditional  probabilities  of  states  Pt  , p2,  P^  when 

the  experiment  gave  result  These  a posteriori  probaoi  1 it  ies  are 

counted  according  to  known  tayes'  formula: 

Qh=~ s . (/  =*  1 n)  (14.6) 

V QjP(B,/nj) 

(with  this  and  is  connected  the  fact  that  the  corresponding  approach 
to  making  of  decision  in  the  situation  cl  indeterminancy/uncertainty 
is  called  Bayes). 

Since  the  a.  priori  probabilities  of  t he  states  of  nature  Q|.  q2. 
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are  substituted  new,  a posteriori  Qi,,  Q and  also, 

therefore,  optimal  strategy  K*  in  the  general  case  will  be  replaced 
by  new  optimal  strategy  calculated  taking  into  account  a 

posteriori  probabilities  (under  the  ccoditicn  of  event 


Example  2.  Under  conoitiors  of  example  1 with  tha  a priori 
pro!  abilit  ies  of  the  conditions  "/)• 

<?, -0.1  0,  — 0,2,  0s-0,5.  Qt-  0.2 

is  run  experiment  ^ employed  for  refining  the  situation-  This 
experiment,  generally  speaking,  can  have  three  possiole  issues: 


B‘-  Bt.  B, 


The  conditional  probabilities  of  these  issues  ptspnp  for  the 
different,  states  of  nature  p,,  P2,  P3,  P4  die  given  in  the  matrix/die 
of  conditional  probabilities  (Table  14-31- 


Page  51J. 


I t is  known  that  in  experiment  occurred  issue  3j.  To  compute 

a posteriori  probabilities  5yi  .To  indicate  the  new  optimal  strategy 


Solution-  On  formula  (14.6)  we  have: 


w ’ 
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0.1 -0.2 


0,1  0,2  + 0.2- 0,9  + 0, 5 0, A +0.2-0. 3 

x 0. 1«*  _ 0.20 

. 0,06 

5*I  = ^*0-130- 

Let  us  compute  average  gains  ull>  with  each  strategy  taking  into 
account  the  obtained  a posteriori  probabilities  (Table  14.4).  in 
last/latter  taole  row,  are  placed  a posteriori  pronabilities,  in 
tight,  further  column  - average  gains  at  the  new  values  of  the 
probabilities  of  states,  calculated  according  to  tne  formula 

ai' 1 * ”$ii  °ii  + Qji  + <*i»  + $«i  a,, . 

Values  <?V  are  given  in  lover  table  rov. 

Thus,  taking  into  account  result  t,  oi  experiment  the 

optimal  strategy  will  be  nc  longer  A,,  but  A*. 

It  is  certain,  in  order  previously  to  solve,  it  is  worth  to  us 
carrying  out  experiment  g or  not,  it  is  necessary  to  previously 
produce  similar  calculations  not  only  ior  or.e  issue  3,,  nut  also  for 
all  ethers.  Let  us  continue  the  examination  ot  examples. 


Example  «t  3.  Under  conditions  ot  examples  1 and  2 to 
manufacture  the  rule  of  the  solution  which  would  oe  indicated  with 
which  issue  of  experiment  which  strategy  to  chocs1.  To  explain,  how 
average  a gain  during  tie  execution  of  experiment.  & is  greater  than 


average  gain  without  the  execution  of  this  experiment 
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Let  us  reduce  all  the  new  (a  posteriori)  pronabilities  of  the 
states  of  nature  with  each  of  the  issues  8,,  b2#  a3  in  "taole  14.5. 

12  0, 1 -0, 1 +0. 2 0, 1+0, 5 0, 5 + 0.2  0,3  ~ 0,029 

, 0,02  „ , - 0,25  _ 0.06 

S..-F370-'71' 

9. .=035 

0, 1-0, 7 + 0, 2-0+0.5-0, 1+0, 20,4  ’ ’ 

X 4 - 0 05  * 0,0? 

°""oU"0:  Q*  "TTF”0,25,  “^r1*0,40- 
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asterisk.  The  results  of  calculations  fcr  events  B2  and  b3  are 
respectively  given  in  Tables!^-  14.6  and  14.7.  In  tne  lower  row  table, 
gives  the  v posteriori  probabilities  of  states,  wnile  in  right  column 
- average  gains. 


New,  on  basis  of  Tables  14.4,  14. fc,  ana  14.7  we  can  formulate 
the  rule  of  the  solution: 


If  experiment  & gave  result  ^ - to  apply  to  strategy  A2;  if 
it  gave  not  Bt  (i.  e.  B2  or  B3)  - to  apply  strategy  At.  In  this  case, 
if  experiment  gave  issue  Bt,  our  average  gain  will  be  egual  to  5.20; 
if  b2  - 5. 5J,  and  if  B3,  then  5.20. 


The  average  value  of  average  gain  with  this  rule  of  solution  can 
be  calculated  as  follows:  let  us  find  the  composite  probaoility  of 


event  B i : 


+ 0.2 -ZWW'a  - *<U;  + - 0,1. 0.2  + 


We  analogously  find  the  protafcilit ies  of  events  B2  and  B3: 

pis,  - /n,i  + <?,/><«,/ nj  + q4/><b, /n4)  - o.i  o.i  + 

+ 0,2 -0,1  + 0,5-0, 5 4-  0,2. 0.3  - 0,34, 

- q,p<bj n,i  + (j.p.n,' n,i  - o>,/w n,i  + p./wn.)  - o.i  ■ 07  + 

+ 0,2-0  + 0,5  0 I -*■  , -.  0 


Full/total/complete  average  gain  with  tiiis  rule  of  solution  will 
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o*  = 0,46-5.21'  — i'. 54. 5.53  -t-  0.20.5.20  — 5,345 

- • .A  ... 

Let  us  compare  this  gain  with  the  tact  which  we  would  obtain  in 
the  absence  of  the  experisent  (see  example  1 ^13).  There  we  obtained 
"a*  = 5.20.  Thus,  the  execution  of  experiment  increased  ou  r average 
gain  by  5.  145-5.20  = 0.  145.  Hence  follows  the  conclusion:  if  the 
cost/value  of  experiment  is  less  than  0.145  - inexpediently. 

The  calculations  of  the  advisability  ol  experimentation,  it  goes 
without  saying,  can  be  produced  proceeding  not  from  average  gain,  but 
from  average  risk;  in  this  case,  will  le  oltained  the  same  results. 


Analogously  it  is  possible  previously  to  read  aloud,  it  is 
profitable  to  us  several  times  to  lead  experiment  It  is 

real/actual,  let,  let  us  say,  that  there  is  possibility  to  produce 
twe  independent  repetitions  of  experiment  which  is 

characterized  by  the  conditional  probabilities  or  the  issues: 

(j  - 1#  2,  ... , n;  ).  = 1,  2,  ...»  k)  under  the  condition  of  this 

state  of  nature  P , This  is  eguivalent  to  conducting  one  complex 

exteriment  ^ with  issues  3,  ‘i-  ’•  < “ - • '•  ' *’• 

where  8^  is  marked  the  event,  which  consists  of  the  fact  that  the 
first  experiment  gave  0^  t and  the  second  - b*.  The  conditional 
probabilities  of  these  issues  according  to  product  rule  of  the 


f 
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probabilities  of  independent  events  will  be:  P(B, ,/flp  = P (S|/n>)  P(B,IU,). 
Thus  problem  is  reduced  tc  that  previously  examined,  experiment  will 
be  cnly  in  no  longer  k of  possible  issues,  but  k2. 


So  is  the  matter  when  repeated  experimentation  plan/glides 
previously.  However,  when  speech  occurs  about  conducting  of  a series 
of  testings  for  refining  the  information  about  actual  conditions  in 
the  situation  in  question,  more  advantageous  not  to  assign  the  number 
of  testings  previously,  but  to  solve  after  each  testing  - is  worth  to 
us  carrying  out  following.  It  proves  to  be  that  tais  metnod  in  a 
series  of  the  cases  gives  noticeable  eccaowy  in  the  means,  spent  on 
experiment. 
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10.  METHOD  OF  NETWORK  PLANNING. 


§1.  Problem  of  planning  the  complex  cf  works. 


During  operations  research  in  practice,  frequently  it  is 
necessary  to  meet  the  problem  of  rational  gi  id  i ng/pla  nning  of 
complex,  complicated  works. 

Examples  of  such  works  can  be: 

- building  large  industrial  objective, 

- the  rearmament  of  army  or  separate  branches  of  the  armed 
f o rces. 


- development/scanr.ing  tue  system  of  medical  or  preventive 
measures. 

- the  execution  of  composite  scientific  research  tneme  with  the 
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pa  rt  ic  ip.it  ion  of  a series  of  organizations,  etc. 

Characteristic  for  each  such  complex  or  works  is  t ne  fact  that 
it  consists  of  a series  of  separate,  e leme  ntd  r y works  or  the 
"component/links"  which  are  not  simply  implemented  independently  of 
each  other,  but  they  mutually  cause  each  ottr  r,  so  that  tne  execution 
cf  some  works  cannot  bo  initiated  earlier  than  are  completed  seme 
others-  Thus,  for  instance,  during  building  of  industrial  enterprise 
the  digging  of  foundation  area  cannot  be  initiates  earlier  than  will 
le  delivered  and  mounted  the  corresponding  ago  re jate/units ; piling 
foundation  cannot  be  initiated  earlier  than  wiji  ue  delivered  the 
necessary  materials,  for  which,  in  turn,  it  is  retired  the 
completion  of  building  of  entrance  ways;  for  all  stages  of  building, 
is  necessary  the  presence  of  the  corresponding  technical 
specifications  and  records  and,  etc. 

Gliding/planning  for  any  such  complex  or  werxs  must  oe  produced 
taking  into  account  the  following  essential  ce  1 1/elemer.ts; 

- time,  required  for  the  execution  of  entire  complex  of  works 
and  its  separate  c omponen  t/1  i nks. 

- the  cost/value  of  entire  complex  of  works  and  its  separate 


component/ links. 
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- raw,  energy  and  human  Leso  urce/1  if  et  im  t-F. 

The  rational  glidiny/planning  of  the  complex  of  worxs  does 
require,  in  particular,  answei/response  to  the  following  questions: 

- How  to  distribute  the  available  supplies  and  labor 
re  sotirce/1  if  etirnes  between  the  com  ponen  t/1  ink  s ct  complex? 

- In  which  torque/moments  to  begin  and  when  to  linish  separate 
component/ links? 

- Which  can  arise  obstructions  to  the  timely  completion  of  the 
complex  of  works  and  as  remove  them?  ana  sc  fortn. 

Page  517. 


During  glidin g/planniny  of  compar ati voiy  small  by  volume 
(quantity  of  compo nen t/ li nk s)  complexes  of  works  answer/response  to 
such  questions  usually  gives  the  leader,  moreover  without  special 
mathematical  calculations,  it  is  simple  on  the  tusis  of  experiment 
and  the  common  sense.  However,  when  speech  occurs  about  the  very 
complex,  expensive  complexes  of  works,  whicn  consist  of  tae  large 
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number  of  componen t/li nks,  fcy  tne  complex  form  of  those  cause  each 
other,  such  methods  become  rot  admitted.  In  these  cases  appears  the 
need  for  the  special  calculations,  which  hijko  it  possible  soundly  to 
answer  the  placed  above  questions  and  a series  of  others. 


One  Of  the  mathematical  methods,  widely  used  during  the  solution 
cf  this  type  of  problems,  is  the  method  of  networx  gl idin g/pla nn inq 
or  as  it  frequently  call,SPU  (network  manaqement  planning). 


The  method  of  network  gliding/plarning  makes  it  possible  to 
solve  both  direct  and  reverse  problems  cf  operations  research.  Direct 
problems  do  answer  the  question:  which  will  be,  if  we  do  take  this 
pattern  of  the  organization  of  operation?  Reverse  do  answer  the 
question:  how  it  is  necessary  to  organize  (to  plan)  operation  so  that 
it  would  possess,  in  some  sense,  maximum  etriciency? 


Inverse  problems,  as  a rule,  are  truch  more  complex  tnan  straight 
lines.  In  order  to  solve  inverse  problems,  it  is  necessary  first  of 
all  to  learn  to  solve  straight  lines.  It  is  logical,  from  such 
problems,  we  will  begin. 


Material  for  network  gliding/planning  is  list  or  tha  enumeration 


of  the  works  (componen t/links)  of  the  complex,  in  which  are  shewn  not 
only  works,  but  also  their  mutual  cc nd i tio na 1 1 t y (termination  of 
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which  works  it  is  requited  for  the  beyinnin^  of  tue  execution  of  each 
work).  Let  us  call  this  list  the  structural  table  of  the  complex  of 


works. 
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C'1) 

S n/n 

v P«0ot« 

Onlp«eTCa  m«  pnftoTbi 

i 

<6 



2 

“« 

“i.  “a 

3 

— 

4 

a i.  “a 

5 

“a 

— 

6 

— 

7 

“l.  “t.  “io 

8 

“l.  “s 

9 

“a.  “*.  “a 

10 

“lO 

a. 

11 

“li 

“is 

12 

“n 

“l.  “s 

13 

“h 

“«•  “lo 

14 

“i« 

“l.  “«•  “» 

15 

«n 

“I. 

Key:  (1).  No. in  sequence.  (2).  Work.  (3).  It  is  oased  on  works. 
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Let  us  agree  to  designate  works  a,,  a?,  ....  Tr.  structural  table 
for  each  work  ^ must  be  shown  that  the  executions  of  wnich  works  it 

i 

requires,  or  as  we  will  speak  further,  cn  which  works  it  is  based.  An 
example  of  the  structural  table  of  works  gives  in  table  1.1. 

In  Table  1.1  last/latter  column  contains  the  enumeration  of  all 
works  without  completion  of  which  this  work  cannot  be  initiated. 
Through-line  in  this  graph  means  that  this  work  can  be  initiated 
directly,  right  after  making  of  a decision  about  conducting  of  the 
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co ir p lex  of  works. 

Tho  first  ope  ration  which  we  will  load  with  structural 
called  ordering.  With  ordering  to  works  is  assigned  certain 
convenient  numbering  (each  work  can  te  taseu  only  on  wonts 
smaller  sequence  numbers). 
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Key:  (1).  No.  in  sequence.  (2).  Work.  (3).  It  is  Dased  on  works.  (4) 
Rank.  (5).  Desiqnation  in  new  numbering. 
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For  ordering  of  all  works  are  subdivided  into  rank  «i  > w o r k l s 
called  the  work  of  the  first  ranx,  if  for  its  beginning  is  required 
the  executions  of  no  other  works.  In  Table  1.1,  as  we  see  that  there 
are  four  works  of  the  first  rank;  a,  , a3,  as  and  a6.  Work  is  called 
the  work  of  the  second  rank,  if  it  is  based  on  cne  or  several  works 
of  the  first  rank.  Work  is  called  the  wcrk  of  the  k.ranx,  if  it  is 
based  cn  one  or  several  works  not  above  (k-l)-th  rarnr,  among  which 
there  is  at  least  one  work  (k-l)-th  rank. 

After  is  produced  the  work  assignment  according  to  ranks,  to 
works  they  are  assigned  new  numbers,  beginning  with  the  works  of  the 
first  rank,  then  the  second,  third  and  so  forth.  Within  each  rank  of 
work,  they  are  labeled  in  arbitrary  order. 

For  an  example  lot  us  produce  the  ordering  of  the  works,  placed 
in  Table  1.1  (see  Table  1.2).  In  the  first  two  faole  1.2  gives: 
number  and  the  Designations  of  work  in  previous  numbering,  in  two 
latter  - a rank  of  work  and  its  new  designation  in  the  regulated 


struct. ural  table. 
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After  the  ordering  of  works  on  ranks  it  is  produce!,  it  is 
possible  to  comprise  tne  new,  Legulated  table  where  the  works  are 
placed  in  the  order  of  their  new  numbers  (Table  1,3). 

It  is  not  difficult  to  see  that  in  new,  regulated  structural 
Table  1.3  eacges  of  the  works  is  based  only  on  worns  with  smaller 
reference  numbers. 

Subsequently,  giving  the  structural  tables  of  liffecent 
complexes  of  works,  we  will  be  from  the  very  beginning  consider  them 
regulated,  and  for  works  let  us  retain  the  initially  undertaken 
designations:  al#  a2  .... 

2.  Network  schedule  of  the  complex  of  wcrks.  Ti  me/tea  porar  y network 
sc  hedu le . 


Let  us  assume  that  to  us  is  assigned  t.ue  regulated  structural 
table  of  the  complex  of  the  works,  for  exaajle,  with  *faoie  2.1. 

Coiumunication/con  nect  icns  net  ween  the  worns,  entering  this 
complex,  can  be  depicted  graphically,  in  the  term  as  of  called 
network  schedule  (or  gcaph/ccunt)  . ' 


I 
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Key:  (1).  Work.  (2).  It  is  based  an  work. 
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This  graph  can  be  constructed  differently.  Most  frequently  represent 
the  works,  entering  the  complex,  as  rif leman/pcinters,  and  the 
events,  which  consist  of  the  execution  cf  seme  works  and  possibility 
to  begin  new  works  - small  circles  or  "units". 

For  an  example  let  us  represent  in  the  form  of  network  schedule 
struct  ure  Table  2.1  (Fig.  10.1).  Units  let  us  designate  A0,  kl$  a2, 
«..,  works  Uj,  .... 

The  initial  unit  of  entire  complex  of  works  let  us  designate  A0 
»nd  will  understand  hearth  it  the  "beginning  of  works"  or  "making  of 


■w 


■ — 
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a decision  about  the  beginning  of  works'*.  From  this  unit  proceed 
arrow/pointers  a1(  a2,  a3,  the  representing  corresponding  works  and 
going  respectively  into  units  At,  A2,  A3.  The  combined  execution  of 
works  a,,  a2  we  will  represent  as  the  further  unit  At,2,  into  which 
conduct  broken  pointers,  which  represent  nc  works,  but  those 
indicating  only  logical  communicdtior/ccnnecticn.  From  unit  Aj,2, 
jrcceeds  arrow/pointer  a4,  that  is  based  cn  works  at,  a2 ; at  the  end 
cf  the  arrow/pointer,  stands  unit  A4,  which  indicates  the  execution 
cr  work  a4,  and  so  forth.  The  concluding  unit  A indicates  the  end  of 
entire  complex  of  wonts.  On  graph/cour.t  are  lowered 

coromunication/connections,  which  logically  esca pe/ensue  from  others; 
for  example,  work  a8  in  Table  2.1  is  based  on  wonts  a3,  a5,  a6  ; on 
graph/count  it  is  shown  that  basing  only  on  as,  a6 , since  work  itself 
a5  is  based  on  a3  and  without  its  execution  cannot  be  initiated. 

As  it  was  already  said  that  there  are  aifterent  forms  of  the 
network  schedules  (for  example,  see  [17])..  In  seme  by 
r i f leman/pointers  of  graph/count  are  designated  the  works,  and  by 
units  - the  events,  which  consist  of  the  execution  of  one  or  several 
works;  in  others  - by  units  are  designated  the  works,  and  by 
ri  f leman/poi  nters  - logical  coiawun  icat  ion/cor.  noct  ions  between  them. 
Structural  Table  2.1  it  is  possible  to  depict  graphically,  also, 
using  this,  second  method  (see  Fig.  10.2).  in  this  figure  by  heavy 
line  ate  encircled  small  circles  a,,  a10,  the  representing 
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last/latter  works  of  complex  on  which  are  based  already  no  further 
wo  rk  s- 

Each  of  the  methods  of  the  construction  of  network  schedule  has 
their  advantages  and  their  def  iciercy/lacks.  An  advantage  of  the 
second  method,  is  that  which  into  it  is  easy  tc  introduce  new, 
previously  not  indicated  commun  ica  tion/con  ntc  t icas  wnich  are 
discovered  in  the  course  of  the  execution  ct  works.  The  advantage  of 
the  first,  to  view  more  complex,  method  is  the  fact  that  it  can  be 
comparatively  simply  adapted  taking  into  consideration  to  the  time  of 
the  execution  of  separate  works  and  complex  as  a whole. 


i 

I 


1 
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Therefore  we  will  use  the  first  method. 

Let  us  assume  that  to  us  is  assigned  the  structural  table  of  the 
complex  of  works,  in  which  are  written  the  times  of  the  execution  of 
each  work:  tJf  t2,  ....  These  values  of  the  times  of  the  execution  of 
separate  works  we  assume  not  random,  but  known  previously.  Will  be 
obtained  the  table  of  form  "f^ble  2.2,  in  winch  structural 
communrcdtion/conn  ections  - the  same  as  in  Tdble  .£.1  and  on  the 
graphs  of  Fig.  10.1,  10.2  (are  raduced  only  '’excess" 

coinmun  icat  ion/connection)  , but  in  right  column  are  shown  the  times  of 
the  execution  of  separate  works,  expressed  in  any  time  units 
(watches,  week,  months)  . This  table  we  will  call 


r 
1 : 

i 


The  time  structure  o £ the  complex  cf  warns,  together  with 
logical  structure,  can  he  depicted  on  cne  and  the  same  graph  which  we 
will  call  time/temporary  network  schedule,  we  will  fll  construct  as 
follows.  Graph  is  oriented  along  the  time  axis  Ot,  on  which  on  some 
scale  are  plot/doposited  the  times  cf  the  execution  of  works.  As  on 
cf  Fig.  10.1,  of , r ifleman/pcinters  depicts  works,  but  the  length  of 
each  arr ow/pointer  is  not  arbitrary,  but  such,  that  its  projection  on 
the  axis  of  abscissas  Ot  is  egual  to  the  time  cf  the  execution  of 
this  wcrk.  Logical  communication/connections  between  wol~'k.s  are 
designated  as  before  by  broken  ri  f lema  n/po  int.  ers,  who  indicate  no 
real  work  (sometimes  them  interpret  as  "f  icti  ticus”  works)  - 
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Key:  (1).  No  in  sequence.  (2).  Work.  (-1).  It  is  based  on  works.  (4). 
T i me. 
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The  initial  unit  A0  represents  as  before  the  beginning  ot  the  complex 
cf  works;  besides  it,  is  introduced  the  final  unit  A,  whLch 
represents  the  termination  cf  complex  (this  point  of  graph  with  the 
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greatest  abscissa). 

Time/temporary  network  schedule  fcr  the  complex  of  works,  | 

assigned  Table  2.2,  shows  on  Fig.  to  10.3.  Luring  the  construction  of 
time/temporary  network  schedule,  the  lccatior.  cf  units  on  vertical 
line  (along  the  axis  of  ordinates)  is  tanen  arbitrary,  tue  abscissa 
of  each  unit  is  equal  to  the  time  cf  the  termination  of  the 
corresponding  work.  The  length  of  each  ar rcw/p c inter  is  counted  from 

■ 

center  to  the  center  of  small  circle. 

i 

Let  us  observe  how  is  constructed  tirae/temporary  network 
schedule  in  Fig.  JBf  10.3.  We  begin  it  with  unit  Au , placed  in  the 
beginning  cf  coordinates.  From  this  unit  proceed  tnree 
arrow/pointers:  al#  a2,  and  a3  whose  projections  on  axis  Ot  are  equal 
to  the  times  of  the  execution  of  the  corresponding  works;  t,  = 10,  t2 
= 5 and  t3  = 15.  Work  a4  is  based  on  wcrxs  u,  ana  a2;  ot  them  work  a2 
ends  at  torque/moment  t2  = 5,  while  work  a,  - at  torque/moment  t,  = 

10;  that  means  work  a4  can  be  begun  not  earlier  than  at  t orque/moment 
t,  = 10,  when  is  finished  at.  Let  us  beqin  arrow/pointer  a4  from  unit 
A,,  and  unit.  A2  is  connected  with  A,  by  broken  jointer.  The 
projection  of  arrow/pointer  a4  is  equal  to  t4  = 18,  therefore,  the 

abscissa  of  unit  A4,  in  which  this  arrcw/pcint er  ends,  must  be  T4  = 
t,  ♦ t4  = 10  ♦ 18  = 28. 
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Arrow/pointer  a5,  which  is  based  cn  a2  and  a3,  must  ue  begun  in 
unit  A3,  which  has  the  greatest  abscissa  from  t2  = 5 and  t3  = 15; 
unit  A ^ we  combine  with  a3  by  broken  pointer.  Unit  As,  with  which  is 
finished  arrow/pointer  a5#  has  abscissa  T5-t3+t5=  15  ♦ 19-  34. 


Arrow/pointer  a„  begins  in  unit  A4  and  ends  in  unit  A«,  with 
abscissa  T 6 = T4  ♦ t„  = 28  ♦ 1 8 = 46.  Arr  ow/po  i rter  a7,  which  is 
based  cn  a 5,  a6,  must  begin  from  ur.it  A«,,  which  has,  in  comparison 
with  A s,  large  abscissa;  from  As  in  A6,  it  is  directed  broken 
pointer.  Arrow/pointer  a7  ends  in  unit.  A7  with  auscissa  r7  = 4b  ♦ 8 = 
54.  Arrow/pointer  a8  begins  in  the  same  unit  A6  with  abscissa  t6  = 46 
and  ends  in  unit  A8  with  abscissa  T8  = 46  ♦ 25  = 71.  Arrow/pointer  a8 
with  projection  t,  = 30  begins  in  unit  A7  and  ends  in  unit  A,  with 
abscissa  T,  = 54  ♦ 30  = 84.  Arrow/pointer  a10,  which  is  cased  on  a8, 
begins  in  unit  A8  and  ends  in  unit  A10  with  abscissa  T10  = 71  ♦ 8 = 


f 
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Since  work  a,  is  completed  by  the  latter,  then  unit  A,  = A 
indicates  the  termination  of  entire  complex  or  works;  let  us  note 
this  unit  by  greasy/fatty  small  circle  and  is  connected  with  it  by 
broken  pointer  unit  A10  - termination  of  the  previous  work  al0,  on 


which,  besides  the  end  of  the  works,  nothing  is  based 


Thus,  the  ti* e/temporary  network  schedule  cf  the  complex  of  the 


works  is  constructed 


Time  T = 84  from  initial  unit  A0  to  concluding  A = A»  represents 


by  itself  the  minimum  time  in  which  can  be  completed  the  complex  of 
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works. 


Let  us  focus  attention  on  the  follow ing  fact:  time  r represents 
by  itself  the  sum  of  the  times  of  the  performance  not  of  all  works, 
tut  only  some  of  them: 

T “ *1  + *4  + U + h + /»  = 10  + 18  + 18  + 8 + 30  = 84 

Works  Alt  a «,  a6»  a7,  from  durations  of  which  is  comprised 
time  T,  are  called  critical  works,  and  the  cna  in/aetwor k of  the 
corresponding  to  them  arrow/pointers  on  network  schedule  - 
critically.  Figures  10.3  critical  way  shows  doutle  ri flema n/pointers. 

The  special  f eature/pecul iar it y of  critical  works  consists  of 
following:  so  that  would  he  observed  the  minimum  time  of  the 
execution  of  complex,  each  of  them  must  began  accurately  at  the 
torque/moment  when  was  finished  the  latter  iron  the  works  on  which  it 
is  based,  and  to  be  continued  on  and  what  is  mere  the  time  which  by 
it  is  assigned  according  to  the  plan;  least  retardation  in  execution 
by  each  of  the  critical  works  leads  to  corresponding  delay  of  the 
fulfilment  of  plan  as  a whole.  Thus,  critical  way  on  network  schedule 
- this  is  the  set  of  the  most  vulnerable,  "weak  places"  of 
plan/layout,  which  must  be  placed  in  t ime/teraporacy  plan/layout  with 
the  greatest  clearness.  As  ccncerns  remaining,  "noncritioa 1"  works 


' 


' 


(in  our  case  this  a*,  aJ#  a5,  a„,  at  0)  , then  witn  them  matter  is  not 
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so  badly/poorly:  each  of  these  works  has  known  time/tempor ary 
reserves  and  can  be  finished  with  a certain  delay  without  this  would 
be  reflecting  in  the  period  of  the  execution  of  complex  as  a whole. 


I 


The  reserves,  which  correspond  to  noncritical  works,  easily  can 
te  determined  by  network  schedule. 


i 


Let  us  name  "noncritical  arc"  the  set  cf  noncritical  works  and 

units,  which  begins  and  which  ends  on  critical  way  (taking  into 

account  and  broken  pointers).  In  Fig.  1C.  3 are  four  noncritical  arcs: 

— at  — At  — Au 
A0  — a,  — a6  — Ak  — At, 

Au  flj  — .4j  At  — Ui,  — A),  At, 
o*  At  ■ aI0  — A j0  — At. 

On  the  first  of  these  arcs,  lie/rests  cne  noncnticil  work 


a2;  to  the  second  - two  noncritical  works  a3,  a5;  on  the  third  - two 
noncritical  works  a2,  a5;  on  the  fourth  - two  noncritical  works  a„,  a^. 


Page  524. 
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To  each  noncritical  arc  corresponds  the  specific  tiae/tea porary 


reset’ve  which  can  be  by  arbitrary  form  distributed  between  the 
noncritical  works,  which  lie  or  this  arc.  Tnis  reserve  is  equal  to 


I 
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the  difference  between  the  suit  of  the  times  of  tna  critical  works, 
which  lie  on  the  critical  way,  closing  arc,  and  noncritical,  that  lie 
cn  arc  itself. 

Fcr  example,  on  arc  A0-a2-A^-A!  lie/rests  cnly  one  noncritical 
work  a2;  on  its  closing  segment  of  the  critical  way  A0-al-Al  - one 
critical  work  a*;  the  reserve  of  time,  which  is  necessary  to  work  a2, 
is  equal  to  R2  = tj-t2  = ^ 10-5  = 5.  Consequently,  the  execution  of 
work  a2  can  be,  without  damage  for  a common/general/total  period, 
delayed  per  5 time  units. 


On  the  second  noncritical  arc  A0- a 3- A 3-a3- A&- A6,  lie/rest  two 
noncritical  works  a3,  as;  on  the  closing  section  of  critical  way  - 
three  critical  works  al#  a«,  a6.  That  means  that  the  general  reserve 

cf  time,  which  is  necessary  to  works  a3,  a5,  is  equal  to: 

Ris  = /,  + tt  + /,  — ((,  + /t)  = 10+18  + 18  — (15  + 19)  = 

= 12. 

Py  Mb  it  is  possible  any  form  to  distribute  between  worms  a3,  a5. 

On  the  third  noncritical  arc  the  reserve  is  equal  to: 

Rs.b  = /,  + /«  + <.-  V,  4-  g - 10  + 18  + 18  - (5  + 19)  = 22. 

Since  to  us  already  it  is  known  that  with  work  a2  wa  can  retard 
net  more  than  per  5 time  units,  and  with  work  a5  - is  not  more  than 


to  12,  the  requira ment , so  that  the  sum  of  delays  would  be  not  more 
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than  22,  it  tells  us  nothing  new. 

On  the  tourth  noncritical  arc  there  is  the  reserve 
/?•.  io  «»/,  + /,  — (/,  + /lt)  = 8 + 30— (25  + 8)  - 5, 

which  can  be  arbitrarily  distributed  between  works  a,,  al0. 

The  knowledge  of  critical  way  on  network  schedule  is  useful  in 
twc  relations:  first,  it  makes  it  possible  to  isolate  from  entire 
complex  of  works  the  set  of  those  most"  threatened",  continuous  to 
control  them,  and,  in  the  case  of  the  necessity,  to  boost  their 
execution;  in  the  second  place,  it  makes  it  jossiole  in  principle  to 
accelerate  the  execution  of  the  complex  of  worxs  because  of  from 
"harmless"  retardi ng/dece lerat ion/dela y to  move  tne  part  of  the 
forces  and  means  to  more  important,  mote  critical  works. 

Let  us  note  that  on  network  schedule  generally  there  can  be  not 
one  critical  way,  but  twc  cr  it  is  mere;  logically  the  sum  of  the 
times  of  critical  worxs  for  each  of  them  must  le  one  and  the  same. 

Example.  To  construct  timeline  for  the  complex  of  works,  given 
into  a str  uctural- t ime/te  mpera  t y Table  2,3  Tc  rind  on  rt  critical 
way  (or  ways,  if  them  several)  and  to  determine  the  reserves  of  ti  me 


on  noncritical  arcs. 
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Solution.  The  network  scheuule  of  complex  is  given  in  Fig.  3 
10.4.  Critical  way  is  designated  by  double  r if leman/pointars  and 


consists  of  the  works: 


»i.  04.  o,.  a,.  a„. 


Fage  525. 


However,  it  is  possible  to  construct  another  critical  way,  which 
consists,  for  example,  of  the  works 

a*’  °»1  “lo.  0,,; 

in  this  case  time  T of  the  termination  cf  the  complex  of  works  on 
both  critical  ways  it  will  be  one  and  the  same: 

l t **  t '•  + *•  + <i.  - 20  + 10  + 20  + 10  + 20  = 80, 

T “ <4  + U + <,  + + /„  - 20  + 10  + 20  + 10  + 20  = 80 

Besides  these  two  cn  graph  (Fig.  10.4)  can  be  discovered  still 

some  critical  ways;  we  let  for  reader  to  find  tne.n  independently. 


It  is  isolated  on  network  schedule  (Fig.  10.4)  four  uoncritical 


arcs: 


4o  — Of  — 4j  — 4lt 
4<i  — a,  — 4 , — 4|, 
4s  — a,  — A,  4,. 
4,  — flu  4U  — 4lt. 
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Tafcl**  2.3. 


77T 

V n/n 

pET~ 

On*pa«C:j^«t  pa<OTU 

V Bp****  «, 

1 

2 

"i 



2U 

3 

Mt 

— 

15 

4 

— 

10 

5 

a' 

— 

20 

6 

°1.  Of  03 

lu 

7 

°9 

0.1.  a 4 

10 

s 

Q1 

o».  a. 

20 

9 

10 

11 

o» 

o» 

o».  a, 

O;.  os 

o. 

15 

10 

10 

12 

a"  1 

“»•  <M  • 

10  i 

0,1  1 

«».  «i. 

* 1 

Key:  (1).  No,  in  sequence.  (2).  Hark..  (3).  it  is  uasej  on 
Time. 
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For  each  of  these  arcs,  there  is  from  cne  noncritical  wont;  a*  , a3, 
aa  and  a^.  The  reserves  of  time  for  them  die  equal  respectively: 

h ^ ■ t j t ^ R 3 “ t j 1 3 = 1 Oj  R g = tg  = = ifif  " 

til  = >0. 

The  noncritical  arc  A0  - j3  - A3  - A4  under  our  con  Ji tions  does 
not  qive  the  new  data  on  the  reserves  ct  time. 

3.  Formal  recording  (algorithm)  of  the  problem  ct  network 
gl iding/pl anning- 

The  described  above  graphic  method  of  construction  and  analysis 
cf  job  schedule  is  suitable  only  in  the  case  when  the  planned/glide 
complex  is  not  too  complex  (in  a quantity  of  wcrits  and  logical 
counmnicdtion/connections) . In  practice  frequently  are  encountered 
the  complexes  of  works,  which  consist  cf  the  enormous  nuioer  of 
componen  t/ li  nks  (on  the  order  of  thousands  ana  more),  by  the  complex 
form  of  those  basinq  on  each  other.  It  is  loqical  that  in  such  cases 


So  that  the  Machine  would  be  capable  or  producing  tiie 
appropriate  actions,  it  is  necessaiy  tc  conpletely  formalize  the 
procedure  cf  the  construction  of  network  schedule,  to  express  it  in 
the  rorra  of  the  precise  sequence  of  action*  01  al  jorittui. 

Let  us  describe  one  of  the  possible  alqotitn.ns  whic/i  can  be  used 
foi  this  purpose.  First  of  all,  is  implemented  the  ordering  of  the 
structural  table  (see  $2) , for  which  a work  they  are  divided  into 
tanks,  according  to  the  sign/criterion  of  number  and  ranits  of  the 
works  on  which  thay  are  based.  This  - a comparatively  simple  problem, 
and  on  it  w«»  be  stopped  will  not  be.  Let  us  assume  that  the  ordering 
of  the  complex  of  the  works  is  carried  cut,  and  structural-  table 
depicts,  for  example,  in  the  form  Table  1.1. 

Let  us  register  in  the  form  of  mathematical  tormulas  the 
comnmn  icat  ing  system,  reflected  into  a st  ructurai- time/tam  porary  to 
the  ♦■able  of  complex. 


4 
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Table  J.  1. 


(/  ■) 

M */■ 

~TST) 

Pafiort  «, 

(3) 

OnpMiu  at  pafloTu 

“4U 

1 

__ 

<« 

2 

Of 

— 

•t 

3 

0, 

— 

1 4 

4 

a. 

aJ.  <h 

U 

5 

°» 

Of  Of  0. 

t% 

6 

a4 

a,,  a. 

1 4 

7 

a, 

a4 

h 

8 

a. 

«4.  <H 

t. 

9 

a» 

°4.  »• 

*, 

10 

°ia 

«4.  a. 

<1. 

Key:  (1).  in  sequence.  (2).  Work.  (3).  It  is  base!  on  works.  (4). 
Ti  me . 
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For  this,  let  us  designate  tj  - smallest  possible  period  of  the 
beginning  cf  work  a,  (time  is  counted  off  iron  tne  beginning  of 
process),  and  T't  - the  smallest  possible  period  of  its  termination, 
it  is  cbvious 

Tt='t+t,.  (3.1) 

where  l,  - time  of  the  execution  of  work  a,. 

Using  these  designations,  it  is  possiLle  to  register  by  formulas 
all  logical  communication/connections  between  the  works  of  complex. 

It  is  real/actual,  let,  for  example,  the  work  o,  be  based  on  works 
Of,  ai>  a»  Then  the  work  a,  cannot  he  begun  earlier  than  will  end  that 
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cf  the  works  ai>  a*,  which  it  ends  more  late  than  all.  l'his 

coinmun  icat  ion/connection  we  will  register  in  the  for*  of  the  forsula 

T,-m»x|r„  r„  Tk\.  (3.2) 

Applying  such  formulas  to  all  works  of  complex  on  turn,  we  will 

find  all  t or gue/mo sent s of  the  termination  of  wor&s  T i and,  after 
all,  the  minimum  period  of  the  termination  of  entire  complex  of  works 
T. 

Lot  us  demonstrate  how  this  is  made  on  material  Taole  1.1.  Let 
us  compute  values  t(  and  T,  for  all  works  of  complex. 

For  the  works  or  the  first  rank  a,,  a2,  a3,  we  have: 

t,-0;  7*,-^; 

t, — 0;  T,  — 
i,  "0;  7|  — i i> 

Work  a4  is  based  on  works  al#  a2;  it  can  le  oegun  at 
to rg ue/momen t r4#  when  is  finished  most  late  ending  from  works  at, 
a2: 

«4-m«x  [Tlt  T,).  (3.3) 

Torgu e/moment  of  the  termination  cf  woik  a«: 

T.-J'+tr  (3  4) 

Analogously,  for  works  as,  a*  and  so  forth: 


Thus,  die  found  the  torque/moraents  or  beginning  t,  and  endinq 
T,  of  all  works  or  complex,  it  is  loqical  that  t ne  tine  of  the 
termination  of  entire  complex  is  equal  to  maximum  of  all  times  of  the 
ter m ina t io n: 

T — max  (T,,  r„  ....  T10|.  (3.6) 

In  order  to  find  the  critical  works  (but  therefore,  and  critical 
way),  it  is  necessary  tc  dc  following;  to  first  or  all  rind  work  a,, 
for  which  the  tima  of  termination  Tt  = T lii  maximal;  this  work,  of 
course,  will  be  critical.  Then  to  find'  aaonj  formulas  ( J - S ) that  by 
which  is  determined  the  t or gue/n omen t cf  the  beqinninq  of  this  work 
t,.  Value  Tf  is  represented  in  the  form  ot  the  maximum  of  some 
torque/ioaentsTj,  7\,  Tt,  ...;Lt  is  necessary  to  find  that  from  them,  on 
which  is  reached  the  maximum  (if  such  tcrque/mcments  seviral,  to  take 


A 


i 
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any  of  them).  Thdt  work  am,  at  which  is  reached  this  maximum,  will  he 
the  second  from  end  work  on  critical  way.  Further  in  exactly  the  same 
Banner  is  determined  the  third  and  so  lorth  ot  worx  on  critical  way. 
Thus,  critical  there  will  be  the  work  with  the  latest  period  of 
termination  and  all  worxs,  during  the  perioj  oi  termination  of  which 
is  reached  the  maximum  in  the  expression,  which  determines  the  period 
cf  the  beginning  of  next  critical  work.  It  is  certain,  maximum  in  any 
ot  formulas  (3.5)  can  be  reached  rot  or  one,  but  on  several  works; 
respectively  at  each  step/pitch  we  can  obtain  not  one,  bit  several 
critical  ways. 


Let  us  demonstrate  the  algorithm  cf  the  construction  of  critical 
way  on  the  material  ot  the  same  st ruct ura 1-t i me/t empor ar y fable  3.1. 
For  this,  obviously,  it  is  necessary  tc  assign  in  this  table  the 
roncrete/s  pecif  ic/actual  values  ot  times  tt  (Tab  le  1.2). 
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Table  1.2. 


(t ) 

» n/n 

75) 

PitgTi  a 

( 3) 

Onupaawa  tu  pateT. 

<h) 

W»M  1, 

1 

“I 

_ 

15 

-> 

— 

12 

3 

a> 

— 

20 

4 

"» 

a,,  u, 

10 

5 

a> 

o, . a,,  u« 

15 

6 

a. 

a«.  a. 

18 

7 

«? 

40 

8 

u4,  dj 

8 

in 

««.  a,,  a. 

23 

-i. 

9\\ 

* 

1 

II 

Key:  (1).  in  sequence.  (2).  Work.  (J).  It  is  based  on  works.  (4). 


1 i ne. 


Faye 


W»  have: 


7,-is.  r,  — 12.  t\.- 2o. 

t,  — max  j T, . 7*,)- max  {15,  12)  - 15 

T,  U -1  7«-  154  10-25; 

(3.7) 

nia.\  j 1\ , r4:  ..  mix  115  . 20  . 251-25 

7,  — t,  t 4 — 25  f 15—40. 

(3  8) 

t,  — max  |rt.  T, (-max  {12.  20)-20 
r.-t.-f  1,-30  4 18-38: 

(3  9) 

».  •*  max  ;r4!  — 7"4  — 25. 

7;  c t;  | /,  25  -t  ft 5, 

(3  10) 

1*— max  ,r,.  7'k  max  {25,  40!  — 40 

7',  - x,  +-  (,  — 40  } 8 — 48. 

(3.11) 

t,-  max  if,,  fj.  TV, -max  ;25  , 40  . 38)  .=  40, 

7".-  1,1  1,- 40 -t- 23  — 63; 

(3.12) 

T,*  — max  (f,.  T,)  — max  [48  , 63,-63 
— t,.  f 7 , » — 6:1  4 11—74. 

(3  13) 

The  tine  of  the  execution  of  entile  ccaplex  ot  works  is  aaxiaua 
of  all  times  T,.  i„e.  T10  * 74: 

r-m«x {Tu  o.u) 
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Let  us  find  critical  works,  beginning  with  t ae  latter.  since 
maximum  in  formula  ( J.  14)  is  reached  fcr  Tl0,  this  work  al0  is 
critical.  It  is  based  on  works  a8  and  which  ol  them  is  critical? 

It  is  cbvious,  a*,  since  maximum  in  formula  (3.11)  falls  on  T,.  We 
lass  to  formula  (3.12)  - in  it  maximum  falls  cr  Tb,  which  means,  that 
work  a5  - is  critical.  Further,  analogously,  examine/scanning 
naximums  in  formulas  ( J . 1 1)  - ( 3 . 7)  , we  find  one  after  another  all 
critical  works.  Enumerated  in  nat  iral  order,  they  will  be;  a,,  a3# 

<*♦#  's » » <*io* 

Thus,  critical  way  is  found  by  purely  formal  method,  without  the 
construction  of  network  schedule.  In  Table  3.2  are  emphasized  all 
critical  works. 

Completely  analogous  formal  can  be  determined  noncntical  arcs, 
and  the  corresponding  to  them  reserves. 

4.  Optimization  of  the  plan/layout  of  the  complex  ot  works. 

We  already  spoke  about  the  fact  that  the  network  schedule  (or 
its  substituting  formal  algorithm  ct  the  analysis  of  the  complex  of 
works)  can  be  used  for  an  improvement  (opt  iinization)  in  the 
p 1 an/layout. 
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This  improvement  can  bo  produced  tor  different  target/purposes. 
For  example,  it  can  seem  that  the  total  time  of  carrying  out  the 
complex  of  works  T us  is  net  tripled;  arises  the  ]uestiou  concerning 
how  it  is  necessary  to  boost  works,  so  that  the  total  time  would  not 
exceed  the  assigned  period  T0.  It  is  obvious,  tor  this  his  the  sense 
tc  boost  the  precisely  critical  works  a reduction  in  duration  of 
which  directly  will  pronounce  on  time  T.  However,  in  this  case,  it 
can  seem  that  the  critical  way  will  be  changed,  and  the  weakest 
Flaces  on  time  will  render/show  some  other  works.  It  is  logical  to 
assume  that  the  boosting  ct  works  is  given  not  for  tree,  nut  it 
requires  the  insertion  of  some  means.  Coes  appear  the  typical  problem 
of  operations  research;  which  further  resources  and  into  which  works 
cne  shculd  put  so  that  the  common/ge net al/t ot a 1 period  of  the 
execution  of  the  complex  ct  works  would  be  not  more  than  assigned 
magnitude  T0,  but  the  expenditure  ct  furtheL  resources  was  minimum? 


Another  problem  of  optimization  is  related  to  the  redistribution 
cf  the  already  available  resources  between  separate  works.  Above  we 
ascertained  that  all  works,  except  critical,  have  some  time/temporary 
reserves. 


Fage  S30. 


In  certain  cases  it  proves  to  be  possible,  alter  moving  forces  and 
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resources  from  the  noncritical  sections  of  p lan/layout  to  critical. 


to  attain  the  decrease  of  the  total  tis«  of  the  falfilmant  of  plan. 


Again  does  appear  the  typical  problem  of  operations  research:  which 


forces  and  resources  must  be  moved  from  some  wcrics  to  others  so  that 


the  time  of  the  execution  of  the  complex  of  worxs  would  oecome 


ui ni mum? 


Finally,  is  possible  one  additional  formulation  or  the  problem 


cf  the  optimization  of  plan/layout.  After  the  construction  of  network 


schedule  t c us  it  became  it  is  Known  that  the  minimum  time  of  the 


execution  of  entire  complex  of  works  is  placed  in  the  assigned  period 


with  the  surplus: 


T<T„ 

i.e.  of  us  exists  the  Known  reserve  of  tiae,  by  which  we  right  to  be 


ordered,  having  somewhat  stretched  works  (tut,  it  goes  without 


saying,  so  as  not  to  leave  in  the  assigned  period  1’0)  . After 


stretching  works,  we  can  economize  some  resources.  Does  arise  the 


question:  to  which  limits  it  is  possible  to  increase  the  times  of  the 


execution  of  works  and  which  works  so  that  the  obtained  from  this 


economy  of  resources  would  be  maximum?  In  this  setting  can  be  placed 


the  problem  of  optimization  not  necessarily  of  entire  plan/layout. 


and  it  can  be,  the  separate  noncritical  arcs,  cn  which  are  revealed 


time/temporary  reserves. 
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Lot  as  give  the  setting  each  cf  these  problems  optimization  in 
formula  recording.  For  simplicity  let  us  assume  tnat  critical  way  - 
one  (if  this  not  then,  obviously,  it  is  always  possible,  introducing 
into  the  times  of  the  execution  of  the  works  of  * -change,  to  do 
critical  path  only,  similarly,  as  we  entered  the  degenerate  problems 
cf  linear  programming). 

Problem  1.  Complex  consists  of  works  a„  at a„at  times  of 

execution tu  (t,  is  known  critical  way,  moreover  the  time  of  the 

e-:«.-cution  of  complex  is  egual 

T^tt>Tm  (4.1) 

<KP) 

where  the  addition  extends  only  to  critical  works.  The  assigned 

period  of  the  execution  of  the  complex  cf  works  is  egual  tc  T0 . 

It  is  known  that  the  insertion  of  the  specific  sum  x of  further 
resources  of  work  shortens  the  time  of  execution  with  (,  tc 

it  - /((*)</,. 

It  asks  itself,  which  further  resources  xlt  xt,  ....  x,shou  Id  put  in 
each  of  the  works,  in  order  to: 

- period  of  the  execution  of  complex  was  net  higher  than  given 

a • 


cne  T 
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- a sum  of  the  inserted  resources  it  reached  the  mini  mum. 

Thus,  we  need  to  determine  the  nonnegative  values  of  variables 
x,,  x„  x„(f  urther  insertions)  so  that  would  re  implemented  the 

condition 

T “ 2 / 1 (xi)  ^ 7#.  (4.2) 

<*p)  ' ' 

where  the  addition  extends  from  all  critical  works  of  new  critical 
way  (obtained  after  the  red istr ioution  of  resources  and  change  in  the 
times),  and  so  that  in  this  case  the  cctrmon/ge  neral/total  sum 
supplement  body  insertions  it  would  be  minimum: 

n 

x=  s X,  =min.  (4.3) 

Fa gc  531. 


Stated  problem  calls  to  mind  the  problem  c£  linear  programming, 
because  in  it  with  some  limitation-inequalities  it  is  required  to 
minimize  linear  function  (4.3)  of  the  cel  1/ele  rnents  of  solution. 
However,  in  the  general  case  the  entering  limitations  (4.2)  functions 
l,(xt)  are  nonlinear,  since  the  insertion  cf  seme  resources  into  work 
does  net  compulsorily  cause  the  linear  decrease  of  the  time, 
spent  on  this  work.  Therefore  in  general  fenn  stated  problem  is 
related  to  the  class  of  the  problems  of  the  nonlinear  programming 
which  much  more  complex  than  linear  problems  and  methods  of  solution 
of  which  are  not  worked  out.  Such  nonlinear  problems  we  here  be 
occupied  will  not  be,  referring  these  interesting  to  special 
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manageuent/manuals  ([2,  20]).  However,  if  we  ate  oounded  to  the 
comparatively  small  changes  in  the  plar/iayout  (by  such,  during  which 
the  t i me  of  the  execution  ot  wotks  ap  p lex  i mu  t e 1 y linearly  it  depends 
on  the  inserted  further  resources,  and  critical  way  it  does  not 
vary),  stated  problem  it  becomes  the  problem  of  linear  programming  it 
can  be  solved  by  the  already  Known  to  us  methods  (see  Chapter  2). 

Example  1 . There  is  a complex  of  works  at,  i?,  . ..,  a8  whose 
parameters  are  given  into  a st  ruct  ur  al-time/temporary  Tabl  e 4.  1 

The  network  schedule  ot  works  gives  in  Fig.  ^ 10. S.  The 
completion  of  work  - unit  A = Aa;  critical  way  consists  of  works  a,, 
a4,  a„.  Time  of  the  termination  of  the  complex: 

T - t,  + <*.+  (,  - 60. 

This  time  it  must  be  decreased  to  T0  = 40;  for  this  by  us  it 

will  be  required  to  boost  certain  critical  works.  It  is  known  that 
into  work  it  is  possible  to  put  resources  in  si  z a/di  mension 

not  more  than  ei,  in  this  case  the  time  of  the  execution  ot  work  is 
reduced  according  to  the  linear  dependence: 


I 1 


■— — 
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Table  4.  1. 


(/) 

M n/n 

c5) 

Patora  a, 



OtwpMTC*  Bt  ptfloTU 

-£X, 

l 

0| 

20 

2 

<>I 

— 

10 

3 

— 

8 

4 

o« 

a,,  o. 

20 

5 

a. 

««.  a. 

10 

6 

o. 

°1  • Of  o, 

5 

7 

°» 

O, 

5 

0 

»• 

a4  . t|.  <J| 

10 

Ke y : ( 1)  • i.  n sc (|U6 nc© • ( 2)  • work*  (3)  • It  i«i  L on  wol  k »» • (<*)  • 

1i  ire . 
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For  critical  works  at*  a4*  a,,  the  parameters  ft,.  et 

ft, -0,2,  c, — 2, 

<>,-0,3.  c, -2,  (4.5) 

ft, -0,1.  c,-5. 

It  is  required  to  determine  insertions  x,,  x4,  x 
period  of  the  execution  of  complex  would  be  not  more 
to  the  sum  of  insertions  it  reached  the  minimum: 


are  equal  to 

„ so  that  the 

than  T.  « 40.  h 


*i  + +*,  — min. 

Solution.  Conditions  (4.4)  and  (4.5)  give: 

2—  jr,  >0:  2— x,>0.  5— *«>0.  (4.6) 

The  new  period  of  the  execution  of  works  (when  critical  way  it 

will  not  be  changed) 

r — I,’  + (/  + (,'  — I,  < 1 -0.2*, > + 1,  (1  -0,3*. ) 4- 1,  (1—0,1*,)  — 

— 20  (I  -0,2*0  + » (I  -0,a*4)  + 10  (I  -0,  u.)  -50-4*, 

This  value  must  not  exceed  1’0  * 4 0: 


®°— 4a,  — fi*,—  *,  < 40, 
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Key:  (1).  Absolut*  tern. 
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i?y  the  introduction  of  the  further  variables  y,,  y j, , y3,  y4 
condition-inequality  (4.6),  (4.7)  they  are  converted  into  the 

equa li t ies : 

Vi  “2— *|, 

y«“5— **. 

Vl-5— x„, 

Vt  — tx,q6x,+x,— 10 

we  comprise  s i uiple  x- ta He  (ralle  4.2).  Set/assum ing  unrestricted 
variables  equal  to  zero:  xt  = x4  = x „ - 0,  will  obtain  the 
i n aiim  iss  ib  le  solution  in  which  y4  = -10;  therefore  the  • 
supporting/reference  solution  of  OZLP  is  required  still  to  find.  He 
enter  according  to  the  general  rule  of  the  determination  of  the 
supportiny/reference  soluticn  cl  07LP  (eee  ±7  Chapters  2). 
re  ject/thr  ow  ing  temporarily  row  L (during  the  determination  of 
supportiny/reference  solution  it  it  is  not  necessary)  and  choosing  as 
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the  solving  ce  1 1/e  lemo  nt  ce 11/elem ent  -6  ir.  1 ast/latt  er  row,  we  will 
obtain  a simplex-table  (Table  4.  3)  . 

Continuing  actions,  we  come  tc  the  su { pot t in j/ref erence 
solution,  registered  in  Table  4.4. 

InTal  ile  4.4  all  absolute  terms  ate  already  positive,  which 
means,  thdt  supporting/reference  solution  is  fauna.  In  row  L table 
4.4  is  placed  (in  standard  form)  the  linear  i unction  L,  expressed 
through  the  new  unrestricted  variables  xx , y4,  x„: 

+ + — */*— (— 1 ‘/»*i  — */,  V4  — */,*,). 

All  coefficients  in  upper  row  Table  4.w  are  negative; 

consequently,  ar.  increase  each  z of  unrestricted  variables  can  only 
increase  function  L.  That  means  tliat  optimum.  solution  is  round: 

M - *.  - 0. 

Vi  “ 2.  .Vt  “ 1/3,  =»  5,  — 5/3. 

At  these  values  the  alter  nat  iny/variable  su*  of  insertions  it 
reaches  the  minimum: 

1 L min  ” 5/3. 

Thus,  optimum  solution  by  the  insertion  ol  resources  is 
following:  to  put  sum  x,  = 5/d  of  work  a4  ; intc  works  a,  and  a „ not 
to  pack  resources.  In  this  case,  period  T*  ot  the  execution  of  works 
wi  1 1 be : 

4 + -20  + 20(1  -0.3  5/3) 4 10-20+ 10+ 10- 40- 7y 

It  is  checked,  will  be  preserved  during  this  solution  critical 

way? 
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Figures  10.5  shows  that  reduction  t4  from  20  to  10  loos  not 
still  vary  critical  way,  but  it  is  located  already  on  the  very 
boundary  of  that  reduction,  during  which  critical  way  varies. 

Arises  the  natural  question:  a what  is  to  be  done,  if  with  the 
insertion  of  resources  into  some  works  critical  way  changes.  It 
appears  in  this  case  the  problem  of  optimization  also  can  be  reduced 
to  the  problem  of  linear  programming,  but  to  other  - already  more 
complex,  with  the  large  number  of  variables.  Let  as  show  how  this  is 
made,  based  on  the  same  example,  but  in  literal  form,  without  leading 
to  numerical  results. 

As  variables  let  us  introduce  resources  x,,  ...,  x8,  packed  into 
works  a1#  ...»  a8,  ; tor  que/inoments  r4,  rB  the  beginning  of  works 

a4,  ...»  ae  (torque/moments  rt,  r?,  r3  are  equal  to  0 ) and 
terque/moments  Tlf  T2,  ...,  T8  of  end  of  all  werks. 

Fage  535. 

/ 

Structural  table  gives  to  us  the  following  lim  itu  t loa-ina  q uali  ties: 


t»  ^ T'll 

T»  ^ 

t»  ^ 

*4  ^ 7*1 ' 

t«  ^ T't* 

t,  ^ Tt\ 

T»  ^ 

^ ^4* 

x,>rT. 

I 


1 
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The  conditions  of  the  dependence  of  the  time  o£  tne  execution  of  worx 
on  the  inserted  resources  will  give  to  us  limitation-equalities: 

= xj  + ti  (i  = 1,  ....  8) 

(recall  that  here  /,  and  bt  - constants)  . Further,  are  retained 
conuition-inequali ties 

x,  ^ C|»  (i  1|  8). 

Finally,  the  condition  of  the  execution  of  entire  complex  of  works 
into  period  will  become  limitation-inequalities 

•••»  7"*  T0, 

from  which,  by  special  f eat ure/peculiarit y strenqth  of  tnis 
concrete/specific/actual  structural  tatle,  it  is  possible  to  leave 
only  the  last/latter:  T8  ^ T0. 

Under  all  these  conditions  it  is  necessary  to  minimize  the 
linear  function 

L = xx  + ...  +x,. 

Thus,  problem  was  reduced  to  the  problem  of  tne  linear 
programming  from  2 1 of  variable,  with  8 limitation-inequalities  even 
21  by  a li  mita  t ion- ineq  uali  t y ; by  the  introduction  of  further 
variables  it  it  is  possible  to  reduce  to  OZLP  witn  42  variables  and 
29  limitation-equalities.  It  is  certain  prcnlem  with  family 
alternating/variable  and  four  limitation-equalities  many  times  it  is 
simpler;  so  that  in  such  cases  it  is  reasonaole  first  to  check  that 
will  not  be  preserved  critical  way  previous,  as  this  was  at  numerical 


L_ 


j 
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values  lt,  bt  cJt  examined  in  example  1. 


' 

I! 


f 


Problem  l . There  is  a set  of  the  varus:  a,,  a, anat  times  of 

execution  /„  /*,  ....  /„•  The  time  of  the  execution  ot  the  complex  of  works 

is  expressed  by  the  formula 

T-2/,.  (49) 

(«»> 

On  noncritical  works  there  are  some  time  reserves  using  these 

reser  ves,  i.e.  , moving  some  resources  from  noncritical  works  to 
critical,  it  is  possible  to  decrease  the  times  ci  the  execution  of 
critical  works  and  tnereby  the  time-  of  execution  of  entire  complex. 

There  is  certain  const ant/in v ar ia Lie  supply  ot  the  movable 
resources  B which  is  distributed  between  works  «i.  ot,  ....  a„  so  that  to 
each  work  corresponds  the  quantity  of  movable  resources,  equal  to 
respt  ct i ve ly 

6j,  bt,  ...»  bn ; ^bt^B. 

imm  | 

Faqe  SJb. 


It  is  known  that  the  quantity  of  resources  x > 0,  removed  from 
work  a,,  increases  the  time  ot  its  execution  with  tt  to 

a quantity  of  resources  x,  inserted  additionally  into  work  ut, 

reduces  the  time  of  its  execution  to 

V*<P,  (*)<((• 


i 


i 


l 


I 
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It  does  ask  itself:  how  it  is  necessary  tc  redistribute  the 
available  movable  resources  B between  wcrks  so  that  the  period  of  the 
execution  cf  complex  would  te  minimum? 

Let  us  show  ho*  can  oe  solved  a similar  problem. 

Let.  us  designate  xt  - quantity  of  movable  resources,  thrown  to 
work  a,  ( x , is  negative,  if  from  work  Oi  is  remove/taken  some 

quantity  of  resources). 

Values  Xi  sust  satisfy  the  limitations; 

(/-l n).  (4.10) 

It  is  logical  that  the  sum  of  the  resources,  removed  from  some  works, 
must  be  equal  to  the  sum  of  the  resources,  supplemented  to  other 


works,  so  that 


*1  + + x„  = 0. 


After  the  transfer  of  resources  for  those  works,  to  which  they 
are  moved,  new  times  will  be  equal  tc 

V ” (4.12) 

for  the  same  works  from  which  the  resources  are  remove/taken : 

O'-M  l*/D-  (4.13> 

The  coirmon/general/total  period  of  the  execution  of  the  complex  of 


works  will  be: 


T'-l  f,(*i)+2MUil). 

Sw  (RP> 


(4.14) 


- - 


where  the  first  sura  extends  to  all  works  to  which  are  transferred  the 
resources,  if  they  enter  in  critical  way;  tne  second  - to  all  works 
from  which  are  transferred  the  resources,  it  they  enter  in  critical 


4 


It  is  logical  it  seems  that  to  consider  that  transfer  of 
resources  makes  sense  only  frcm  noncritical  works  to  critical; 
however  not  above  to  forget,  that  in  this  case  the  noncritical  works 
can  pass  into  critical,  but  vice  versa;  therefore  in  formula  (4.14) 
in  the  general  case  they  are  present  both  sums. 

Thus,  before  us  stands  the  problem:  to  find  such  values  of 
variables  x,  (i  = 1 , ...»  n)  , so  that  were  implemented  limitations 
(4.10)  , and  function  (4.14)  was  converted  into  the  minimum. 


problem  reprasents  by  itself  the  problem  cf  nonlinear 
programming  even  in  the  case  when  function  / , and  qg  (that  with 
certain  tension  it  is  possible  to  allow)  are  linear.  Substantially 
nonlinear  in  function  (4. 14)  is  the  fact  that  values  i,  j - numbers 
of  the  works  to  which  extends  the  sum  (i.e.  critical  works), 
themselves  depend  on  *»• 


Fage  5 37. 
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As  lias  already  been  speken,  methods  ol  the  solution  of  the 
problems  of  nonlinear  proqram it  in  j worked  out;  however  sometimes  it  is 
possible  to  solve  a similar  kind  of  prcblem,  vising  comparatively 
simple  methods.  In  the  following  example  we  will  consider  solution  of 
cne  of  such  problems. 


Example  <&"  2.  The  complex  of  works  a1#  <\2,  a3  is  assigned 
struct  ural-time/ta  mporai.  y Table  4.5.  Critical  are  iiere  works  a1(  a3; 
the  time  of  the  execution  of  complex  T = 3C.  ncncritical  is  work  a2. 
On  it  there  is  a supply  of  the  movable  resources  a2  - 1.  The  supplies 
cf  movable  resources  on  remaining  two  works  art  absent. 


I4-  is  known  that  the  transfer  of  resources  x trom  work  a2 

increases  the  time  of  its  execution  to 

10 

i — O.lx" 

The  supply  of  resources  x,  moved  by  w oik  a1#  reduces  the  time  of 
its  execut ion  to 

SO 

,,#“T+7' 

The  supply  of  resources  x,  moved  ty  work  a3,  reduces  the  time  of 
its  execution  to 

!1_ 

* l+4*‘ 

It  is  requited  to  define  as  to  optimally  transfer  tree  resources 


from  work  a2  to  works  at  and  a3  so  that  the  period  of  the  execution 
cf  com} lex  would  be  maximum. 
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delation.  Let  as  designate  the  quantities  cf 
frem  work  respectively  op  at  and  3,  throuyh  xx 
required  to  find  such  nonnegative  values  xt  and  x 
implemented  the  conditions: 

*>  + *!<  S. 

Wi  )np"t  ^j,)np“  min, 

wheLe  the  index  "k  r"  means  that  the  corresponding 
only  if  it  it  belongs  to  critical  way. 

Let  us  look,  under  which  conditions  work  a ? 
critical  way.  This  will  occur,  if  the  time  of  its 


resources,  moved 
and  x3.  It  is 
j so  that  would  be 

(t . 15) 

M. I ) 

term  enters  in  sum 

will  enter  into 
execution  becowes 


more  than  the  time  of  the  execution  cf  work  a,: 
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cn 

N»  n/n 

OX) 

PoCot.  a, 

(3) 

OnHpaeTCji  Ha  paOoTbi 

1 

Oi 

20 

2 

a« 

— 

10 

3 

a. 

gL'ja 

10 

Key:  (1).  in  sequence-  (2).  Work-  (3).  It  is  based  on  works.  (4). 
Ti  roe. 


Page  518. 


Ine  " jump/migration"  of  work  a2  to  critical  way  occurs,  when  is 
realized  the  equality: 


or  (if  from  work  a2  are  removed  all  resources) 

10 20 

i-o, f “ i+*f  * 

which  is  realized  with  xt  = 0-8-  That  means  that  work  aj  and  a3. 

Let  us  assume  that  this  so  and  in  formula  (4.16)  tne  second  term  will 


te  equal  to  zero,  but  two  other 

Taking  into  account  (4.15) 


s t'i  and  t ' 3 : 

20  10 
1+*,  1+4*,' 

, we  have  x3  = 


x,,  and 


20 


10 


1+*,  5~4x,* 

We  trace  this  function  to  maxiaun;  let  us 


find  its  derivative 


from  xt: 


AT'  _ 20  _ 40  __  (5-4x,)»20-(H-x,)*  40 

<bt,  0+*i)*  (5-4x,)*  - (l+x1)*(5-4xl)» 

The  derivative  dT/dx,  is  converted  into  zero  when  it  is 
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converted  into  zero  numerator.  Solving  the  obtained  quadratic 
equation  and  taking  that  root  which  lit/rests  between  zero  and  one, 
we  will  obtain  Xj  s 0.66. 

I t is  not  difficult  to  directly  ascertain  that  at  this  point  is 
reached  the  minimum,  but  uot  the  maximun  of  value  T*.  Since  xt  = 0.66 
< 0.8,  then  critical  way  will  be  preserved. 

Thus,  of  our  example  the  advantageous  redistribution  of 
resources  consists  of  following:  from  the  available  supply  of  the 
free  resources  b2  = 1 resource  x4  = 0.68,  they  must  be  postponed  by 
work  at,  and  resources  x3  = 1 - 0.66  = 0.J4  - tc  work  a,.  In  this 
case,  the  time  of  the  execution  of  tiie  complex  ct  works  takes  the 
minimum  value  T'  = 1b.  29.  The  times  cf  the  execution  of  the  separate 

works  a1#  a2  and  a3  will  be  equal  to  with  respect  t't  = 12.0^  t'? 

= 11.11,  t*3  = 4.24. 

Problem  3.  There  is  a complex  of  wcr k£*i»  °*  ••••  <*» at  times  of 
exec ution  t\,  For  this  complex  is  found  critical  way  and  it  is 

estublish/installtd  that  the  minimum  time  or  the  execution  of  coaplex 
T < T o , where  T0  - assigned  period  of  execution.  It  is  possible  to 
reduce  the  rates  of  the  execution  of  seme  works  with  the  fact  in 
order  the  period  of  the  execution  cf  complex  to  bring  to  the  assigned 
value  10;  because  of  this  it  is  possible  to  obtain  the  economy  of 
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resources,  fin  increase  in  the  tine  of  the  execution  of  work  a,  on  r 
(i.e.  finishing/br  inging  the  time  cf  the  execution  of  worit  a,  to 
*I  + T)  frees  some  resources  *i.  which  they  depend  on  delay  r: 

*t  -/iW* 

It  is  required  to  determine.  Low  cne  snould  uetain  the  execution 
of  each  work  so  that  the  period  T0  wculd  be  maintained,  and  the 
economy  of  resources  was  obtained  maximum. 

Let  us  designate  t,  the  delay  time  cf  work  a,. 

Page  53d. 


The  sum  of  the  tiies  of  the  execution  of  the  works,  which  lie  on 

critical  way,  must  not  exceed  T0: 

2 <r(+T,)<7V 
««») 

where  the  sum,  as  earlier,  it  extends  cnly  to  critical  works.  It  is 
reguired  to  select  such  ncnnegative  values  of  variables  so  that 

the  sum  of  the  freeing  resources  would  reacn  the  maximum: 

2Mt,)-max. 

Stated  problem  again  is  related  tc  the  class  of  the  problems  of 
nonlinear  programming-  In  the  case  when  speech  occurs  only  about 
insignificant  delays  t„  sonetimes  it  is  possible  to  reduce  it  to  the 
problem  of  linear  programming  (namely,  if  function  U are  close  to 
linear  in  the  range  of  the  possible  values  xii  a critical  way  with 
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delays  it  does  not  vary). 


5.  Network  gliding/planning  with  the  random  times  of  the  execution  of 
works.  Application/use  of  ETsVtf. 

Until  recentl y,  examining  the  problems  of  planning  the  complex 

of  works,  we  were  limited  tc.  the  case  when  the  times  of  the  execution 

ct  separate  works  were  to  us  in  accuracy  known  previously  (the 

so-called  determined  case).  In  practice  this  rarely  is  as  follows: 

more  frequently  are  encountered  the  cases  when  the  actual  time  of  the 

execution  of  work  previously  in  accuracy  is  unknown  (it  is  random) 

and  it  can  strongly  difter  tron  its  forecast  value.  The  deviation  of 

random  variable  t,  — the  time  of  the  execution  of  work  <*t — from 

its  predetermined  value  (j0)  it  can  be,  generally  speaking,  to  both 

% 

sides  - both  into  large  (delay)  and  in  smaller  ( lead/ad vance)  , 
although  in  practice  the  second  is  encountered  much  more  rarely  than 
the  first. 


Do  arise  the  following  questions: 


- Which  probability  that  the  actual  time  ct  execution  of  the 
complex  of  works  T will  not  exceed  assigned  magnitude  T0? 


- As  one  should  organize  the  complex  ot  wctk;i  se  ti‘»t  value  T 


r 
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would  r.ot  exceed  given  cne  t0  with  sufficiently  high  probability? 

Let  us  consider  the  first  question  as  more  idle  time  (especially 
because  for  an  answer/response  to  the  seconu,  primarily,  must  be  able 
to  answer  the  first).  Let  us  assume  that  t ho  times  of  tne  execution 
of  wor  ks  /|,  /»,  ....  I„  represent  Ly  themselves  random  variables  with  the 
kncwn  laws  of  distribution.  Lot  us  assume  lor  simplicity  that  these 
random  varialles  are  independent,  and  their  densities  ejual  to 

f,(0.  /,</) /.</)■ 

Is  examined  the  functicn  of  these  random  variables  - total  time 
of  the  execution  of  entire  complex  of  the  works: 

r=2r(.  (5i) 

<«p> 

Fage  SUO. 


Stated  problem  will  be  solved,  it  wo  oun  find  the  function  of 
random  number  distribution  T: 

F(t)~P(T<t). 

Then,  substituting  in  it  for  t value  Tn,  we  find  the  unknown 
) rcbabilit y. 

Function  (S . 1 ) in  the  general  case  is  lairly  complicated,  since 
critical  way  itself  is  accidental  and  depends  cn  those  vilues  which 
take  random  variables  tt — times  ot  tht  execution  of  tne  separate 
works:  with  some  values  t,  there  can  be  on<.  ci  it  real  way. 


with 
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others  - another.  However,  if  we  are  bounded  only  to  coined  rati  vely 
small  deviations  of  random  variables  <i  from  its  nominal  values  /J0' 
(by  so  small  which  critical  way  remains  the  same),  then  problem 
strcnqly  is  simplified.  Then  in  foimula  (5.1)  they  figure  only 
several  completely  specific  random  variables  t,  — times  of  the 
execution  of  critical  works.  The  law  ot  random  number  distribution  T 
represents  by  itself  in  this  case  nothing  else  but  the  composition  of 
the  laws  of  random  number  distribution  <«.  relating  to  critical 
works. 


Subsequently  to  us  comes  to  the  aid  very  complexity  ot 
plan/layout  and  the  presence  on  the  critical  way  of  many  works.  lie 
know  that  with  combination  of  a sufficiently  larqe  number  of  the 
independent  random  quantities,  distributed  acccrdinq  to  any  laws  and 
conqruent  in  order  of  dispersions,  the  law  of  sum  distribution  proves 
to  be  close  to  normal  (central  limit  theorem).  Therefore,  if  on 
critical  way  stands  sufficiently  larqe  number  of  nous  ilet  us  say, 
that  order  5-6  or  it  is  more),  then  in  practice  it  is  possible  to 
approximately  consider  value  T distributed  normally.  Its  ma t he ma t ica 1 
expectation  will  be  equal 


where 
the  i 


"it,  — 

work  , 


m. -2>/„ 

<«p>  * 

mathematical  expectation  of  the  tine  or  the  axecution  ot 
while  its  r cot-mean-square  deviation: 
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whn>>  ®»,  — the  root-raean-squace  deviation  of  t he  time  ol  the 


execution  of  the  i work. 


rhus,  in  this  case  tor  the  determination  oi  the  law  ot  time 
allocation  of  the  execution  ot  the  ecu j lex  or  wetks  there  is  no 
necessity  to  know  the  laws  cl  the  distribution  I, (ft  of  various  times 
f,;  it  suf  fices  to  know  their  mutheaat  ica  1 expectations  and 
root-mean-stjuare  deviation.  It  these  values  ait  mown,  the 
probability  of  tha  execution  of  complex  in  , eriod  T0  will  be  located 
from  the  known  formula 

P(r<r0)-^(rt=2!L)+  0.5,  (5.2) 

where  <b — a function  of  Laplace  (see  appendix,  Table  1). 


Fa qe  54  1. 


Example  1.  durinq  the  execution  of  th*  complex  of  wor  ks  «i.  «».  •• 


critical  prove  to  be  the  works 


»l . o,.  0».  a«.  o%>  °»- 


the  times  of  execution  ot  which  represent  b,  themselves  random 
va  r iab  lor. 


i, , Ig,  4 

with  th'>  mathematical  expectations 

•.  ™ *0.  — an,  m((— 10,  <n,.  — S,  /n,»7,  m,.  — 10 

anvi  the  root-mean-  squa re  deviation: 

0,  -1,  0(I-1.  f,.-0.a.  o(<-0.3.  o,.-0.5. 
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The  probable  deviations  of  the  times  of  th  ? execution  of  works  from 
their  ir,a  th  ematical  expectations  do  not.  vary  critical  way.  Is  assigned 
the  period  of  the  execution  ct  the  com  flex  i0  = 63.  To  find 
probability  that  this  period  will  Le  carnut  out. 


Solution.  We  have: 

,,1,-10  + 20+10  + 5 + 7+10-62, 

o, ->'!*  + I'+o.s^+o.a'+o.s'+i'-yT^sBi.a. 

Probability  of  the  execution  ot  the  complex  of  works  within 

period  T0  = 65: 

P {T  < 65)  - <t>  ( ) +0.5- <5  (1 .58)  +0.5. 

Through  Table  1 of  application/ap  pend  ix  wo  f ind:  <J>(1,58)  =s o,44,  when ce 
the  ( reliability  of  the  execution  of  cooplex  within  period  P (T  < 65)  » 
C.  94. 


If  during  random  changes  in  the  times  /,  can  vary  critical  way 
itself,  the  problem  of  calculating  the  probability  P(T  < r0)  hinders. 
With  a comparatively  small  number  ot  works  in  complex,  this  problem 
can  be  solved  by  analytical  method,  but  witn  their  large  number 
calculations  become  excessively  bulky,  and  in  practice  it  proves  to 
be  to  conveniently  determine  these  probabilities  ay  the  lonte-Carlc 
method  by  ETsVM  (see  Chapter  8).  In  this  case,  are  developed  the 
values  of  random  times  /,  and  tor  each  set  of  the  ootained  values  is 
determined  time  T of  the  execution  of  the  complex  of  works  by  that 
method  which  is  applied  for  nonaccidental  times. 


? 


■' 


1 
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After  cbtaininy  sufficiently  large  number  N of  such  realizations,  we 
can  directly  find  mathematical  expectation,  dispersion  and  the 
root -m can- sq uare  deviation  cf  random  variable  T.  As  concerns  the  law 
cf  distrib ution,  then  it  in  the  majority  of  cases  for  complex 
qr  id/net  worxs  proves  to  be  close  tc  normal.  Therefore  the  probability 
cf  the  fulfilment  of  plan  within  period  can  bo  calculated  according 
to  the  same  formula  (5.1).  If  there  are  foundations  for  considering 
the  law  of  the  distribution  of  value  T rot  normal  (thus,  for 
instance,  it  is,  if  scattering  the  time  of  execution  any  one  of  the 
critical  werks  sharply  exceeds  scattering  the  ethers),  then  as 
approximate  value  of  probability  P (T  < 10)  it  is  possible  to  take 
freguency  cf  this  event  in  the  series  of  r eal iz at  ions. 

I t is  necessary  to  note  that  this  type  of  calculations  can  be 
only  especially  tentative,  since  in  practice  usually  the  laws  of 
distribution  f,(f)  are  unxnown,  and  their  obtaining  the  statistical 
data  is  difficult.  At  best  succeeds  in  indicating  for  each  tiae  lt 
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its  most  probable  value  I*,  and  also  rough  to  consider  saall 
(optimistic")  value  ("ln  and  great  ("  pessimistic")  value  tT*'  (Fig. 

10. n).  As  concerns  very  distribution  ///).  it  it  is  necessary  to  assign 
sufficiently  arbitrarily,  cn  the  basis  cf  speculative  considerations. 
For  » xample  the  fact  that  curve  in  Fig.  10. o has  the  positive 
asymmetry  (is  more  stretched  tc  the  right,  than  to  the  lift)  reflects 
that  well-known  fact  that  delay  in  comparison  w it  n planned  period 
they  can  be  considerably  more  than  lead/advance . 


In  conclusion  let  us  pause  at  one  mort  question,  connected  with 
the  app 1 icat lon/use  of  KTsVM  during  network  gliding/planning.  Usually 
during  *he  execution  of  the  involved  ccmplcxs  ct  works,  the  initially 
selected  plans  are  not  implemented,  and  it  is  necessary  on  operation 
to  l>  examine  them.  In  this  case,  it  is  extremely  convenient  to  hold 
all  data  on  complex  - both  the  original  plan  aid  incoming  information 
cn  its  disturbance/breakdown  - in  the  memory  ol  dTsVM,  wnich  from 
time  to  time  anew  examines  job  schedule,  finds  for  each  moment  of 
time  now  critical  way  - "threatening"  through  lire  of  work  - — — and 
optimizes  plan/layout,  indicating,  which  precisely  wolns  and  into  any 
degree  one  should  boost. 


The  truitful  application/use  of  a method  cf  network 
gliding/planning  luring  the  organization  oi  complex  complexes  of 
works  is  possible  only  with  the  condition  of  the  continuous 

aonitoring  of  plan/layout  and  its  optimization  with  the  help  of 
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APPENDIX. 

1 ? -j 

Table  1.  Values  of  the  function  of  Laplace  <!><*)  — di 


4 

<X>n»  | 

1 

4><i) 

1 

<!><*) 

- 

®l*> 

A 

■I'd) 

' 

<K*) 

0,00 

o.oooo 

0,45 

0,1736 

0,90 

0,3159 

1,35 

0,4115 

1,80 

0,4641 

!2,50 

0,4938 

01 

0040 

46 

1772 

91 

3186 

, 36 

4131 

81 

4649 

i 52 

4941 

02 

0080 

47 

1808 

92 

3212 

37 

4147 

i 82 

465*> 

54 

4945 

03 

0120 

48 

1844 

, 93 

3338 

| 38 

4162 

83 

4664 

! 56 

4948 

04 

0160 

49 

1879 

94 

3264 

39 

41,7 

84 

4671 

58 

4951 

05 

0199 

1 95 

3289 

85 

4678 

06 

0239 

0,50 

0.1915 

96 

3315 

1 1 ,40 

0,4192 

86 

4686 

2.60 

0,4953 

o: 

0279 

51 

1950 

i 97 

3340 

41 

4207 

: 87 

4693 

i 62 

4956 

08 

0319 

52 

1985 

98 

3365 

42 

4222 

88 

4699 

64 

4959 

09 

0359 

53 

2019 

99 

3389 

1 43 

4236 

89 

4706 

' 66 

4%1 

54 

2054 

44 

4251 

68 

4963 

0,10 

0,0396 

55 

2088 

1 .00 

0,3413 

45 

4265 

I 1 .90 

0,4713 

!2,70 

0,4965 

11 

0438 

56 

2123 

01 

3438 

46 

4279 

91 

4719 

72 

4967 

12 

0478 

57 

2157 

02 

3461 

47 

4292 

92 

4726 

i 74 

4969 

13 

0517 

58 

2190 

03 

3485 

48 

4306 

93 

4732 

76 

4971 

14 

0557 

59 

2224 

! 04 

3508 

49 

4319 

94 

4738 

78 

4973 

15 

05% 

05 

3531 

95 

4744 

16 

0636 

0,60 

0,2257 

06 

3554 

1,50 

0,4332 

i 96 

4750 

2,80 

0,4974 

17 

0675 

61 

2291 

07 

3577 

51 

4345 

97 

4756 

82 

4976 

18 

0714 

62 

2324 

08 

3599 

52 

4357 

98 

4761 

84 

4977 

19 

0753 

63 

2357 

09 

3621 

53 

4370 

99 

4767 

86 

4979 

64 

2389 

54 

4382 

88 

4980 

0,20 

0,0793 

65 

2422 

1,10 

0,3643 

55 

4394 

2,00 

0,4772 

2,90 

0,4961 

21 

0832 

66 

2454 

II 

3665 

56 

4406 

02 

4783 

92 

4962 

22 

0871 

67 

2486 

12 

3686 

57 

4418 

04 

4793 

94 

4984 

23 

0910 

68 

2517 

13 

3708 

58 

4429 

06 

4803 

96 

4985 

24 

0948 

69 

2549 

14 

3729 

59 

4441 

08 

4812 

96 

4986 

25 

0987 

15 

3746 

2,10 

0,4821 

26 

1026 

0,70 

0,2580 

16 

3770 

1,60 

0,4452 

12 

4830 

3,00 

0,49865 

27 

1064 

71 

2611 

17 

3790 

61 

4463 

14 

4838 

3,10 

49901 

28 

1103 

72 

2642 

18 

3810 

62 

4474 

16 

4846 

3,20 

49931 

29 

1141 

73 

2673 

19 

3830 

63 

4484 

18 

4854 

3,30 

49952 

74 

2703 

64 

4495 

3,40 

49955 

0,30 

0,1179 

75 

2734 

1,20 

0,3849 

65 

4505 

2,20 

0,4861 

3,50 

49977 

31 

1217 

76 

2764 

21 

3869 

66 

4515 

22 

4868 

(3,60 

49984 

32 

1255 

77 

2794 

22 

3888 

67 

4525 

24 

4875 

3,70 

49989 

33 

1293 

78 

2823 

23 

3907 

68 

453*' 

26 

4881 

3,80 

49993 

34 

1331 

79 

2852 

24 

3925 

69 

4545 

28 

4887 

3,90 

49995 

35 

1368 

25 

3944 

2,30 

0,4893 

36 

1406 

0,80 

0,2881 

26 

3962 

1.70 

0,4554 

32 

4898 

4,00 

0,499968 

37 

1443 

81 

2910 

27 

3980 

71 

4564 

34 

4904 

4,50 

499997 

36 

1480 

82 

2939 

28 

3997 

72 

4573 

36 

4909 

5,00 

0.4W09W7 

39 

1517 

83 

2%7 

29 

4016 

73 

4582 

38 

4913 

84 

2995 

74 

4591 

0,40 

0,1554 

85 

3023 

1,30 

0,4032 

75 

4599 

2,40 

0,4918 

41 

1591 

86 

3051 

31 

4049 

76 

4608 

42 

4922 

42 

1628 

87 

3078 

32 

4066 

77 

4616 

44 

4927 

43 

1664 

88 

3106 

33 

4083 

78 

4625 

46 

4931 

44 

1700 

89 

3133 

34 

4099 

79 

4633 

48 

4934 
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Tdulir  2.  Values 


PAGF 


im 


Pm  - m!  e~ 


(Poisson  d 1st.  filiation) 


U.9048  (>.818  7 0.7408  0,6708  0,6065  0,5468  0,4966  0,4403  0,40 


v'  |Vi  vi  v , i i vv  v | vi  vi  i v , viv'vvi  v | vivi.  v | ■ vvv  v | n.’v 

0,0905  0,1638  0,2222  0,2681  0,3033  0,3293  0,3476  0,3595  0,3659 

0,0045  0,0164  0,0333  0,0536  0,0758  0,0988  0,1217  0,1438  0,1647 

0,0002  0,0019  0,0033  0,0072  0,0*26  0,0198  0,0284  0,0383  0,0494 

0.0001  0,0002  0,0007  0,0016  0,0030  0,0050  0,0077  0,0111 

0,0001  0,0002  0,0004  0,0007  0,0012  0,0020 
0,0001  0,0002  0,0003 


0,3679 

0,3679 

0,1389 

0,0613 

0,0153 

0,0031 

0,0005 

0,0001 


0,13530 
0,2707  0 
0,2707  0 
0,1804  0 
0,0902  0 
0,0361  0 
0,01200 
0,0037  0 
0,0009  0 
0,0002  0 
0 


,0498  0,0183 
,1494  0,0733 
,2240  0,1465 
,2240  0,1954 
,1680  0,1954 
,1008  0,1563 
,0504  0,1042 
,0216  0,0595 
,0081  0,0298 
,0027  0,0132 
,0008  0,0053 
,00020,0019 
,0001  0,0006 
0,0002 
0,0001 


0,0067 

0,0337 

0,0842 

0,1404 

0,1755 

0,1755 

0,1462 

0,1044 

0,0653 

0,0363 

0,0181 

0,0082 

0,0034 

0,0013 

0,0005 

0,0002 


0,0025 

0,0149 

0,0446 

0,0892 

0,1339 

0,1606 

0,1606 

0,1377 

0,1033 

0,0688 

0,0413 

0,0225 

0,0126 

0,0052 

0,0022 

0,0009 

0,0003 

0,0001 


0,0003’ 

0,0027 

0,0107 

0,0286 

0,0572 

0,0916 

0,1221 

0,1396 

0,1396 

0,1241 

0,0993 

0,0722 

0,0481 

0,0296 

0,0169 

0,0090 

0,0045 

0,0021 

0,0009 

0,0004 

0,0002 

0,0001 


0,0001 

0,0011 

0,0050 

0,0150 

0,0337 

0,0607 

0,0911 

0,1171 

0,1318 

0,1318 

0,1186 

0,0970 

0,0728 

0,0504 

0,0324 

0,0194 

0,0109 

0,0058 

0,0029 

0,0014 

0,0006 

0,0003 

0,0001 


0,0000 

0,0005 

0,0023 

0,0076 

0,0189 

0,0378 

0,0631 

0,0901 

0,1126 

0,1251 

0,1251 

0,1137 

0,0948 

0,0729 

0,0521 

0,0347 

0,0217 

0,0128 

0,0071 

0,0037 

0,0019 

0,0009 

0,0004 

0,0002 

0,0001 
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